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Lectures on the Theory of Beciprocants. 

Bx Professor Sylvester, F. R. S., Savilian Professor of Geometry in the University 

of Oxford. 

[Reported by James Hammond, M. A.] 



LECTURE XXXIIL 

In this Lecture it is proposed to investigate the diflferential equation of a 
cubic curve having a given absolute invariant -=^ . 

Since the value of -=^ is the same for any homographic transformation of 
the cubic as for the original curve, the diflferential equation in question must be 
o e orm Plenarily absolute principiant = -= . 

This equation is (as we see at once by diflferentiating it) the integral of another 
of the form Principiant = , 

which is satisfied, independently of the value of the absolute invariant, at all 
points on a perfectly general cubic. 

Now, the diflferential equation of the general cubic is of the 9*^ order, and 
when expressed in terms of JL, JB, (7, . . . . contains no letter beyond E. Hence 
the integral of this equation, which we are in search of, will be of the 8*^ order 
and will contain no capital letter beyond D . 

When no letters beyond Z> are involved, all plenarily absolute principiants 

are functions of the two fundamental, or protomorphic, ones, 

AC— IE? ^'D — 3AB(7+2jy 

A\ ' A' 

Thus the diflferential equation of a cubic with a given absolute invariant is of the 

/ AC—B" AW — SABC + 2S' \ _ 8^ 
\ Ai ' A' J~ !P' 



form 
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M. Halphen actually integrates the differential equation of the general 
cubic, which he shows (on p. 52 of his Th^e sur les Invariants Differentiels) may 
be put under the form 

where, in our notation, 

The integral of this equation, which M. Halphen obtains partly from geometrical 

considerations, involves an arbitrary parameter depending on -^ . His result is 

as follows: Ii^ = h(^, 

where 

2'B = 2'^ + 2\ 3 [(^ — S'Y + 2<. 3^] ^ + 2^. 3 (^ + 3«)'(^ - 3^ 6)^ + {^ + 33)^ 

2«g = 2«^ + 2* (^ + 3^)(^ - 3^ 5) ^ + (^ + 3^)S 
and r— 64AaS«=0. 

(Two misprints, which are here corrected, occur in the expression for R as given 
on p. 54 of the Th^se.) 

In this result the invariant S differs in sign from the invariant usually 
denoted by that letter. Thus the discriminant is P— 64/S" instead of T^+ 64S\ 

When A = 1 the discriminant vanishes and the differential equation becomes 

This is divisible by a numerical multiple of ^; in fact, 

jB»= (^+2\S^1^P, 
where 2'P = {2% + ^' — 2.^^^ — 3^)* + 2«. 3f = 

is the differential equation of a nodal cubic, previously obtained by Halphen. 

It is from a knowledge of the fact that P = and another algebraic rela- 
tion between ^ and if, which he finds by trial to be § = 0, constitute two 
particular integrals of the differential equation to the general cubic, that he 
arrives, not by any regular method but by repeated strokes of penetrative 

genius, at the general integral 

Ii? = hQ\ 

In establishing the relation T^ — (j4hS^= he supposes that, by means of 
the equation to the cubic and its differentials as far as the 8*^ order inclusive, 
the coefficients of the cubic have been expressed in terms of the variables x, y 
and the derivatives of y with respect to x up to the 8"* order, and that the 
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values thus obtained for the coeflScients have been substituted in Aronhold's 
S and T. 

The abbreviations introduced by the use of our notation enable us to 
actually perform this calculation, which would otherwise be impracticable in 
consequence of the enormous amount of labor required; and we shall use this 

method to obtain the plenarily absolute principiant which, equated to -^ , gives 

the diflferential equation to a cubic with a known absolute invariant. 

Using the symbolic notation explained in Lecture XXXII, the equation of 

the cubic and its first eight diflFerentials are 
tA« = 0, 
u^tii = , 
2wiiJ 4- i^*t^ = , 
2ul + 6wi^i«2 + u^Us = , 

3z^!(2.1) + 6t^it^(3.1) + 3i^i(3.2) + 3M«(4.1) + 3tt(4.2) + (4.3) = 0, 
3t^J(3. 1) + 6u^u{4A) + 3t^i (4.2) + 3m* (5.1) + 3w(5. 2) + (5.3) = 0, 
3t4(4.1) + 6i^iw(5.1) + 3i^x(5.2) + 3t^2(g i)^3^(g 2)4.(6.3)==0, 
3tiJ(5.1) + 6Wiw(6.1) + 3wi(6.2) + 3M*(7.1) + 3t^(7.2) + (7.3)==0, 
3tiJ(6.l) + 6t^M(7.1) + 3Mi(7.2) + 3t^*(8.1) + 3M(8.2) + (8.3)=0, 

where ^=i? + 2'» + yi ^ = ? + <i v^=2a, ^3=66; 

as usual. /— ^ n — — ^ h— — ^ 

^~ dx' ^~ 2 'da"' ^~ 6 ' da^' ' 

(m.ii) denotes the coefficient of h"^ in {ah^+ bh^ + ch^+ . . . .y^ and if, as in 
Salmon's Higher Plane Curves (2d edit., p. 187), the equation of the cubic is 
taken to be 

r + 3a^x + Sa^ + Sb^p? + Qb^xy + 36,2/* + Co»' + 3cia?y + ^c^]^ + c^y* = 0, 
then, in the above equations, the symbols 

i>', p\^ !>•, JP9*, pq^ P ^ ^^ ^, q, I 

stand for r, a© i ai, &o > *i> &»i Co> ^1 > c«i ^s* 

These nine equations are sufficient to determine the values of the coeffi- 

cients of the cubic which have to be substituted in -= in order to obtain our 

diflferential equation, which will be, as we have seen, of the form 

j^/ AC—B" AW — ZABC+2]^ \ 8\ 
\ Ai ' A' )- r' 
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Since this equation contains nothing which involves Xj y^ or t^ these letters 
must have disappeared spontaneously in the process of forming it, and conse- 
quently we may, at any stage of the work, give x, y^ and t any arbitrary values 
without thereby affecting the result. Let, then, 

a; = 0, y = 0,^=0, so that w=^, tii = 5, ti,= 2a, ti, = 6&, 

and the first four equations become 

u^znp^ =r = 0, 
w*t/i = j?q = tto = , 

— {2uu\ + t?u^ —P^ + jp^« = 6o + «!« = , 

-^ {2u\ + Quv^u^ + u^u^ = 9^ + ^pqd + 3p*6 = c© + Bfeja + 3ai6 = 0. 
Writing in the last five equations 

v{ = (f =Ci, 

u^u=pq = bi, 

Ui = q =c^, 

u* =p^ =«i, 
u=p =6,, 

1 =C3, 

we have 

3ci(2.l)+66i(3.l) + 3ci(3.2) + 3ai(4.l) + 36,(4.2) + c,(4.3) = 0, 
3ci(3.1)+66i(4.l) + 3c,(4.2) + 3ai(5.l)+ 36,(5. 2) + 03(5.3) = 0, 
3ci(4.l) + 66i(5.l) + 3c,(5.2) + 3ai(6.1) + 36,(6.2) + C3(6.3) = 0, 
3ci(5.1) + 66i(6.l) + 3c,(6.2) + 3ai(7.1) + 363(7.2) + O3(7.3) = 0, 
3ci(6.l) + 6^(7.l) + 3c,(7.2) + 3ai(8.1) + 3&3(8.2) + C8(8.3)==0.* 

Substituting in ^ for r, a©, 6o> ^0 t^^^ir values given by the equations 

r = 0, 00=0, &o + «i« = 0, Co+ 66ia + 3ai& = 0, 

and for the mutual ratios of ai, 61, 63, Ci, c,, C3 their values found by solving the 
last five equations, we obtain the differential equation required, 

* These equations are only set out for the sake of distinctness ; when our abbreviations are intro- 
duced , only two terms survive in the first three, and only three terms in the last two of these five 
equations. 
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Referring to Salmon's Higher Plane Curves, p. 188, we see that, when r = 0, 

T= 4 {(^a?) — 3 (c^6V) — 1 2 (6*)(c6»a) + 8 {bj, 

where (c^a*) , (cb^a) , . . . . are functions of Oq , ai , bo, b^ b^^ Cq , Ci , Cg , c,, , which, 
when ao = , become 

(c^a») = (coC8 — c|)a|, 

(c6*a) = (ftjcj — ZbjbiC^ + 6oVi + 2^^! — ^iVo) «ii 

{(?a?) — (t^Cg — ScoCi^i + 2cf ) a? , 
{(?Va^) = ((^6| — 4coCi&i&2 — 2Cffi^bobi — 4coC2&J + 8coC8&o^ 

+ 8cf 6J + 4c^6o*8— 1 ^<hhh — 8ciC^6J + 9c56J) af . 

We have now reached a point at which the work will be greatly facilitated 
by the introduction of the capital letters A, B, G, D. This is usually done by 
writing for a, 6, c, d, e, /, g, 

1, 0, 0, A, B, C, D+^AK 

But in the present instance we may make a further simplification by writing 

A=zi, 5 = 0, C= Gi, i> = A, 

for the only effect of this will be to make the final result take the form 
instead of ^^AO—S' A'D — SABC+2S'\ _ S 



^\ Ai ' A' )~ T^' 



The form of the function will not be affected by writing in it J. = 1 , 5 = 0, and 
the letters A , B can be restored at pleasure by making 

^ _ AG—B' _A^D—ZABG±m_ 

Hence we may write for 

a, 6, c, dy c, /, g, 

25 

1, 0, 0, 1, 0, c„ A + -8-- 

Instead of the coefficient of 

A- in {ah* -\- hh^ + ch* -\- )", 
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(m . (i) will now signify 

CO. h" in j/t* + 7i» + GiK' + (a + ^ ) ^' }"• 



Thus we have 






(2.1)=1 






(3.1) = 


(3.2)= 




(4.1) = 


(4.2)= 1 


(4.3)= 0, 


(5.1)= 1 


(5.2) = 


(5.3) = 0, 


(6.1)= 


(6.2) = 


(6.3)= 1, 


(7.1)- Ci 


(7. 2) — 2 


(7.3) = 0, 


(8.1)= A+ -f 


(8 . 2) = 


(8.3) = 0. 



Hence the equations which give aj , Jj , 6, , Cj , c, , Cg become 

Ci+ 6, = 0, 

6&i + C8=0, 
Ci + ai(7i+ 26, = 0, 

26i(7x + 2c, + ai^A + -^) = 0. 

From the first four of these, coupled with the equations 

6o + «i = 0> Co + 66i = , 
obtained by making a = 1 and 6 = in the original equations which give &oi ^oi 
we find Co = C3 = — 661, 

Ci = — 6, = — (7f , 

Cg = 60 = — Oi = ^1 ) 
by assuming ai = — C7i (which we are at liberty to do since any one of the 
coefficients may be chosen arbitrarily). 
The last equation then gives 

*^-"2- + l6-- 

Substituting these values in the previously given expressions for {(^a*) , {cb*a) , .... 

we have 

(c«a») = - (661 + C!) CI 

{cVa) = — (46? — 9Ji — CD 01 

{h*)=C!-bl 

{(^a^) = (216fcf + IShiCl + 2^i«) Cf, 
(c^JV) = (3126J + 206JC7' — 246i(7f + 9C? + 4C7i«) CI 
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Hence iS' = (<?a^) + {cb*a) — (6»)» 

z= — C} + SbiC!— 2blGi — bl 

and T= 4 {<?a') — 3 (<?b*a*) — 1 2 (6«)(ci»a) + 8 (ft»)» 

= — 8 C7? — 3 (86f — 126i + 9) C7/ — 126J (26j — 3) 0} — 8iJ. 

To express A^and Tin terms of Jl, 5, G, D, we write 

„ _ ^g— -B' , _ A . _L _ ^'-P — 3/l.BC+2ffl 9 
(-1- ^15 ' *^- 2 + 16 ~' 2A* + 16 ' 

or, if we use Halphen's notation in which 

/ — 288( ^C— ■B')'' _ 24 (^»D -^ SABC+ 2B>) 

we have 2».3»(7i' = ^, 2*.36i = ^ + 3«, 

and consequently, 

23.3 (2Ji— 3) = ^ — 3*.5, 

2\ 3« {Sb\ — 1 2/^1 + 9) = (2». 36i — 2«. 3»)» + 2*. 3* = (| — 3»)» + 2*. 3^ 
Hence 

— 2". S*S = 2". 3* a + 2". 5% (2fti — 3) C? + 2". 3^6J 

= 2«^ + 2* (^ + 3«)(^ - 3». 5) ^ + (? + 3")*, 

— 2« 3«r= 2". 3« C? + 2«. 3' {8bl — 1 2ii + 9) C7/ + 2«'. 3'6f (26i — 3) C? + 2". 3«&J 

= 2»^ + 2«. 3 [(^ — 3*)» + 2*. 3^] ^ + 2». 3 (^ + 38)''(^ _ 3l 5) ^ + (^ + 3»)«, 

where the expressions on the right-hand side are 2*Q and 2'R in Halphen's nota- 
tion. Thus — 2«'.3^aS'= (2, — 2".3«7'=i2; 

so that j^ — gj^^ swy T~ y» • 

This result agrees exactly with Halphen's, if we remember that his iS* is 
taken with a different sign from ours. 

Since 7 _ A 4. ^ _ AW—SABC+2ff 3» 

^ ~ 2 "•■ "ie ~ 2A* "•" 2*' • 

we may write 

<D = 2'A% = 2' (4»i? — 345 C + 28") + 3»4\ 

and in like manner 

xV = A'C! = {AC—B'y. 

Now 2«4» (b\ + CI) = <D» + 2"* , 

which is divisible by A^. Hence if 
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we have = ^A' (&J + C») 

= 2« (^»Z>» — QABGD + 4AC'-\- ^B^D — 35»C") 
+ 2*. Z'A* {A*D — 3ABG + 25») + Z*A\ 

The equations which give S and T in terms of bi and Cj may be written 

-s={bi + c!y-sb,c!, 

— T=^ {bl + C^' — 2». 3» (b\ + Gl) b^Gl + 3»Ci*, 
and consequently, 

— 2'U"^= 0» — 2". SO* , 

— 2*U"7'= e' — 2". S'e** + 2» 3U»'P», 

where 0, 4>, ^P are the rational integral principianta 
© = 2« {A*D^ — %AB GD + 4^ C7' + 45»Z> — 3iP C") 

+ 2^ 3»^» (.4'i? — ZABG + 25») + 3U«, 
= 2» (^»D — 3^5 C + 25«) + 3=^*, 

which, as we have seen, are connected by the relation 

<I)» + 2«'P = ^»0. 
The differential equation of cubics with a given absolute invariant is 

(e» — 2". Z<^^Y _ 2^' 

(03 _ 2". 3*0^* + 2". 3^^»q«»)» ~" T^ ' 

or, as it may also be written, 

(0» _ 2". 3<I>*)»7^ H- 2*S^ (0» — 2". 3'©** + 2« 3U»'P»)» = . 

For a nodal cubic, the discriminant T* + 2*S' vanishes. Hence the differential 
equation of a nodal cubic is 

(08 _ 2". 3»0<I>9 + 2". 3»-i*'P*)» — (0» — 2". 34)*)' = . 

When expanded, and divided by 2". 3'*', this reduces to 

^«03 _ 0«<j)» _ 2". 3*^*0** + 2"<t)»* + 2*". 3'^*** = , 

which (since A'Q — <!)*=: 2''P) divides out by 2*1' , giving 

0» — 2K 3M*04> + 2«4)' + 2". 3U** = , 

or, what is the same thing, 

0» — 2«. 3U*04> + 2'^ + 2*. Z'A* {A*Q — 4)*) = . 

This may also be written in the form 

(0 — 2*.3M*<1> + 2».3U«)* + 2» (<I>— 3U*)' = 0, 

or, replacing and 4) by their values in terms of A, B, G, D, 

\'2^{A*D'—%ABGD-\-AAG^-\-AB^D+ZB'G^)—'2^.Z*A\AW—ZABG-\-2W)—2?A^Y 

+ 2«(A»Z)— ZABG-\- 2By = 0. 
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For a cubic whose invariant S vanishes, the differential equation is 

and for a cubic whose invariant T vanishes, 

& — 2^\ 3*0** + 2*\ 3U*** = . 

For the cuspidal cubic, both S and T vanish, so that the algebraic equation of 
the cuspidal cubic is a particular solution of each of these equations. We can, 
however, replace the system 

02_2« 3<I)qj=:0, (1) 

& — 2^\ 3*0<I)* + 2*^ S^A^^^ = , (2) 

by another pair of equations, for one of which the cuspidal cubic is a particular 

solution, and for the other the complete primitive. 

Multiplying the first equation by © and subtracting the second from it, we 

have, after dividing by 2^^. 3* , 

e^—2^'.S^A^^ = 0. (3) 

From (1) and (3) we obtain 

0^ = 2^. S^^f = 2^. S'A^^\ 

Hence *»=2».3»^**. (4) 

But ^^0 = <!)» + 2«*, 

so that A^e^ = ^+ 2«<I)* . 

Substituting in this the values of Q<P and <t>^ found from (3) and (4) and dividing 

by *, we have 2^«.3M^ = 2\S^A^ + 2«<I), 

which gives 4> = 3* J.^. (5) 

Substituting this value of <!> in (4) and rejecting the factor 3^J.^, we obtain 

33^8 _ 28qj . 

Ct; = {—3—) • 

In the course of the work we have only rejected powers of * (i. e. of 
AG — B^) and of J., of which neither corresponds to the cuspidal cubic. 

Since ^ = S^A\ it follows that AW — 'SABG +2B^ = 0. The equation to 
the cuspidal cubic above obtained is a particular solution of this, its complete 
primitive being (see Lecture XXXI) y = X''Z^^\ where X is an arbitrary 
constant. 
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LECTURE XXXIV. 

The preceding 83 lectures contain the substance of the lectures on Reciprocants actually delivered, 
entire or in abstract, in the course of three terms, to a class at the University of Oxford. 

A good deal of material remains over which the lecturer has lacked leisure or energy to throw into 
form, which he hopes to be able to recover and annex to what has gone before as supplemental matter 
in the convenient form of lectures numbered on from those which have already appeared. 

The one that follows is entirely due to Mr. Hammond, who has rendered invaluable aid in compiling, 
and in many cases bettering, the lectures previously published. 

It constitutes probably the most difficult problem in elimination which has been effected up to the 
present time. J. J. S. 

The problem in question is to obtain the difiFerential equation corresponding 
to the complete primitive 

(?x + m'y + n!) = {Ix + my + n)\Fx + m''y + w'O^"^ 

(say Y^=^ X^Z^"^) by the process of eliminating all the arbitrary constants 
except X . 

The eliminations to be performed become greatly simplified by aid of the 
following Lemma. If X be any linear function of x and y, and M^ the absolute 
pure reciprocant corresponding to M\ then 

For if we suppose ;^ = ?» + my + n , 

two successive differentiations give 

a^Xi = Z + m< 

and aiX^ + a~*6-Z'i= 2ma. 

Writing the second of these equations in the form 

ar^X^-\-ar''hXi= 2m, 

and differentiating again, we find 

X^ — a-^hX^ + a-l6Z2 + (4ac — 56»)a-i-Zi= 0, 

or, since 4jJf„ = (4ac — 56*) or », 

Z3+4i4Zi = 0. 

N. B. — Throughout the following work all letters with numerical suflSxes 
are to be considered as derived from the corresponding unsuflSxed letters in the 
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same way as, in what precedes, Xi, X,, and X^ are derived from X] viz. by 
successive differentiations, each of which is accompanied by a division by a*. 

Writing the equation Y= X^Z^~^ 

(in which X, T, Z denote any three linear functions of a, y) in the form 

log Y=^\ogX+ {1—X) iogZ, 

we obtain by differentiation and division by a*, 



Let now 



5=.5+(l. 


-)f 


Xi = uX, 
Zi = wZ, 




v = %u + (1 - 

t>, = A,«, + (1 - 





(1) 



so that (1) takes the form 
and consequently 



By means of the Lemma it can be shown that 

w' + 3wt^i + tia + 4il4t* = 0, (2) 

t;* + StWi + V, + iM^v = 0, (3) 

v:^ + 3ioWi+W2'\' ^MaW=0. (4) 

For, since Xi = Xu, 

we have X^ = XiU + Xiii = X(i^ + v^) 

and Xs = X,i^ + 2Xi7ii + Xmb = X{u^ + 3t*t^ + tf|) . 

Substituting these values for Xi and X^ in 

Xs + 4il4Xi=0, 

we obtain u^ + 3wi^ + ^ + 4iM^w = , 

which proves equation (2). The equations (3) and (4) connecting v, v^ t?, and 
w, Wif w^ are similarly established We now write 

u + 
u 



u — w^=: Sz J 



These, combined with t? = Jlw + (l — ^)w, 
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give W3=G)_(X— 2)25 \ 

t; = 6)_(l — 2X)zy 

which, when operated on by a""*-!— twice in succession, yield 



2f^ = cOi — (X — 2)Zi \ ^^g = 0), — (X — 2) 2, 

Vi = (jj — (1 — 2X) Zi > 

2^1 = a>j — (X + 1) Zi 3 tc^ 



^^, = 0), — (X — 2) 2, \ 
tc^ = (^^ — {7i+ l)zj ) 



When expressed in terms of o), o^ u^ and 2, Zj, Zg, equations (2), (3), and (4) 
become transformed into 

P—{X—2)Q +{^—2fR -(A,— 2)V =0, (5) 

P — (1 — 2X)Q+{1 — 2^yB—{l — 22.yz'=0, (6) 

P-{^+l)Q +{^+lfR _(A,4-1)V =0, (7) 

where, for the sake of brevity, we write 

G)' + 3a>a>i + ^2+ 4if„(j = P, 

3g)^2 + 3(J2i + Sc^z + Z2 + 4MaZ = Q , 

3(^2^ + 32Zi = fl .. 

In order to simplify (5), (6), and (7), we multiply the first of them by ;i, 
the second by — 1, and the third by 1 — X, and take their sum, which is 
obviously independent of P, and from which it is easily seen that the terms con- 
taining Q and 7? will also disappear. For 

x(A — 2) — (1 — 2x) + (i — ;i)(;i+ 1) =0, 

and %{7^ — 2f— (1 — 2Xf+ (1 — X){^ + l)^ = 0. 

We are thus left with 

{^{X — 2)* — (1 — 2Xf + (1 — X){X + 1)« } i2 = 0, 
which, on restoring the value of It and reducing, becomes 

;i(;i— l)2((j2 + 2i) = 0. 

X Y Z 

Now the values oi u, v, w, which are equal to -^ , -=^ , -—-respectively, being 

distinct from each other, 2 cannot vanish; for 2=0 would imply w = t; = t£?. 
Hence, considering X to have any finite numerical value except 1 or 0, we may 
write (J2 + 2i = 
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in equations (5), (6), (7), which will then become 

P— (X— 2) (3(0i2 + 2, + 4ifaz) — (A, — 2)V =0, (8) 

P — (1 — 2X)(3(Ji2 + 22 + "^K^) — (1 — 251) V = , (9) 

P— (A, + 1) (36)iz + 2, + 4if«2) — (;i + 1)V = 0. (10) 

Adding these together, we find 

3P= {(;i — 2)3 + (1 — 2X)3 + (X+ l)'^}^' 
= 3 (a — 2)(1 — 2X)(;i + 1) z^. 

Restoring the value of P, and writing for shortness 

(X— 2)(a+ l)(2^—l)=p, 
there results co^ + Scmi + ^j + 4ifaG) H-pz^ = 0. 

From any pair of the equations (8), (9), (10) we obtain by subtraction 

36)iz + zg + AM^z + 3 (a* — ;i + 1)2^ — 0. 

Thus, for example, subtracting (10) from (8), we have 

3 {Zu^z + 22 + 4i42) = { (;i — 2)3 — (X + 1)3 }V = — 9 (a* — ;i + 1) 23. 

Collecting our results, we see that equations (5), (6), (7) may be replaced by 

(j3 + 3(JCJi + CJ^ + 4if„6) + ^23 = , ' (11) 

3(Ji2 + 28 + 4if«2 + 3}23= , (12) 

G)2 + 2i=0, (13) 

where ^ = (X — 2)(X + l)(2;i — 1) 

and q = X^ — X+ 1 . 

Differentiating (13), we obtain 

Ql2 + 6)2i + Zji = . 

Subtracting this from (12) and adding (13) multiplied by o, the result divides by 

2, and we find 

G)* + 20)1 + "^K + 3j2* = 0, (14) 

which, when multiplied by o and subtracted from (11), reduces it to 

^^1 + ^8 'i'P^ — 3}2*a) = 0. (15) 

Now it has been shown in Lecture XXX that 
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whence it follows that (14) gives on differentiation 

^^ + ^ + lO^a + 3s^ = 0- 
Combining this with (15) we have 

10^^ =2>2^ — Sqz (oz + Zi) , 

or, finally, since cjz + Zi = , 

10-4^=^. 

Differentiating this, we have 

20B^ = p^zi= — p^(j ; 
i.e. 2B^ + AaU=0, (16) 

whence, by differentiation, 

Subtracting (14) multiplied by A^ from the double of this, we have 

28 Ca — A^u* + 12B^(j — Zq^A^ = 0. 

2B 

Substituting in this for o its value -j^ , found from (16), there results 

2&{A^G,-B?:)^Zq^A\. 
But it has been shown that 

Hence the elimination of z gives 

Or restoring for p and q their values in terms of Jl , and replacing the abso- 
lute reciprocants A^, B^, G^ by the non-absolute ones A^ B^ G (which is effected 
by merely multiplying throughout by a power of a) , we have 

2*.7'(X— 2)»(;i+ l)»(2;i— 1)«(^C— iP)»=3«.5«(;i» — A,+ 1)^1 (17) 

For other methods of obtaining this diflFerential equation see Halphen's Th^e 
sur les Invariants Differentiels, p. 30, and Lecture XXX of the present course. 
It corresponds in general (i. e. unless >l = , 1 , oo ) to the complete primitive 

When A,= 0, 1, oo , the differential equation (17) becomes 

28' (^ a — B^y = 3«. 5U», (18) 

which corresponds to the complete primitive 

Y=Xe^. (19) 

This case has been discussed in the ThSse and in Lecture XXX. 
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We may obtain (18) from (19) by a method of elimination similar to that 
employed in deducing (17) from its complete primitive. Thus the first differen- 
tial of (19) may be written 

— -^ + 



Y X ' X^ ' 

which becomes v = w + Sz 

when we assume 

Xi=Xu, Yi=Yv, Zi = Zu + SXz. 

By means of the Lemma we obtain 

u^ + Zuv^+ u^ + 4MaU = 0, (20) 

v^ + ZWi+Vi+ AMaV=0, (21) 

3uh + 3uiZ + 3uzi + Z2+ 4tMaZ = 0, (22) 

The first two of these are identical with (2) and (3) previously given ; the third 
is found as follows. Since 
Zi = Zu + SXz, 
Z^=ZiU+ Ztii + ZXiZ + ZXzi 
= Z{u^ + %) + 3X(2w2 + zj). 
Hence 

Zs = Zi{u^ + u^) + Z{2uui + U2) + SXi{2uz + Zi) + SX{2uiZ+ 2uzi + z^) 
= Z{v? + Sutii + v^) + ZX{Su^z + Suiz + 3t^% + ^j). 

Thus we have 

Zs + ^MaZi = Z{u^ + Suu^ + v^+ AMaU) + 3X{Suh + SuiZ + Suzi + Zi + AMJ). 
But Z^ + ^M^Zi = , and v? + 3tii^ + t^ + 4-3^^ = , which shows that 

^rj?z + ZuiZ + Zuzi + 28 + ^Mji = 0, 

Equations (20), (21), and (22), of which we have just proved the last, are 
merely convenient expressions of the fact that X, F, Z are linear functions of 
X, y. We combine them with the first, second, and third differentials of the 
primitive equation (19) by writing 

V = W +325 

Vj = te^ + 32i 

Vjj = lA, + 322 

When this is done (21) becomes 

(t^'+ ZuUy\'U^+ AMaU) + Z{^u\ + 3tl2i + 3Wi2 + 2j+ AMJ) + 272(^2 + 2* +Zi) =0, 

which, in consequence of the identities (20) and (22), reduces to 

(?^ + 2)2 + 2i= 0. 
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Let now w = u — 2, (so that 02 + 2Ji = 0). Substituting in (20) and (22) we find 

o^ + 36)0)1 + ^j + 43^6) — 3 (g) — z){qz + Zi) — ^ — 3^x2 — z^ — 43^2 = , 
and (3g) — Gz){oz + 2i) + 32^ + 3g)i2 + 22 + AMaZ = 

respectively. Adding both equations together, and remembering that 02 + 21= , 
we obtain u^ + Sou^^ + (»h + 4^4" + 22^ = , (23) 

3ui2 + 22 + 4if„2 4- 32^ = , (24) 

which, combined with g)2 + 21 =0, (25) 

replace the system (20), (21), (22). 

Comparing these equations with (11), (12), (13), we see that the two sets are 
identical if we make A = , when p becomes 2 and 5=1. Hence, by perform- 
ing exactly the same work as in the previous case, we shall find 

5Aa = 2* (instead of 10^^ = P^) 
and 28 {A^ Ga—Bi) = S^Al (instead of Zq^Al) . 

And, finally, eliminating 2 between this pair of equations, at the same time 
replacing the absolute reciprocants A^, B^, G^ by the corresponding non-abso- 
lute ones A, B, (7, we have 

2S^(AC—B'y = 3\5^A\ 

which is what (17) becomes when X has any of the values 0, 1 , or 00 . 



Algebraic Surfaces of which every Plane-Section 4s 
Unicursal in the Light of n-Dimensional 

Geometry. 

By Eliakim H. Moore, Jr., Evanston, III, 



Picard, in a recent memoir,* established the following theorem : 

Les seules surfaces algebriques dont toutes les sections j^ld^^^cs sont unicu/rsaleSj 
sent les surfaces reglees unicursales et la surface du quatribme degre de Steiner. 

In the present article I wish to give another proof of the same theorem, and 
to develop several allied propositions in the geometry of n-dimensions. 

Picard notices at once that a surface of the kind under consideration, viz,, 
of which every plane-section is unicursal, must be itself unicursal, and, accord- 
ingly, that there is a 1.1 correspondence between a point of the surface and a 
point of a plane (determined respectively by the homogeneous coordinate-sets 
{x, i/y t, u), {a, 0, y)) defined by the equations 

(1) x=/i(a, ^, y), y=/,(a, /?, y), z=f^{a, /?, y), t=f^{a, (3, y), 

where the /are integral homogeneous functions of a, /3, y of, say, degree n. 

It is shown, 1. c, pp. 77, 78, that there is no loss of generality in assuming 
that all the multiple points common to the triply-infinite system of curves 

(2) AMa, /?, y) + B/,ia, /?, y) + C7/,(a, /?, r) + D/,{a, ,3, y) = 

are ordinary multiple points, and that in these points the curves have no common 
tangents. Let x^ be the number of h-p\e points common to the /-curve-system. 
To* every curve of the system of curves (2) corresponds, in virtue of (1), the 
plane-section of the surface lying in the corresponding plane of the triply-infinite 
system of planes 

(3) Ax + B7j+ Gz'\'Dt=0. 

Every plane-section is unicursal; so every curve of system (2) must be unicursal. 



* *^ Sur les surfaces algebriques dont toutes les sections planes sont unicursales ^' (Kronecker^s 
Journal d. Math., 1886, C, pp. 71-78). 
Vol. X. 
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If N is the degree of the surface, two planes intersect in a straight line which 
meets the surface in N points; any two plane-sections intersect in JV points; so 
any two curves of the system must intersect in N points (distinct from the 
common base-point system common to all the curves). In this way we have the 
intersection- and unicursality-equations 

(4) XJi^x^ = 7i« — N, 

(5) xl.^k-l)^^==^^n-l){n-2), 

where in (5) the justifiable assumption is made that the arbitrary curve of the 
system (2) has no multiple point outside of the common base-point system. 
Subtracting, we have 

(6) 2 ^ h(Jc + l)x,= \ n{n + ^)-{N+ 1). 

In order that a point should be a A;-ple point on a curve, -^k{k+ 1) conditions 

must be imposed on the curve. A curve of order n is determined by -^ n (n + 3) 

conditions. So from (6) the curves of order n passing through the common 
base-points of the system (2) contain iV+ 1 arbitrary parameters; that is, are 
determined by iV+ 2 linearly independent curves (7" of the system. 

Here we cease to follow Picard, and notice that a surface of order N of 
which every plane-section is unicursal may he regarded as the projection of a two- 
dimensional surface of order N in a flat space of N -^ 1 dimensions. 

After Clifford, for two-dimensional surface we shall say tv^o-spready and for 
flat space of N -{- 1 dimensions simply {N+ l)flat. 

Let yi, y2» • • • • VN^i be the homogeneous coordinates of a point in an 
{N+ l)-flat Ry+i. Then the equations 

(7) y«=/«(a,/^,y), (^=1, 2,....iV^+2), 

where /« (a, /?, y) = for x = 1 , 2, . . . . N+ 2 are the equations of any N^ 2 
linearly independent curves of the system C, of which the first four are, how- 
ever, the/1,/2,/8,/4 of the preceding investigation, give the point-point repre- 
sentation on the (a, ^, y)-plane of a certain two-spread in the (iV+ l)-flat -R^^+i- 
This two-spread is met by the {N — l)-flat of intersection of the two {N+ l)-flats 

^aly, = , Xa/Jy, = 
in a number of points equal to the order of the two-spread ; these points corre- 
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spond to the N points of intersection of the two curves of the system 

2a:/«(a, i3,y)=0, 2a:7«(a, ^, y) = 0. 

Hence the two-spread is of order N. 

The equations (7) show at once that the two-spread may be projected from 
the (N — 3)-flat passing through the coordinate vertices 5,6,....iV+2on the 
3-flat 2^5 = yg = .... = y^r-f 2 = iJito the surface under consideration, 

yi=/i(a, ^, y), y2=/2(ai ^, y). yz=M(^^ ^, y), yi=M(^, /?, y), 

if for a, y, 2, t of equations (1) we write yi, y^, yg, y^. 

Conversely, a two-spread of order iV in an {N-]r l)-flat is unicursal and every 
iV-flat section of it is unicursal. For by successive projections from points on 
the spread it is projected into a two-spread of order N — 1 in an iV-flat, of order 
N — 2 in an {N — l)-flat . . . ., of order 2 in a 3-flat and then into a plane. In 
like manner a curve of order N (in which the two-spread is cut by an JV^flat R^ 
in an JV^flat may be projected into a line.* 

Thus a two-spread of order N\n an (iV+ l)-flat is itself unicursal and every 
flat-section of it is unicursal ; and clearly, however projected, the spread retains 
these characteristics ; in particular, it is projected from an [N — 3)-flat not inter- 
secting it upon a three-flat into a unicursal surface of order N every plane- 
section of which is unicursal. 

The 1 . 1 Correspondence between a Ttoo-spread of Order N in an (iV+ ly/lat and a 

Plane. 

yii y2» • • • • yN+% ^^^ the homogeneous point-coordinates in the {N+ l)-flat 
^N+i' Choose N — 1 points, J.i, J.,, . . . . A^f^i, of the spread at random ; that is, 
so that the {N — 2)-flat passing through them meets the spread in no other point. 

Let i' = 2Z^. = 0, r = XVJy. = 0, Z"' = 2Zry. = 

be three asyzygetic iV^flats through these points A . Then 

(8) ^L — aL" = , (9) yL' — aU' = 

is an jBjv^_i meeting the spread in N points ; that is, in the N — 1 fixed points A 
and in one other point P depending on the ratios a:/?:y. In fact, by a suitable 
choice of coordinate axes of a, /?, y in a fixed plane in the (iV+ l)-flat, the 
point of intersection P of the jB^^-i with this plane will have the homo- 

* Clifford : *^ On the Classification of Loci,'' Mathematical Papers, pp. 805-881. 
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geneous coordinates a, /?, y. This is the 1.1 correspondence by projection 
between the points of the two-spread and those of a plane. 

Consider the system of equations formed by joining to (8) and (9) the 
equations of the two-spread (equivalent to N — 1 independent equations) and 
the equation of a variable ^-flat 

(10) yy = y'iyi + ihy% + + 'f^N+2yN+% = o. 

From these equations — one more than suflScient to determine yi, . . . . y^^+i — we 
may eliminate yi, . . . . y^+i- The eliminant equated to zero is the condition 
that the ^-flat iiy = pass through some one of the N points common to (8), (9) 
and the spread, is in fact the tangential equation of these N points, and so is of 
degree Niu the u. The eliminant is of degree N in a, (3y y also, because, con- 
sidering a:/? and the u as constant, there will be N values of tt:y which will 
make the equations consistent, or, what is the same thing, make the eliminant 
vanish, viz., the JV values for every one of which the -Y-flat yL — aL"^ = passes 
through one of the N points common to ^L' — ai" = 0, the spread and the 
iV-flat Vy = 0. 

The eliminant is then a homogeneous function of the N^^ degree of the u, 
and also of a, /?, y. Considered as a function of the u and equated to zero, it 
is the tangential equation of the N points common to (8), (9) and the spread; 
i, e., of the N — 1 fixed points A and of the one variable point P depending upon 
a:/?:y. Hence the eliminant may be separated into the product of iV — 1 
factors linear in the u and independent of a, /?, y (the tangential expressions for 
the N — 1 fixed pointij A), and one factor linear in the u and of degree N in 
a, ]3, y (the tangential expression of the point P), From this last factor we 
have the tangential equation of P, 

(11) u,F,{a, ^, y) + u,F^{a, (i,y) + + u^^^^F^^^{a, /?, y) = 0, 

which must be identical with 

(12) ^12/1 + ^^2/2+ +^^J^+22/A-f8=0, 

where the y are the coordinates of point P. 

Hence the coordinates of a point P of the spread are proportional to homo- 
geneous functions of degree N of the coordinates of P the projection of P on 
the (a, /?, y)-plane ; that is, 
(13) 2/, = pP.(a,/?,y), (;c= 1, 2, . . . . iV^+ 2), 

where p is an arbitrary constant, the proportion-factor. 
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There is a 1.1 correspondence between the points on the unicursal curve of 
intersection of the spread with the ^-flat B^, 

(14) a^i + Ojjy, + + aj^+»yiyr+2 = 0, 

and the points of the curve of order ^in the correspondence-plane 

(15) aiFi(a, ^, Y) + a^F^{a, (i,y)+ + ay+^F^^^(a, /?, y) = 0. 

Hence this curve, in fact every curve of the system determined by the N+ 2 
fundamental curves -^«(a, /?, y)= 0, must be unicursal. Two curves of this 
system must meet in and only in N points (aside from the points common to all 
curves of the system), for these points are to correspond to the N points where 
the spread is intersected by the iX^^-i of intersection of the two B^f correspond- 
ing to the two curves. In B^^i the system of B^f is {N+ l)-ply infinite, hence 
the corresponding system of curves must be {N+ l)"ply infinite. 

Suppose the system of curves of order N has a^ common r-ple points (for 
the moment assumed to be without further singularity). The intersection- and 
unicursality-equations may be written 

(I) Xr^ar —N^ — N, 

(II) x^r{r-l)ar=^{N-l){N-2). 

The base-point system cannot contain two multiple points the sum of whose 
orders is greater than N] otherwise every curve of the system would break up 
into the line joining the two multiple points and a supplementary curve, which 

N 
is impossible. Hence, either all the a^ for Z^^— -equal 0, or if one equals 

unity all the remaining ones equal 0. 

From (11) we have what is the same thing, 

(II) 2r(r — l)a, = N^ — SN+ 2 = {N— 1){N— 2), 

which, subtracted from (I), gives 

(III) 2m, = 2N— 2=2 {N— 1) . 

There is a general, say the general^ solution, 

ai^-i=l, ai = iV^— 1, a, = (i\r_ i ;>r > 1). 

N 
There is no other solution with a multiple point of order >► — , say of 

Id 

N 
order N — s, where 1<C«<C-^. For, suppose there were such a multiple 

point, the multiple point of next highest o«der might be of order s (so that sum 
of orders shall just equal but not exceed N). 
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In (II), (III) substitute for a^_, 1, and for a^ («■<»• 4^ iV" — «) 0, and expose 
outside the summation signs the leading terms, and we have 
(ITa) »(s— l)a, + 2<(< — l)a,= («— l)(2iV— «— 2), 

t<8, 

(Ilia) «a, + 2tat = iV" + «— 2. 

Multiplying (Ilia) by s — 1 and subtracting (Ila), one has 

(IVa) (s— l)2<at — 2<(<— l)a, = («— 1)(— iV+2s). 

JV 
Now since «>► 1 and also s^t, the left side is positive or zero, while since «< — , 

the right side is negative. That is, the assumption that there is a solution — ^in 

N 
addition to the general solution — with a multiple point of an order >► -^ leads 

to an absurd equation. 

Any other solution must then have the order of the multiple point on 

highest order, say s, ^ — iV. The equations become, where < <C«, 

(116) 8{s—\)a. + Xt{t—l)oLt= {N— 1){N— 2) , 

(III6) sa. + 2ta, = 2 {N— 1) . 

Multiplying (III6) by s — 1 and subtracting (116), one has 
(IV6) [s — 1) Xtat — Xt{t—l)a,= {N—l){2s — N). 

Here the right side is negative when s < -^iV, 

or zero when 1 ^7. 

and not positive, since by hypothesis s^—N. 

The left side (^<C«) is positive unless either s= 1, and .-. < = 0, or a4= for 
every ^<C«, when it is zero. 

Thus there are only two possibilities : 8=:-^ N and either « = 1 or (5 ]> 1 , 

but) a< = for every t<^8. In the first case, 

8=i= ^N, .\N=2. 

From (III6) sa, = ai= 2{N— 1) = 2. 

This is, however, in fact, the general solution for N= 2, 

ttj qtia ajf^i = 1 and ai qua ai = N — 1 = 1; or ai = 2. 

In the second case, 

8 = -^ N and a^ = for every ^ < s . 
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Equation (III6), with which (116) in view of (IV6) is identical, becomes 

8a,= 2{N— 1) = 45— 2, 

6(4 — a,) =2. 

Since 5 > 1 , « = 2, /. 4 — a, = 4 — a^ = 1 , .". a^ = 3, and N=> 2^ = 4. 

This exceptional solution, JV= 4, a, = 3, gives the 1.1 correspondence between 

an exceptional two-spread of order iV= 4 in five-flat ^5 and the (a, j3, y)-plane, 

(16) y« = p^«(a, /?,y), («=1. 2, ....6), 
where the F are homogeneous functions of a, /?, y of fourth degree, and such 
that 

(17) a,F,{a, (i, y) + a^F, (a, ^3, y) + . . . . + a,F,{a, ^, y) = 

is the equation of the 5-ply infinite system of unicursal quartic curves through 
three double points. By a quadratic transformation in the (a, /?, y)-plane of 
which the three double points are the fundamental points, this system of quartic 
curves transforms into the general (5-ply infinite) system of plane conies, say 

(18) F^{a, /?, y) = p'(?,(a', (i\ /), {x=l, 2 6), 

where the Q are homogeneous functions of a', /?', y (the new coordinates) of 
the second degree, and p' is a proportion-factor. Thus the correspondence is 
given by 

(19) y. = p"G^{a\ /?', yO, (x=i, 2 6), (p" = pp')- 

I call this spread Steiner^s qtiartic two-spread in a space of five dimensions. 

For it projects by the planes passing through a fixed line on a fixed three-flat 

into an ordinary Steiner's quartic in three dimensions. The coordinate-system 

yi» 2/21 •••• 2^6 is as yet perfectly general. We may specialize by taking the 

coordinate-vertices 5, 6 on the line from which we project, and by taking for 

^5 = and ^6= two R^ passing through the R^ on which we project. Then 

the two-spread will be projected into a unicursal surface in the R^ whose point 

for point correspondence with a plane is given, after suitable choice of planes of 

reference, by the equations 

(20) y« = p"C?.(a', i3', /), {x=l, 2, 3, 4); 

or, in fact, Steiner's quartic. 

The general solution 

a^^r-i = 1 1 ai = N — 1 

gives the 1 . 1 correspondence between a two-spread of order N in an {N+ l)-flat 
and the (a, /?, y)-plane, 

(21) y« = pi^«(a,/?,y), (^=1, 2,....iVr+2), 
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where the ^are homogeneous functions of a, ^, y of degree N, and such that 
(22) aiFi(a, /?, y) + a^F^{a, /?, y) + +«.v+2 i^.v-»(a, {i, y) = 

is the equation of the (xV+ l)-ply infinite system of curves of order N through 
one (iV — l)-ple point and N — 1 simple points. A line through the {N — l)-ple 
point is met by a curve of the system in N — {N — 1) = 1 eflFective point. The 
curve on the two-spread corresponding to this line must then itself be a line, 
being met in only one point by the R^ meeting the two-spread in the curve 
corresponding to the curve of the plane-system. That is, all two-spreads of 
order iVin an {N ■\- l)-flat are ruled. 

It is now necessary to remove the restriction in singularity made with 
reference to the common multiple points of the system of curves of order iVin 
the (a, /i, y)-plane. Clebsch (Vorlesungen fiber Greometrie, pp. 491-496) has 
shown how an i-ple point, as complicated as may be, may be considered as an 
i-ple point which has absorbed a certain number of other multiple points of 
definite order ; of these, every A;-ple point is equivalent (in questions relating to 

the class or the deficiency of the curve) to — Z-(A; — 1) double-points of which 

a certain number are cusps. Now, from this standpoint, let y^ denote the 
number of r-ple points common to all curves of the system (that is, yT'=='^r'\'^Ty 
where a^ is the number of explicit /•-•pie points common and ^^ is the number of 
r-ple points absorbed by the various explicit multiple points common to all 
curves of the system) ; and let c denote the number of cusps. In the unicur- 
sality-equation a cusp plays the role of an ordinary double-point. In the inter- 
section-equation a A:-plc point [whether explicit or ahsorhed), common to the two 
curves, counts for a number of intersections equal \o J^ + the number of cusps 
it contains + the number of intersections in multiple points absorbed by it. 
(Clebsch, to be sure, discusses only one curve, and not at all the intersec- 
tion of two curves ; but the truth of the statement made will appear from the 
discussion of Clebsch, when one bears in mind that in an ordinary quadratic 
transformation with a fundamental point at the Ar-ple point common to the two 
curves, J^ of the intersections at the ^ple point disappear, but all others remain 
as intersections of the transformed curves.) Thus the base-point system is 
equivalent to 2r*yr + c intersections of two arbitrary curves of the system. 
The general intersection- and unicursality-equations are then 

(I) 2r*y, + c — N^ — N, 

(II) 2 \ r{r- \)y,= [ {N- \){N- 2), 
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whence 

(III) Xryr + c=2N—2. 

The general solution is 

yif-i= li yi + c = J\r— 1. 

The base^point system cannot contain two multiple points (explicit or 
absorbed) the sum of whose orders exceeds N; for if so, every curve of the 
system would degenerate, which is not admissible. This will be proved 
presently ; but with its aid we can show, as before, that aside from the general 
solution just given, there is the single exceptional solution corresponding to 
Steiner's quartic two-spread. 

The equations (IVa), (IV6) are in this case, where the a and t have the same 
meanings as before, 

(IVa) c{8—l) + {8—l)Xtyt — ^t{t—l)y, = {s—l){-N+ 2^), 

which is, a^ before, an absurdity ; 

(IV6) c{s-l) + {8^1)Xtrt-Xt{t-l)y, = {N-l){28-N), 

which furnishes two possibilities : first, 

5=1, iV= 2, c=0, 

since only multiple points contain cusps, yi = 2 , which is a particular case of the 
general solution ; second, 

«>1, 8=-^N, c = 0, 8=2, N=4, y,= 3, 

which corresponds to a Steiner's quartic two-spread as previously defined, as will 
be shown later. 

We return to the proof that if the sum of the orders of two multiple 
points (explicit or absorbed) on a curve of order N exceeds iV, the curve degen- 
erates. The order of an absorbed multiple point is not greater than that of the 
absorbing multiple point. The theorem is evident, then, except in the case where 
an explicit multiple point, say of order i, absorbs an ?i-ple point where i + lC>^' 
By reference to Clebsch (Vorlesungen ii. Geom., p. 493), whose notation we 
use, such an absorption occurs as follows : 

Voii. x. 
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Let the i-ple point be at Xi = a8 = 0, where I tangents (Z^i) fall together 
in the line A^iXi + Aj^Xj = , say a = 0. The equation of the curve may be 
written 

+ +A(a^if «»)= 0, 

where the /, g denote homogeneous functions of the arguments of degree equal 
to the subscript-numeral. 

Now \^ifi+r{^u iC2) for r = 1 . . . . 7i (where ?i^?^i) contain a as a factor 
at least 1^ — r times. Then the equation may be written 

C=gi^i{xi, X2)a^x^-* + a''-V<-/,+»(^i» ^%)^s~^^^ 

+ . . . . +a''~'"fl'<-<, + 2r(ai, a'j)a:f"*"'' + etc. = 0. 

This i-ple point (cf. Clebsch, 1. c.) has absorbed an ?i-ple point (and also, with 

which we are not at present concerned, I — li cusps). Now, the hypothesis of 

our theorem is that 

i + li>N, h>N-i, 



V 



and the last term on the left in the equation of the curve is, for r = N — i (in 
fact <C ?i), • 

and in fact the curve breaks up, consisting of the line a taken li + i — N times 
and a supplementary curve. 

Corresponding to the general solution 

yy^i= 1, yi + c=iV'— 1, 

there is, as before, a unicursal ruled two-spread of order iV^in {N+ l)-flat. 
The exceptional solution 

has three cases. 

(A), as = 3, /?, = 0. Three explicit double points. This is the case pre- 
viously discussed which led to the definition of Steiner's quartic two-spread in a 
five-flat. 

(B). 0$= 2, i3,= 1. Two explicit double points, say {xi, ar,), (a,, ag), of 
which one, say {xi, Xj), has absorbed a third double point along the line Xi. The 
equation of the system of quartic curves is 

C= aa^x^ + XiX^x^ {biXi + 62^^) -f arj (ciarj -f c^XiX^ + c^) = . 
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By the quadratic transformation, 

Zi :z% : % = al : XyX^ : XiX^) 

which has a fundamental point at (ar^, X3) and two coincident ones at (xi, x^ 
along the line ajj, this system of quartic curves transforms into 

that is, into the 5-ply infinite system of plane conies. Hence the two-spread 
given by case (B) is a Steiner's quartic two-spread as defined under case (A). 

(0). a2=l, /3, = 2. One explicit double point (xi, Og) which absorbs a 
second along the line «,, which has in turn absorbed a third (along the conic 
x^^ — a:?). Endeavoring to construct the system of quartic curves having in 
common a singular point of this nature — after the discussion of Clebsch, a clear 
though rather long problem — we find that, by suitable choice of reference lines 
and constants, the equation may be written 

G=a [x^x^ — a^)' — hxiX^ {xfc^ — Xi)' + a| (cxf + c^XiX, + exf ^fx^x^ = . 
By the quadratic transformation, 

Xi : Xg : X3 = ZiZj : 2I : z^z, + 2^ ) 
Zi : % : Z3 = X1X2 : x| : XjXg — x? J 

which has three consecutive fundamental points at (xi, x^ along the conic 
X2X3 — a^ , this system of quartic curves transforms into 

C' = az| — 6ziZg + cz? + dziz^ + e^ +/{zf^3 + 2^) = 0; 

that is, since the six quadratic expressions are asyzygetic, into the 5-ply infinite 
system of plane conies. Hence the two-spread given by case (C) is a Steiner's 
quartic two-spread as originally defined. 

The principal results of the article may be collected in the following 
theorems : 

An algebraic two-spread [two-dimensional surface] of order N in a JkU space 
of any number of dimensions of which every flat section is unicursal, is the projection 
of a two-spread of order N in an (N-\- lyflat [flat space of ^-f 1 dimensions]. 

A two-spread of order N in an {N -\- l)-flat is unicursal and every N-flat section 
of it is unicursal. 

All such two-spreads, with the exception of Steiner^s quartic two-spread in a 
five-flat, are ruled. 

Projections of these spreads have corresponding properties. 
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In a memoir by Veronese, ** Behandlung der projectivbchen Verhaltnisse 
der Raume von verschiedenen Dimensionen durch das Princip des Projicirens 
und Schneidens" (Math. Annalen, 1882, XIX, pp. 161-234), in V, §4, p. 224, 
unicursal ruled two-spreads of order N in an {N+ l)-flat are considered, and 
further by the writer, ** Extensions of certain Theorems of Clifford and of 
Cayley in the Geometry of n-Dimensions"* (Trans. Conn. Acad., VII, 1885), 
who proved there that all two-spreads of order N in an {N+ l)-flat are unicu/rsalj 
and in this article that all, with the exception of Steiner's quartic, are ruled. 

EvANSTON, III., July 2, 1887. 

* 1 take this opportunity of saying that when the article ^* Extensions,'' etc., was written I had not 
seen the article of Veronese, and that my theorems A of I, p. 10, and 1 of IV, p. 24, are given by 
Verouese on p. 167 and p. 192 respectively, and further in a note, p. 228, he gives my first abbildung- 
system of p. 12. 



On Professor Cay ley's Extension of ArhogasVs Method 

of Derivations, 

By Morgan Jenkins, M. A. 



Professor Cayley's Extension of Arbogast's Method of Derivations (Trans- 
actions of the Royal Society, received October 18, read Decembel* 13, 1860) 
gives a method of formation and arrangement of all the combinations of a 
given degree and weight in the letters a, 6, c, c?,...., the weights of the 
successive letters being 0, 1, 2, 3, etc., by derivation from one term, namely, 
the most expanded term of the system. The principle of the arrangement is 
that the smallest change in the mdex of the power of any letter prevails over 
any number of changes in the indices of the powers of any subsequent letters ; 
that is, any term containing (? will precede any term containing c* accompanied 
by the same, or by lower powers of the preceding letters, irrespective of any 
changes which may occur in the subsequent letters. If we adopt Professor 
Cayley's comparison of this arrangement to a genealogical tree of descent in 
tail male, we may perhaps call it the genealogical arrangement. 

I propose to make some remarks with a view to facilitate Professor Cayley's 
process ; but, as it would still be subject to the difficulty referred to in the last 
two lines of his memoir, namely, " that a considerable amount of practice would 
be required before the process could be readily made use of," I propose to 
explain another process which will, I hope, be considered to have some advantage 
in respect of facility and certainty of formation, apart from the saving of time 
and space arising from the use of associated collections. 

Following Professor Cay ley, we describe the final distinct letters of the term 
considered as the ultimate letter, the penultimate letter, the antepenultimate 
letter, and the proantepenultimate letter ; the words ultimate, penultimate, ante- 
penultimate, and proantepenultimate denoting the powers of those letters which 
exist in the given term. The last letter, the last but one, etc., denote the final 
letters of the series from which the letters of the term are taken. 

Arbogast's method of derivation consists in advancing a letter of the ulti- 
mate one place, if possible, that is, if it is not the last letter, and also a letter of 
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the penultimate one place, provided it is the contiguous letter or the immediate 
antecessor in the alphabet of the ultimate letter : thus, if It be the last letter, 

from d/*gf* we derive df^gh and df^^ 

from de(f ** " only deg^h, 

from d^(/^h " ** only d^gh^. 

This process is a process of dragging by means of which from one term we may 
obtain either one or two terms of one greater weight. 

A corresponding process may be applied to the beginning of a term, the 
words primary, secondary, . . . . , first, second, .... taking the place of ultimate, 
penultimate, . . . . , last, last but one, etc., respectively; thus, 

from df^g^ we should derive only c/*gf*, 

from deg^ " " ** ceg^ and cPg^, 

from d^g^h ** ** '* only cdg^hj 

the terms so derived being of one less weight than the terms from which they 
are respectively derived. 

The reverse of the dragging process will be a pushing process ; but whilst 
the constituents which are affected by the dragging process are the not-last 
ultimate and the contiguous penultimate, the constituents affected by the pushing 
process are the last-ultimate with the simple penultimate or the simple not-last 
ultimate alone, suitable changes being made in the names of the constituents 
affected if we operate on the beginning instead of the end of a term. 

If we have a combination of powers of arranged letters divided into any 
two collections, as bc^d^ . . . .] [jfh^i^ . . . . ; and we call an end of either collec- 
tion which is also an end of the whole combination an outside end, and the 
other ends of the collections inside ends ; then, if we either drag the two 
inside ends or push the two outside ends or push the outside end of one 
collection, and drag the inside end of the other collection, we obtain a 
contraction; if we reverse the pushing and dragging we shall obtain an 
expansion. The effect either of a contraction or of an expansion is to produce 
a fresh combination having the total weight unaltered, because the weight of one 
collection is increased by one, and the weight of the other collection is decreased 
by one. In order to avoid the complication which would arise from the trans- 
ference of letters from one collection, we may make the restriction that if the 
extreme letters of the inside ends of the two collections are contiguous letters 
of the alphabet, they may be treated as final letters of their collections, and. 
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therefore, not movable out of their collections ; thus, from Jfc\ [cPJ^g, considered 
as a combination of two collections between a and c and between d and A 
respectively, we may, by pushing the two outside ends, or, what is equivalent, 
by contracting b with gr, obtain 6V][e?/^; by dragging the two outside ends we 

obtain f^ 1 — \ ^^^ , the meaning of the connection being that either one of 

one collection may be associated with either one of the other collection. Again, 
by pushing the inside end of the right-hand collection, instead of dragging the 
outside end, we may add def^ to the derived right-hand collection. But we do 
not, at any rate at present, suppose c or d to be pushed or dragged out of its 
own collection. 

In Professor Cay ley's memoir, U, P, A, and P are used to denote the ulti- 
mate, the penultimate, the antepenultimate, and the proantepenultimate respec- 
tively ; and the rules for the application of the contractions known as reversible 
contractions are given in the following table, transcribed from the memoir : 





p 


A 


P' 


u 


C7, P, non-contiguous let- 
ters. The ultimate a simple 
letter, or a power of the last 
letter. 


P, At contiguous letters. 
The ultimate a simple letter, 
or a power of the last letter. 




p 


- 


P^ Ay non-contiguous let- 
ters. Penultimate a simple 
letter. Ultimate the last let- 
ter, or a power thereof. 


Ay P\ contiguous letters. 
Penultimate a simple letter. 
Ultimate the last letter, or a 
power thereof. 



This table will be found equivalent to a combination of the pushing and 
dragging rules when the given term is divided into two collections in two 
diflferent ways, first by cutting off CT, and then by cutting off P, ZJfrom the given 
term ; if we then push U or P, U from the outside end, and drag .... PAP 
or PA from the inside end, attending to the restriction above stated in regard 
to insidiB ends, we shall obtain the rules of the table. 

For, from .... AP'][U we shall obtain the contraction UPii JJ^ P satisfy 
the conditions of the left-hand column of the table. From .... P'J.][P?7we 
shall obtain the contraction UA if CT, P and A satisfy the conditions of the 
upper portion of the middle column of the table ; and so on through the other 
two cases of the table. 
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No proof of the rules is offered because they are proved in the memoir 
from which the table is taken. 

The chief difficulty in practice, in forming the genealogical arrangement by 
means of reversible contractions, will probably be found in correctly applying 
the general direction which follows the table ; that is to say, " The contractions " 
(not more than 3 in number, because the conditions for the contractions Z7A, PA 
are mutually exclusive) **are to be applied in the order UP, UA, PA, PP ] 
but all the contractions originating in a prior contraction of a given term are to 
be exhausted before proceeding to a posterior contraction of the same term." 

The last part of this direction will be found equivalent to the statement 
that where the last part of a combination is incontractible in consequence of it 
containing only powers of two contiguous letters, or less than this as a limiting 
case, we must go back to the earliest preceding term which contains the previous 
part of this combination unaltered, and contract the last letter of this previous 
part with the nearest non-contiguous letter. 

Examples may be taken from the following complete genealogical arrange- 
ment of combinations of letters having total weight equal to 17, degree equal to 
6, and extent equal to 7. 



a?dh* 


ab^h* 


a<?d?h 


b^c^f 


egh 


ab^cgh 


deg 


Vd^g 


fh 


djh 


df 


d^ef 


f^ 


dg" 


a(»^f 


d^ 


d^hcW 


^h 


acd?g 


b<?dh 


d^hdgh 


«fy 


d^ef 


eg 


efh 


aVf 


d^ 


P 


e^ 


ah&fh 


ad'f 


b&J^g 


rg 


f 


ad!^^ 


def 


a*(?g7i 


ahcdeh 


b*gk 


^ 


cdfh 


/9 


b'c/h 


bcd?f 


cd^ 


ahc^g^ 


g" 


rf»e» 


c^h 


ef 


b^deh 


bd^e 


cefg 


abcPA 


fg 


<?h 


cf 


d^eg 


b'^g 


c*dg 


a*d?eh 


d?f 


ef 


ef 


^f9 


ahdA?f 


V(?eh 


<?d?f 


d^g 


abe* 


fg 


d^ 


deP 


a(?th 


b'ccn 


<?d?e 


a'^f 


fg 


deg 

dr 


cd^ 
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If we take the term aV/, ^f cannot be contracted, the earliest preceding 
term containing a* is d^hch?^ from which, by contraction of a with c, we obtain 
a6W, which is the next term ; or again, if we take the term ajy, f^ cannot be 
contracted, being a limiting case of a sequence in powers of e and /, the earliest 
preceding term containing a6* is aVcgh, from which, by contraction of b with g, 
we obtain abc^fh, which is the next term. 

The contractions made according to the rules of the table are called rever- 
sible because, by expansion of the last two letters exclusive of the la^t, in the 
derived terms we revert to the generating term. Thus the individual denoted 
by a^cd/h has 3 sons denoted by a*cd^, ofo^li^ and d^d^eh, because, by the rules 
of the table, 3 contractions can be made on cfcdfh ; and it is indicated that these 
3 are brothers by the fact that, by expansions performed upon ^ , e* and de 
respectively, we revert to the same term a^cdfh . 

But we may not have the preceding terms written out, and may desire to 
obtain the next succeeding term to a given term without resort to the preceding 
terms. For this purpose we may either use an arithmetical formula or combine 
a non-reversible contraction with the greatest amount of expansion of the latter 
part of the term on to which the earlier letter of the contracted pair is thrown, 
which is consistent with the non-disturbance of the letters of the former part 
from which the earlier letter of the contracted pair is taken. To obtain the 
requisite arithmetical formula we must note that if W be the total weight of a 
given combination of letters, S the sum of the indices or degree, and E the 
extent or weight of the last letter when the weight of the first letter is zero, the 
most contracted term is expressed by the formula 






and the most expanded term by the formula 



G) 



where /and R are used to denote the integral quotient and the remainder in 
the division expressed by the fraction which follows those letters. 

To apply these formulae, suppose we take the term afte*; here e* being 
incontractible, we wish to expand it to the utmost extent consistent with the 
non-disturbance of ab. Therefore, taking c for first letter, the weights of e and 
h are 2 and 5 respectively. Hence, using accented letters for the weight, degree 
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and extent of tf^ when ab is rejected, W is equal to 8 , iS'' to 4 , J?' to 6 , 
J^— ) to 1, 7^4 -^ to 2, -B(-e-) *^ ^- "^^ gives c*/* as the most ex- 
panded term between c and A which is to be derived from ^. Hence aJx^fh is 
the earliest term containing ah ; and from it, by contracting h with /, we obtain 
cufeh^ which is the next term to abe^. 

Or we may expand ^ to the utmost extent between c and A by any expan- 
sions in any order. Thus from ^ we should obtain in succession cfc*/, cP/*, c^gf*, 
cyA, and then proceed as before. It may be noticed that the most contracted 
term formula shows what is also evident from the method of contraction, that 
the most contracted term is the same whatever the first and last letters may be, 
and may therefore be obtained from the formula most conveniently by consider- 
ing the primary letter to be the first letter and the ultimate letter to be the last 
letter. 

Also, in the formula for finding the most expanded term in general, 

(W\ / W\ 

S j^rj aiid li-^j are together equal to /S^ — 1, and, with the interme- 
diate simple letter of weight R\-=A, make up the degree S\ but if TF is a 

S pj and 

(W\ 
-=r) are together equal to S. 

I now go on to another mode of arrangement, illustrated by an example in 
the form of a table preceding the explanation. 
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db 



d^e 




&c»d« 


6«o 








d'^e 










d'^h 
d^eg 
d^P 
d'e^f 


a^b 













d'fg 
d'e'g 
d^eP 
d^e'f 


a» 


— 












6* 








d*e^g 
d^eP 
d'e^f 
d»e» 


a^bc 
db* 


— 









— 


d»/fc 

d»flr« 

d*6«fc 

d^efg 

d*p 

d'e'g 

d^e^P 

dH^f 

de^ 













d»;i» 

dV^ 

d'fg' 

d^e^fh 

d^e^g^ 

d'ePg 

d*p 

d^e^h 

d^e*fg 

d'e^p 

de^g 

de^P 


a* 
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c^d^e 







d'f 
d*e« 




6c* 














d»A' 
d*g^h 

d^e^h* 

d^tfgh 

d^eg* 

d*fh 

d*Pg^ 

de*gh 

de*ph 

de^fg^ 

depg 

dp 

e*A 

e'Pg 
e'P 












d*flr 

d*e/ 

d»e» 








6«c» 






d^h* 

d'egh 

d^Ph 

dVa* 

d*e*A 
d»e»(/« 

dUPg 

d^P 

de*h 

de'fg 
d€*P 
e^g 
e^P 














d»;i 

d«esF 

d*P 

d*e^f 

d»e* 














6»c* 






a^be 
a*6» 


— 




a^b 
































d«e;i 

d'e'y 
dHP 
dH^f 
de^ 
























d*gh* 
d«e/A« 
d^eg^h 
d^Pgh 

dVg' 

de^h^ 

de*fgh 

de*g* 

deph 

dePg* 

dPg 

€*gh 

e^ph 

e'fg' 
e^Pg 
eP 








d'eh* 

d^fgh 

d'g* 

d^e^gh 

d^ePh 

d^efg* 

d'Pg 
de«/A 
d€*g* 

de^Pg 
dep 

t'fg 
t^p 














d*fh 

d*g* 

d'e^h 

d*efg 

d*P 

d*e*g 

d^e^P 

de^f 




db^e 
6» 


— 










a*b* 


— 










a» 






























d^gh 

d^efli 

d'eg* 

d'Pg 
d»e»h 
d^e^fg 
dUP 

de^g 
d€*P 




















a«6«o 
a6« 
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d*h 
d*eg 
d*P 
d*e*f 















d^eh 

d*fg 
d*e*g 
d^ep 
de*f 


abc* 
6»c» 













dV% 

d*g* 

d*e*h 

dHfg 

d*p 

de*g 

de^P 


a6«o» 













d*gh 

d^efli 

d^eg* 

dV'g 

de*h 

de^fg 
dep 
e*g 
e^P 


6»c 


— 












d'fgh 
d^g^ 
de^gh 
deph 

defg^ 
dpg 

e*fli 
e*g* 
e^Pg 
eP 


a«6»c 


— 














d^h^ 

degh^ 

df^h^ 

dfg*h 

dg* 

e*g*h 
ePgh 

efg* 

Ph 

Pg' 




— 












dfli* 

dg^h' 

e^h* 

efgh^ 

eg^h 

Ph* 

Pg'h 
fg' 


a« 


— 
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d'flf 

d«e/ 

de« 


c» 













d'h 
d^eg 
d^P 
de^f 


6c« 













d'eft 
d*fg 
de^g 
dtf* 


6»c» 













d*pi, 
d^g* 
de*h 
defg 

dp 
e'g 
e*P 


a6c* 


— 











d^gh 
defh 
d€g* 

dPg 

e*h 

eVg 

eP 


a6*c* 


— 











d*h* 
degh 
dph 

dfg' 
e^fh 

ePg 

P 




— 







a«c* 


a»6*c» 


db^e* 


6«c 








dfh* 
dg*h 
e^h* 
efgh 

eg' 

Ph 

Pg' 


a»6c» 
6» 














dfc» 

egh* 
f*h* 

fg'h 
g' 




— 














— 


gh* 










a^b^c- 

ab^c 

6" 








h* 







1 


dfh 
dg* 
e^h 

efg 
P 


dbc'' 










— 


h* 




— 
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In this table 

Tr=29; ^=11; ^=7; /(^)=2; J2(f^) = 7; ll-i2(f ) = 4. 

Hence the most contracted term is d^tT. 

The system of combinations of different letters of given weight, degree 
and extent (which is equivalent to a system of partitions, when multipliers are 
substituted for the indices) is arranged in what is intended to be eight columns ; 
but some of the columns, on account of their length, are broken up, the original 
columns being separated by divisional lines. 

The column first formed is not that placed at the left-hand side, but the one 
which is headed c^cT. This is supposed to be divided into two collections which 
are considered to be quite distinct. The outside ends of these are dragged 
simultaneously according to Arbogast's method of derivations, and the derived 
terms are put down in associated collections, as in the table. All the left-hand 
collections are between a and c, of degree 4; all the right-hand collections are 
between d and h, of degree 7. All the collections so formed are complete 
collections, because they are formed from complete collections by Arbogast's 
method, c* is a complete collection of its own weight and degree between the 
letters a and c; and, being a power of the highest letter in its own collection, all 
terms of lower weight having the same degree and extent can be derived from 
it by Arbogast's method, that is, by dragging towards the lower end ; similarly 
for (?, interchanging lower and higher, etc. The total weight of the associated 
collections is imaltered, because at every simultaneous double derivation the 
weight of one collection is increased, and the weight of the other is decreased 
by one. 

If we started at the other end of the column and had given a^ as one com- 
plete collection, and also all the terms of the associated complete collection 
between its most expanded term cP^* and its most contracted term e*/, we could, 
by the reversal of Arbogast's method, that is, by double outside pushing, obtain 
the whole column in reversed order. 

We have next to explain and prove the method of formation of the adjacent 
columns. 



Let 



W'+l, S' — W"-1,S" 



W'f S' — IF", S'' represent two associated pairs of complete 



collections of letters, the capital letters inside the boundary lines expressing the 
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weight and degree of the respective collections, the boundary lines themselves 
expressing that the collections are complete ; and, for brevity, let c be taken for 
the last letter of the left-hand collection, d for the first letter of the right-hand 



collection, as in the table. If we remove a letter d from 




we may 



balance this by adding c to TP -f 1, /S^ , because c -f 1 is equivalent to d, and we 
shall thus have obtained a portion o{ \W' + c + l, S'+l ^W' — d, S"—l 



but only a portion, because, though the right-hand collection is a complete collection, 
yet the left-hand collection only includes those terms which actually contain c. 
That the right-hand collection is a complete collection follows from the fact that 

there is no term of 



W" — d, S"—l 



which cannot be obtained from some term 



of 



TT", S" which does contain d by the removal of a letter d. 



To obtain those terms of TT'+c + 1, S' + 1 which do not contain c, we 



go back to the next higher left-hand collection in the previous column, namely, 
to W + 2, S' , pick the terms in it which do not contain 6 and add 6 to them ; 



we thus obtain those terms of W' + c+ 1, S'+l 



or 



W' + d, S'+l 



which 



do not contain c , but which do contain b ; there are still required to be found 
those terms which contain neither b nor c, but which do contain a; for these we 

take those terms in \W'+S, S' which contain neither b nor c and add a to them, 



and so on. In this way we should obtain an associated pair of complete collec* 

tions, \W'—d, S'+T^W + d, S"—l\ ; and from this, by double outside 

dragging, we could complete the portion of the column in which the left-hand 
collection has its weight less than W — c2, and the right-hand collection has its 
weight greater than W + d. The other portion of the column may be obtained 
by double outside pushing instead of dragging. It will be most convenient to 

W'+l, S'\ that left-hand collection which has the greatest weight for 



take for 



the degree S'. For, in this case, W'+ 2, S' , etc., having no existence, we 



need only add letters to one left-hand collection. Thus, in the table, from 
Jc* (?e ' ^y cutting off d from e?e and attaching c to t^, we obtain d^d^e ; and from 
this, by double outside dragg'mg, the whole of the remainder of the column 
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headed by c^cPe. The collections of this column have the degrees 5 and 6 
respectively instead of 4 and 7 respectively. 



Again^ from 




, by removing a letter d from ,4 , and adding a 




letter c to c*, we obtain c* 




and from this, as before, we can obtain the 



whole of the remainder of the column. 

Similarly, from the column whose collections are of degrees S' and S" 
respectively, we can form the column whose collections are of degrees S' — 1 , 



S" + 1 respectively, by removing a letter c from W, S^ and adding a letter 



d to I W" — 1 , aS"' with the corresponding additions where necessary. Thus, in 



^4 J7 

the table, from r s ^ 1 by removing a letter c from be? and adding a letter d to 

eP, we obtain Jc*e?; and from this, as before, we can obtain the rest of the 
column whose collections are of degree 3 and 8 respectively. 

It may be considered easiest to obtain independently as much as possible 
of one column from a contiguous column, and then obtain the rest, if necessary, 
by dragging. Thus, from the bottom pair or expanded end of the column 
whose collections are of weight 6 and 5 respectively, by removing d from those 

terms of the right-hand collection which contain d, we obtain "^ , which is a 
complete right-hand collection in the next column. I ^ 

To obtain the associated left-hand collection we add c to a*6 ; also 6 to a*b\ 
the term in the preceding left-hand collection which does not contain c. The 



next preceding left-hand collection 



Hence 





has no terms containing neither b nor c. 



is the associated pair which is formed in the next column. 



All the rest of the column which is towards the top or contracted end may be 



formed in a similar manner; but the remaining two pairs 

must be obtained by dragging. 




a*c 






— 


gh' 







and 
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Properties of a Complete Table of Symmetric Functions. 

By Captain P. A. MacMahon, R. A., Royal Military Academy^ Woolvnch. 



§1. In Vol. V, American Journal of Mathematics, Mr. Durfee has set forth 
the only complete and perfectly arranged ' table of symmetric functions in 
existence. 

I propose to establish some remarkable features of such a tabulation which, 
so far as my knowledge extends, have not as yet been noticed. 

If we represent the symmetric functions by partitions in ( ) and the literal 
products by partitions in ( )', Mr. Durfee's table exhibits each partition ( ) in 
terms of the partitions ( /, and inversely each partition ( )' in terms of 
the partitions ( ); say these constitute the first and second portions of the 
table; the secondary diagonal of the square is mainly composed of units, in 
the exceptional cases a zero replacing a unit. The first and second portions 
of the table lie, in the main, above and below the secondary diagonal ; the fact 
that this is not invariably the case being entirely due to the peculiar properties 
of the self-conjugate partitions; in both the 12*® and 13*° tables there are three 
such, with the consequence that the corresponding portion of the secondary 
diagonal becomes twisted about its middle point into coincidence with the 
principal diagonal of the square. 

The terminal units, whether lying in a principal or secondary diagonal of 
the square, are common to both portions of the table in such wise that any unit, 
together with the numbers in the same row or column lying left of it or above 
it, belong to the first portion, whilst the same unit, together with the numbers 
lying in the same row or column to the right of it or below it, belong to the 
second portion. 

It is important to observe that terminal units must lie either in the secondary 
or principal diagonal, and those in the principal diagonal correspond invariably 
to self-conjugate partitions. 

The number of partitions of the weight being uneven, the number of self- 
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conjugate partitions is also uneven, and in this case one of the terminal units, 
corresponding to a self-conjugate partition, is at the point of intersection of the 
two diagonals, the remaining units being symmetrically distributed on the prin- 
cipal diagonal in adjacent squares ; on the other hand, if the number of parti- 
tions of the weight be even, so also is the number of self-conjugate partitions; 
and then there is no place for a number at the intersection of the diagonals, the 
self-conjugate units being now none of them in the secondary diagonal, but 
symmetrically placed about it in adjacent squares. 

§^2. In the Quarterly Journal of Pure and Applied Mathematics, No. 85, 
1886, I gave the complete statement of the Oayley-Betti law of symmetry; viz. 
if any two results of the same weight be 



then 






I proceed to the application of this theorem. 

§3. Regarding the whole square as a matrix of order equal to the number 
of partitions of the weight, I consider a minor square matrix of any order 
whose secondary diagonal is coincident with that of the whole matrix ; and for 
clearness I first suppose such a minor matrix to be situated so that its secondary 
diagonal contains only units, or, what is the same thing, so that it does not 
intersect or include the square matrix whose principal diagonal consists entirely 

of units. 

Represent any such minor of order s by 



an 


ai2 


ai8 


• • • ai.*-6 


ai,*-4 


ai,t-8 


ai,,-2 


ai.,-1 


1 , 


a«i 


a„ 


Om 


• • • a3.*-6 


a«.*-4 


a«,*-8 


a«, ,_» 


1 


«2#, 


^31 


«» 


ass 


• • • a3,*-6 


O-S. t-4 


as. t-8 


1 


a8,t-i 


«8#» 


^41 


a« 


0C4S 


• • • ^4, *-6 


a4.*-4 


1 


a4.#-i 


«4,#-l 


«4*> 


^51 


ttB 


ttss 


• • • ^5^ ,«5 


1 


^5, *-8 


Or., -2 


«5,t-l 


«5#i 


ttai 


a« 


a«3 


... 1 


«6,t-4 


««,t-S 


««, t-» 


^6,t-l 


^e#i 



a,_i^ 1 1 a,_i, 3 . . . a,_i^ ,_5 a,_i^,_4 a,_i^,_3 a,_i^,_2 a,_i^,_i a,-i,,, 
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wherein the a's and the a's belong respectively to the first and second portions 
of the table. 

Applications of the law of symmetry enable us to write down the s — 1 
relations : ^i , #-i + Of* = , 

«!,*-•+ «3,*-iai,#-i+ «$•= 0, 

«!, #-8 + «4, #-»«!, *-• + ^4, t-l^l, #-1 + «4# = 0, 

ai.#-4+ «5, #-Sai, f-8 + «6. #-»G^i, »-» + «5, #-iai.#-i + «5t= 0, 

Ol, ,-5+ «6, *-4ai, *-4 + «6,*-8ai,,_8 + «6. f-jO^l, #-• + «6, #-101, f-1 + ««# = 0| 



Otis + ^*-l. 8^18 4" • • • • + ^*-l,#-5^1,f-6+ ^*-l, #-4^1, ,_4 +^f_l.f-8ai,#-t 

an + «««ai2 + a^gttis +...•+«,, #-6^1, t-s + ^*, *-4ai. ,-4 + «*. *-8a'i, t-s 

which are very convenient for purposes of verification. From them is deduced 

— a,, 00....0 1 

— ag,00 ....0 1 «8,*-i 

— a^ ....0 1 ^4,f-2 ^4, *-i 

— «6# .... 1 «6,f-8 «6,f-« «6.#-l 

— ««# ....1 «6.*-4 «6.*-8 «6,#-.l «6,f-l 



au = 



^* — 1, • 1 ^f— 1. 8 • ' • • ^#-1, *-.5 ^*-l. *-4 ^*-l, *-8 ^*-l. f-« ^f— 1, f— ] 



^$$ ^#8 ^*8 



• . 



• ^*, *-6 ^*,*-4 ^#, *— 8 ^*,#— 8 ^#, #— 1 



-^A, 



where A is a determinant of order s — 1 whose secondary diagonal consists 
entirely of units and having nothing but zeros aboye this diagonal ; so that 

^^^ f y+$-i+t-i-{ •"* = ( )l*(» + i)-i. 

and in the numerator, if we perform on the columns a cyclical substitution, so as 
to make the first column the last and then change the sign of the last column, 
we shall obtain a determinant multiplied by (— )*~^; whence the sign of the 



fraction becomes 
and accordingly 



( \»-H-J(»)(»+lj-l_. / \l.(» 



1) 



a„=(-)i*<*-» 
























. . • • 



«... 






1 

^6, *-8 




1 



a 



4, «— 8 



a 
a 



3, * — 1 

4, *-l 



a 



6, *-8 ^S.t-l 



«2* 

a^ 

«4* 
«6# 



1 ^#—1. 8 ^*-l, 4 • • • • ^* — 1, *-3 ^* — 1, »-8 ^#—1. *-l ^f-l, 



«#8 «tS 



a 



«4 



•^*.»-8 ^*.*-8 ^#,#-1 ^, 



$$ 
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but the matrix of this determinant is, as regards the original matrix, none other 
than the matrix complementary to aui in which all the a's are put equal to zero; 
further, we shall find a^ equal to the product of ( — )4«(«-i)+i+-' and the deter- 
minant of its complementary matrix, with the above convention as regards 
zeros. 

Again, consider any a element in the p*^ row and x^ column a^, and in 
conjunction therewith the matrix obtained from the original matrix by deletion 
of the first p — 1 rows and the last p — 1 columns. 

The matrix now under view is of order s — p + 1 , and, by the theorem 
already established, the element considered is the product of ( — )it#-p+i)(#-p)+«+i 
and the determinant of the matrix which is its complementary with regard to 
the matrix of order $ — p + 1 . 

If we now form the complementary matrix of a^ with regard to the matrix 
of order 9, we find that its determinant has the same numerical value as before, 
but that its sign is by the added rows and columns multiplied by 

( y +#-!+. . . .+#-p+i -- / U(P-i)(»»-P+») . 

whence the element a^ is equal to the determinant of the matrix which is its 

complement with regard to the matrix of order s multiplied by 

( )i(t-p+i)(»-p)+«+i+i(p-i)(«»-p+»)^ 

that is, by (_)i'(— i)+p+«. 

Similarly, the a's are expressed in terms of the a's, and we may enunciate 
the general theorem : 

" Given a complete table of symmetric functions arranged on the Durfee 
system, and isolating any square matrix of order s whose secondary diagonal, 
being coincident with that of the whole square, consists solely of terminal imits, 
the value of any element belonging to the first or second portions of the table 
and situated in the p*^ row and x^^ column is equal to the product of 

( \i*(»-i)+p+« 

and the determinant of its complementary matrix, when in such matrix all 
other elements belonging to the first or second portions respectively are. replaced 
by zero." 

The theorem may be otherwise in part exhibited by writing down the 
identity 
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ttii ai2 • • • . tti^ ,_8 

.... 

.... 

.... 1 




1 



«!. #-1 
1 



1 
«4* 




1 



1 .... CI,— 1, ,—8 ^*— 1, f — 1 



a 



*-!.#— 1 



«#-l. 



Cl,2 • . . . d,^ ,_3 



^«.f— 2 



«f,t-l 



a 



'M 



= (-. )i*c-i){aj, + aj, + .... + af,,_8 + a?,, -, + c^»,, .1 + 1}, 
which follows at once from the foregoing results. 

§ 4. We might now investigate a similar theorem for those cases in which 
the matrix intersects or includes the matrix whose principal diagonal consists 
entirely of units, and the requisite modification of the determinant rule is easily 
reached. But, instead of doing this, I will indicate a slight modification of 
Durfee's arrangement whereby the law above established becomes imiversally 
applicable. 

It is well known, and moreover very easily proved, that a symmetric func- 
tion whose partition is self-conjugate contains one, and only one, term whose par- 
tition is self-conjugate ; the partition of this one term is identical with that of the 
symmetric function, and, as we know, its coefficient is a terminal unit; it hence 
follows that the matrix whose principal diagonal consists entirely of terminal 
units has every other element necessarily zero ; as a consequence, if we arrange 
the self-conjugate partitions of symmetric functions in any order and then place 
the self-conjugate partitions of the terms in the reverse order, we necessarily 
confine each portion of the tabulation to half a square and bring all the terminal 
units into the secondary diagonal. 

I therefore propose that Mr. Durfee's arrangement be modified in this man- 
ner, so that the self-conjugate partitions are arranged in only a quasi-symmetrical 
manner. The theorem of § 3 will then be applicable to each of the secondary 
diagonal matrices of the whole matrix. 

Royal Miutaby Acadeky, Woolwich, England, July 8th. 



On Binary Sextics with Linear Trafisformations into 

Themselves. 

By Oskab Bolza. 



In the following investigation, which I have undertaken at the suggestion 
of Prof. F. Klein, I consider those binary sextics which remain unchanged (or 
are only changed by a constant factor) for certain linear transformations of the 
variables. In the first section I determine all the binary sextics of this special 
character; in the second section the relations are established which in these 
cases exist between the rational absolute invariants of the sextic; and a 
completion of a theorem of Olebsch's is given, concerning the possibility of 
transformation of one sextic into another by linear substitution. Finally, in the 
third section I examine the corresponding relations between the transcendental 
absolute invariants, that is to say, between the ^-moduli Tn, Ti,, r^,. 

The subject is of interest for the theory of the hyperelliptic modular func- 
tions ; for if we represent a system of values of the three complex magnitudes 
'^u> '^isj '^w ^y means of a point in a space of six dimensions, it can be shown 
that the aforesaid relations between the r^^ represent the edges and vertices of 
the fundamental region ("Fundamentalraum") for the hyperelliptic modular 
functions. And the question, under what conditions a sextic can be transformed 
into another by linear substitution, is closely connected with the question 
whether the rational absolute invariants are single-valued (**eindeutig") func- 
tions of the variables Th , Tj, , '^%% . 

Section I. 

Determination of all tlie Binary Sextics with Linear Transformations into 

Themselves. 

§1. 

I say, for shortness, that a sextic /(a^i, x^) remains unchanged for the substi- 
tution xi = pxi + qxi I .^. 

x,=jp'xi+g^xii ^^^ 
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m 

if Axi,x,)=fixi,xi) = c/ixi,xi), (1) 

c being any constant factor. 

It is clear that the entire system of the substitutions which leave a given 
sextic / unchanged, form a group, G ; we shall show that this group is finite, 
provided the substitutions S be reduced to the determinant 1 ; that is, 

p(][ — p'q=l. (2) 

Proof, The roots a< of the equation /(xi, ar,) = 0, which we suppose to be 
all different from each other, are connected with the roots a,' of the equation 
f (^i I 2jJ) = by the relations 

«*' = =^;^;(»=1.2 6); (3) 

accordingly each root a[ corresponds to one of the roots a<. Now, if the substi- 
tution S leaves the sextic / unchanged, the roots a[ must be identical with the 
a,, only in diflferent order; therefore, to each substitution S which leaves/ 
unchanged, corresponds a definite permutation, 



=© 



of the roots a<, which is determined by the equations (3). 

It is easy to see that the permutations a corresponding to the linear substi- 
tutions S likewise form a group, r , which is isomorphic with the group Q , and 
to each substitution of Q corresponds a single permutation of F. 

Conversely, to the permutation 1 of the group V correspond all the substi- 
tutions of Q which satisfy the conditions 

a[ = a, , 

that is, g'ct, — q 

— j>«,+p 
or, — p'a\ + (p — g') a< + g' = , 

for t = 1 , 2 6 . 

This equation, considered as an equation with the unknown a<, can be 
satisfied in two different ways : 

1). The coefficients may not be all = 0. In this case the equation /= 
has only two distinct roots, and/ is reducible by linear substitution to the form 

here the group of substitutions which leave / unchanged is evidently infinite. 
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2). All the coefficients may be = 0; that is, 

therefore, because of (2), 

^= + l,3'= + l,or^=: — 1,5'= — 1. 

That is to say, to the permutation 1 in the group V correspond in the group Q 
the two substitutions 

sci = + W J ^ = + ic» J and Xi = — cc^, fl^ = — jcj( . / 

Excepting the trivial case where / = ^J'a^, we have therefore the result : 

The group T, which contains certainly only a finite number of distinct 
operations, is hemiedrically isomorphic with the group G of homogeneous substi- 
tutions of the determinant 1, and it is holoedrically isomorphic with the 
corresponding group of non-homogeneous* substitutions. Thence follows 
immediately that the group (r is a finite group, which was to be proved. 

§2. 

The group Q being a finite group of binary substitutions, must be one of 
the following well-known groups : f 

1). The self-evident group a:i= ±Xi, iCsi= :^x%. 

2). A cyclic group. 

3). A diedron group. 

4). The tetraedron group. 

5). The oktaedron group. 

6). The ikosaedron group. 

The group cti = =t sci , erg = ± a-g leaves every binary sextic imchanged ; to 
each of the other groups belong three canonical invariant groundforms ; deno- 
ting them in the notation of Klein by F^, F^^ F^, any binary quantic which 
remains unchanged for the group in question is reducible by linear transforma- 
tion to the formj 

FlFiFjfn^ {A^*^F{^ + 5^^ i^«) , (4) 

the A^^\ jB^*^ being any constant factors ; the a , j3 , y , yi , r, being integers. 

* ConcemiDg the difference between homogeneous and non-homogeneous substitutions cf . F. Klein, 
Vorlesungen tiber das Ikosaeder, p. 44. 

t Cf . F. Klein, 1. c. p. 115. t Cf. F. Klein, 1. o. p. 49. 
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We have, then, only to seek, for each of the above enumerated groups, all 
the cases where the expression (4) represents a sextic. 

Excluding the cases where / has equal roots, we easily find the following 
result : 

Any binary sextic / mth linear transformations into itself (except of course 
the transformations Xj = =t Xi , x^:=i ±lx^, and whose roots are all diflFerent from 
each other, is reducible, by a linear substitution, to one of the following canonical 
forms : 

( Cyclic group n = 2) 

( Cyclic group n = 5) 

III. f= z,z,{z\ + a44 + 4) 

{Diedron group n = 2) 

lV.f=zl + a:^4 + 4 

(JHedron group n = 3) 

^.f=4 + 4 

{Diedron group n = 6) 

{Oktaedron group) ^ 

The inequalities for the parameters a, ^ which must be added in order to 
discriminate between the different cases, are given in the following section. 

Section II. 
The Relations between the Ratunial Invariants. 



(A) 



§3. 

We now purpose to find the necessary and suflBcient criteria that a given 
binary sextic be reducible by linear transformation to one of the above enume- 
rated canonical forms. 

These special sextics have been examined by Clebsch in his " Theorie der 
binaeren algebraischen Formen," and more recently by Maisano in a paper 
"Sulla sestica binaria" (Atti della R. Accademia dei Lincei, 1883-84). 
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For the first two cases the criteria in question are completely given by 
Olebsch in the form of relations between the invariants of the sextic. Using 
Clebsch's notation,* they are 

I. /= ;^ + az}^ + ^AA + A. 
i2=0, AiiA^^ — A^>Q.'\ (6) 

A — Q, 5 = 0, (7=0, D>O.X (6) 

The criteria in the other cases are given by Maisano as the vanishing of 
certain covariants. But in these cases also they can be expressed by relations 
between invariants^ as we shall show. 

The subject is closely connected with the determination of the conditions 
that a sextic / be transformable into another f by linear substitution. In 
general, the equality of the corresponding rational absolute invariants of / and 
f is necessary and sufficient, as Clebsch has proved§ with the aid of the typical 
representation (*'typische Darstellung") of the binary sextic by means of 
quadratic covariants. But whether the same condition is sufficient in those 
exceptional cases where the typical representation is impossible, has not yet 
been investigated, so far as I know. And as the canonical forms III to VI of 
our table (A) are the most important of these exceptional cases, I shall answer 
this question in what follows. We denote with Clebsch : 

/= a* = a^\ + ea^xj^g + ISo^a^a^ + 20a8a:ia:f + l^a^oi?ix\ + eajXia^ + «6^> 

i = {ahycfj)\, = oox} + 4aia^»g + 6(i,x{a| + ia^7\ + a^7:\, 

I = {aiyal , m = (t7)Hl , n = (im)*i* , \ (7) 

A = {ah)\ B={iiy, G={iiy{i'iy{i'Hy, 

D — {nl)\ R=— llm){mn){nl) . 
Moreover, 



A^,= {Ur=20+-^AB, 
A,^ = {lmy=4r{^+^(^)^ 



A,^ = {Iny = D— (mm^) = A 

1 ^ . .1 



mmi 






CA 



11) 



GA 



Im 



(8) 



* Cf . the following page. 



t Cf. Clebsch, 1. c. p. 455. 
I L. c. p. 421. 



t Cf . Clebsch, 1. c. p. 457, 
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The typical representation is then, and only then, impossible when the 
three quadratic co variants l, m, n have a common factor. According to the 
investigations of Clebsch and Maisano, this can happen in two diflFerent ways ; 
either I vanishes identically or, I being different from zero, m diflFers from I 
only by a constant factor.* 

§4. 

Let us first examine the case 

?=0. (9) 

We then have from the formulaB (8), 

Au=0, A,^=0, D=0. (10) 

Conversely, from these three equations follows 1=0. For A^ being = 0, we 
may put ?=?oa^. 

If ?o were diflferent from zero, we should infer from 

Ain,= ?o^2= 0, 

that mj = 0, 

and from 2) = — 2mJ = 0, that m^ = 0. 

Therefore we should have 

that is to say, m would differ from I only by a constant factor. Now, Clebsch 
has proved the two lemmas,t **If m vanishes identically, I must vanish also," 
and "If 7w = const. 7, and 1^0, I cannot be a complete square." Thence follows 
that ?o must be = ; we have therefore the lemma : 

The covariant condition 1 = is equivalent to the invariant conditions 

-4,^ = 0, ^,^=0, D=0. 

m 

Now, if for a binary sextic / the covariant I vanishes identically, the following 
cases are to be distinguished :% 

1). If at the same time J. = 0, 

the sextic/ has a quadruple, a quintuple, or a sextuple factor, and the three 

other invariants vanish also, 

5 = 0, C7=0, i? = 0. 

2). On the contrary, if -^ < , 

* Clebsch, 1. c. p. 487, and Maisano, 1. c. p. 83. t L. o. p. 445 and p. 441. 

X Cf . Maisano, 1. c. p. 83. 
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the sextic / is, by a linear substitution of the determinant 1 , reducible to one of 

the two forms a (zj + 25) , a ^ , 

or 6azi2i (2^ + 2^) > a<0. 

In the former case we have besides jB^ 0, in the latter, 5=0. 

Herewith are the criteria for the two cases V and VI of the table (A) 
reduced to relations between invariants, but they admit of further simplification : 

then we may replace the equation -4,„ = of the system (10) by 6jB — -4* = 0, 
and the inequality B^O follows from -4. ^ 0, so that the criteria for this case are 

6B — A^ = 0, 2^+4-^^ = 0, i)=0, (11) 

here the criteria are 5 = 0, (7 = 0, 2) = 0, (12) 

§5. 

We pass to the case where ? ^ and m differs from I only by a constant 
factor ; that is, tw = /bZ, or, (?m) Ijn^ = 0; (13) 

then, according to the two lemmas of Clebsch's cited in the foregoing paragraph, 
h is certainly ^ and the two factors of I are different from each other, there- 
fore Aii^O] besides, n^=1^l) thence follows 

Conversely, from these two equations and the inequality An ^ follows the 
relation (13). 

For, All being ^ , we may write * 

Izzz 2liXiX^, and ^^0. 
Thence follow 

m = — 2Zi {ojpi^ + %tf^pi^ + asccl), 

n= — 2Zi((aoa8^ aia«)ai + 4(0108— of) »!«, + (01O4 — 0,03) a|) , 
All — — 23, Ai^ — 450,, Ai^ = 8? (oios — of) . 

The equation DAn = A^,^ then becomes 

O1O3 = . 
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"We may assume ai = , then we have 

A^^ = 47? (4a| + a^yal) , A^^= — 8ZJa|, 

therefore the equation A^^A^ = AiJO 

becomes a^^ = , 

and the three covariants l^ m^n have the common factor qc%^ I being at the same 

time ^0. Now, Maisano has proved,* *'If ?, m, n have a common factor, they 

have also the other factor common " ; we have then the lemma : 

The covariant conditions 

{lm)l^m^ = 0, Z>0 (13) 

are equivalent to the invariant conditions 

DAu = AU, A^A,, = A,^D, (14) 

Now, from the relations (13) follows that the sextic / is reducible by a 
linear substitution of the determinant 1 to one of the three forms f 

20as^4 + ct^4 + (x^7 «8 < , 

a{^ + a44 + 4)i aa (a* + 50) ^ 0,J 
6ask^{4 + oL^4 + 4)f aa (9a'— 100)^0. § 

In the first case we easily find ^g L £8 _ q 2AB — 15 C7 = • 

in the second case, (7»--i jB«= 0, 2-45- 15(7>0j J^ (15) 

in the third case, ^g ?- fl« > o 

Therefore the relations (14), together with C7» 1 5»=0, 2^-3—15(7=0, 

are th^necessary and sufficient conditions that a sextic be reducible by linear 
substitution to the form 

20a^4 + a^zi!4 + a^4, 

and similarly for the two other cases. But these conditions can be further 
simplified. An easy calculation leads to the following results : 

*L. c. p. 84. t Cf. Maisano, L c. p. 84. 

t If «* + 60 were = , the sextio would be reducible to Ms^iz'^ W + ^^) • 
J If ©a* — 100 were = , the sextic would be reducible to a* («V* + «a*)« 
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a). For /= 20082^21 + 05212! + aj25, (16) 

0,^0, 

the necessary and sufficient conditions are * 

Z.b*.B = 2\A\ 3».5».C=2*.^», 2,\b^D=2\A\ (17) 

.1^0. 
Moreover, / A 

ag and a^ are completely independent of the invariants. 
/ h). For /= a (2^ + a^4 + ^) , (18) 

oa (a* +50)^0, 

the necessary and sufficient conditions are 

C7» — -^S»=0, 92) — 25(6^+^5) = 0, (19) 

D^O, 2^18—15(7^0. 



Moreover, 1 / 



2AB — 15C 



D>0, C7»— ^JB«>0 



J 



(20) 



3 ^ B 

,„ / 6G+AB 

° = ^QV l6(7-2^^ j 
as from the conditions (19) follow: 

^„>0, B>0, 

the expressions of a and a can never become infinite or indeterminate. 
Finally, we have for the co variant I the expression 

I = V— 2AuZiZ». (21) 

c). For /= 6aziZ2 (4 + os^sl + 4) , (22) 

oa (9a» — 100) ^ , 

the necessary and sufficient conditions are 

ZAB*—6BC +4A*C—18D = 
4B»+6ABG+6G* —3AD = 



(23) 



In this case, the proof being more complicated, we shall indicate it in a few 
words. The tyfo equations (23) can be written in the form 

AD= 2BA^^+ GAu. 

* These conditions ure given by Maisano, 1. c. p. 85. 
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Thence we deduce 

D being supposed ^ , we have also -4^» ^ , Ai^ ^ , and from DAu = A\^ also 
-4tf < 0- We may then divide the two equations 

AfnnAiM = XT, 

by each other ; we thus obtain 

Therefore the three conditions (14) can be deduced from the two equations (23) 
and the inequality Z>^ 0. But the conditions (14), together with the inequality 

C7* ^ -B^ ^ 0, are sufficient, as we have seen above. 

As to the parameters a and a , we have 



1 /^•— J-^ 

a = 



2 V 62) 



— in / B'-^AG 

a — AU-y/ 2A*B—ZAC— 



(24) 



15B« J 

For the covariant I we find 

Z = V— 2^„2ji2,. (25) 

§6. 

We can now answer the question proposed in §3. Suppose / or /^ to be 
one of the above enumerated exceptional sextics for which the typical repre- 
sentation is impossible ; and suppose it be possible to find a quantity r different 
from zero, such that between the invariants of the two sextics the relations 

exist: A! = r^A, B = 7^B, C' = 7^^G, D=7^D, (26) 

we must then examine whether these conditions are sufficient for the possibility 
of transformation of / into f by linear substitution. 

We choose as an example the case where between the invariants of / the 
relations (19) exist: 

(7»_i_jB»=0, 9D—2B{6G + AB) — Q, 
D>0, 2AB—15C^0. 
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We can then reduce / to the form 

4 + 0^44 + 4^ 

where /J^+^ 

^ 15C—2AB 

Prom (26) we have also between the invariants of/' the relations 

C7'»- i- £^= 0, giy— 25' (6(7' + ^'jB') = 0, 
^ iy>0, 2^'£'-15(7'>0, 

and we can therefore reduce /' to the form 

where ,^^^/ja + TW:^ 

^ 16(7 — 2^'jB' 
But from (26) we have a' = =fc a. 

We may assume a' = + a; for, if a' were = — a, we should return to the former 
case by applying to the variables zii4 the substitution «( = «Ji', zi=^ — zi^. Thence 
we immediately infer that / can be transformed into /' by linear substitution. 

* Exactly the same considerations are applicable to the cases where / is 
reducible to one of the canonical forms 

ZiZi{4+a44 + 4), 

ziZi{4 + 4)' 

But the proof evidently fails in the cases where / has a quadruple, a quintuple, 
or a sextuple linear factor ; for it is impossible to discriminate between these 
three cases by invariant conditions, as in each case we have 

A = 0, B = 0, (7=0, D = 0. 

Finally, in the case of a triple factor, 

/= 20a^7^4 + 6aiZi4+ a^, 

the equality of the absolute invariants is likewise insuflBcient. For, as^the 
absolute invariants are, in this case, completely independent of a^ and a^, the 
three cases of— 

1). One triple and three simple factors, 

2). One triple, one double, and one simple factor, 

3). Two triple factors, 
give the same values of the absolute invariants of /. 
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The exceptional cases being thus completely discussed, we may express the 
theorem concerning the transformation of two sextics into each other in the 
following form : 

Two hinary sextics whicJi have no triple^ quadruple^ quintupUj or sextuple 
factors^ can be transformed into each other hy linear svhstitution, if their correspond- 
ing rational absolute invariants are equal ; but tJie equality of the absolute invariants 
is not sufficient if one of the two sextics has such a multiple factor. 

§7. 

We now revert to the binary sextics with linear transformations into them- 
selves ; the criteria that a sextic be reducible to one of the canonical forms (A) 
being established in §§3, 4, 5, there still remains to determine the linear substitur 
tions by means of which this reduction is to be performed. 

In each of the four first cases of the table (A) there exists a quadratic 
covariant which, by introducing the canonical variables Zi, Z|, takes the form 

Const. 2iZ,. 

We then obtain the substitution in question by putting Zi and z^ equal to the 
two linear factors of that quadratic covariant, multiplied by suitable constant 
factors. For the first case the quadratic covariant is {lm)ljn^]* for the second, 
7?i;f for the third and fourth, Z.J 

In the two last cases all the quadratic covariants vanish identically; a 
different method must therefore be applied, which is founded on the fact that 
the determination of the canonical variables Zi, z^ is identical with the solution 
of the form-problem (**Formenproblem"§) belonging to the group of linear 
substitutions in question. 

In the case of the died/ron group n = 6 (case V of our table), the absolutely 
invariant groundforms are|| 

* Cf. Clebsch, 1. o. p. 457 and p. 199. t /Wd. p. 467. 

X Cf. the equations (21) and (25). 

3 By the *"*" Formenproblem " belonging to a finite g^oup of homogeneous linear substitutions of 
the variables Zi^Z2^ EUein understands the following problem : The values of all the invariant ground- 
forms of the group being given, to determine the corresponding values of the variables 2i , ^2 * 

II Cf . Klein, Vorlesungen dber das Ikosaeder, p. 68. 
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They are found to be covariants of the sextic/, viz. 

^=-T''^»=^'^»=:^v (28) 

where T={aH)alHl. 

To find the canonical variahles Zi, z,, we have therefore to solve the 
problem : The values of the invariant groundforms of the diedron group n = 6 
being ^ven, to determine the corresponding values of the variables Zi, Zt, and 
this is exactly the form>problem belonging to the group in question. 

The solution follows immediately from the equations 

2 ~a/2A' 

A—A _ My — ^ 

For the case of the oiktaedron group (case VI of our table), the invariant 
groundforms are * 

<D, = ^-14^;4 + i4, \ (29) 

<D, = [j^ + ZZ,\4 - 332}^ - J?][zi2, (z* + i4)] ; ) 

they are covariants of the sextic/, viz. 

. f ^ 6H .. 12/r ,„ - 

The determination of Zj and z, can be performed with the aid of the 
resolvent of the third degree, 

the three roots of which are 

4>i — dh^i) , ^ _ — , q>s— ^ — , 

whence Zi and z^ can immediately be calculated. 

The same method is applicable to the determination of the canonical 
variables in the other cases of the table (A), but the formulae are rather 
complicated. 

* Cf . Klein, L c. p. 68. 
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Section III. 
The Relations between the ^-Modvli. 

§8. 

The conditions between the algebraic invariants of our special sextics being 
established in the foregoing section, we now proceed to determine the corre- 
sponding conditions between the transcendental absolute invariants ; that is to say, 
between the 3-moduli t^. 

Using homogeneous variables, we put, with Klein,* 

^, ~ r ^ M^ ~ ^^^) 



.=/ 



(31) 



the lower limit of the integrals being any fixed point in the Riemann's surface 
belonging to the irrationality ——^- . Let 



(32) 



Ui Oil, ^» ^18 > ^14 
V^ C«>jji, 6)22, (Og3, Ci)|4 

be a system of simultaneous normal periods f for the two integrals, and let Kt 
be the path of integration for the periods On, (^^. Putting, then, for shortness 

the 3-moduli r^fi of Weierstrass are defined by the equations 



Tii = 



— ^ ^ — P^ — P^^ —,r ^ _ P" 

— - , T12 — -— — — - — Tgi , Tjj — -— 



(33) 



In order to determine the relations which must exist between these magni- 
tudes T^ , if the sextic /(ziZg) be one of our canonical forms (A), we first apply 
to the variables any linear substitution 

Zi=pzi +q4 ) 

h=p'z[+^[ (34) 

V/(Zi,z,) = V7>rr?)) 
Denoting, then, by Vi, vi, the integrals 



J Vf(z{,zi) 



(35) 



* F. Klein, Hyperelliptische Sigmafunctionen, Math. Annalen, Bd. 27. 

t'^Normale Periodicit&tsmoduln," according to Clebsch and Gordan, or ^'PModes normales,'' 
according to Briot. 
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and by oi^ and 0%^ those periods of u[ and u^ which belong to the path of integrar 
tion Ki, corresponding to the path JEi, we have for the magnitudes r'^ the 

fundamental equations* r'^ = r«^ ; (36) 

that is to say, the r^ are transcendental absolute invariants of the binary 
sextic/. 

The equation (36) holds good whatever the sextic / and the substitution 
(34) may be. Let us now suppose / to be one of the six canonical forms (A) 
and (34) one of the substitutions leaving the function / unchanged, so that 

fi4,4) = c/izi,zi). (37) 

Assuming for simplicity c = 1 , the magnitudes 

(*>ili ^IS) ^18? ^14 

are a system of normal periodao/the same integral i^, differing from 

^m ^i»» ^i8> Pi4 

only by the path of integration. Therefore the periods Oi, can be expressed by 
the G>ii by means of a linear substitution, 

o{< = m^Oii + w«cjig + w^gcojs + ^iM4 1 (s) 

and likewise o^i = m^io^i + m<2%9 + ^is^w + ^a^w » 

the integers mij^ satisfying the known bilinear relations. 

Thence follows a system of formulaa expressing r^ by Th, t^, r^,, which, for 

shortness, we write ri^ = ^^ (rn, Tu, Th). (38) 

The r^ being homogeneous functions of order zero of the o^, we obtain the 
same equations (38) in the case where the constant factor c in (37) is different 
from unity. Combining the two equations (36) and (38) we have 

"To^ = ^c^ ('Til , Tu , T22) ; (39) 

that is, three relations between the moduli r^, and these are exactly the rela- 
tions we had proposed to find in the beginning of this paragraph. Interpreting 
the relations (39) in a little different way, we have the following proposition : 

1/ the sextic / remains unchanged for a group of linear svhstitutions of the 
variables Zi , Zj , any system of ^-moduli rn , T^ , t^j belonging to ^/f remains likewise 
unchanged for a corresponding group of linear transformations of the periods. 

And we may add as a corollary: Of these linear transformations of the 

* Cf . Klein, HjpereUiptische Sigmafunctionen, Math. Ann. Bd. 27, p. 487. 



62 BoLZA: On Binary Sextics toith Linear Transformations into Themselves. 

periods, only thoae can be congruent to identity modulo 2* which correspond to 
the substitutions Zi= ± zi, z^=: zt zi, 

as we easily infer from the conclusions of §1. 

§9- 

Conversely, if the system of ^moduli r^^ remains unchanged for a linear 
transformation s of the periods, not congruent to identity modulo 2, the sextic/ 
remains unchanged for a corresponding linear substitution Sot the variables Zi, 2,, 
different from Zi = =t Zi, 2, = d= z,- 

To prove this we transform the sextic / into the canonical form of Richelot 
belonging to the system of ^-moduli r^. If, to fix the ideas, we suppose the 
path of integration Ki to include the two branching points ("Verzweigungs- 
puncte") tti and ex,, ^ the points as and a^, K^ the points a^ and ai, K^ the 
points a4 and as, Richelot's moduli x*, X*, /t^* are given by the formulaB 

(a3-a5)(a,-aO~^oi^5' 

<_ («s— «4)(««— «°) _^a8^^ 
^ (as— a,)(ae-a,) ^^.t^. ' 

^. denoting ^a = ^ (0 , ; ru , Tu , r,,).. 

The sextic / is then transformed into 

F = Const, yiy, (y, — yi)(y, — x*yi)(y, — ^^yi){y% — (i^yi) 

by means of the substitution 

yi = (as — (^bX^ — a*^) I /rp\ 

2^2 = (os — a4)(2i — a^Zg) . 

Suppose, now, Tu, r^g, r,, to be any other system of ^moduli belonging to the 
same sextic /and derived from r^, r^, r« by means of a linear transformation 
s of the periods, then the corresponding moduli of Richelot, x^^ X'*, (i'^, can be 
derived from x*, X*, (i^ by applying a certain permutation 



^_ /^ai> a«» as» «!> ^5, aA 
\ai', ag, ai, a^, a^, a«/ 



* A linear transformation of the periods is said tQ be '^ congruent to identity modulo X;," if aU the 
coefficients are divisible by k except those in the principal diagonal, the latter being congruent to 
1 (modulo k). 
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to the roots a^ , and the sextic / passes into the form 

F^ = Const. y[yl,{y', - y^{yi - ^y^{y', - ^^yOiyi - (i^yO 
by means of the substitution 

yi = (as — oii){^ — 0^41^) » /rpx 

yi = {ai — ai)(zi — (^M • 

If, now, we suppose the transformation s to be one of those which leave the r^ 

unchanged, so that 'I'i^ = 'I'a^i 

we have 3(0, 0; r^i, r{g, r^\=^{0, 0; Tu, Ti^, t^)., 

and therefore x^ = 7^, X^= X^ (i!^ = (i\ 

Thence we infer that the sextic / is only changed by a constant factor if we 
apply to the variables Zj, 2^ the combined substitution TT'^. Moreover, if the 
substitution s is not congruent to identity modulo 2, the permutation a is 
diflferent from identity, and therefore the substitution TT^^, considered as non- 
homogeneous, is different from identity too. Thence the substitution TT"'^^ 
considered as homogeneous and reduced to the determinant 1 , is different from 
«i = ±2i, Z2=z±Z2, as was to be proved. 

§10. 

We now proceed to the application of the method above explained to each 
of our canonical forms (A). 

I. Case : Using non-homogeneous variables 

_ % 

we write /(z) = z^ + as^ + ^^ + 1. 

The roots of /(z) being in pairs equal and of opposite signs, we choose their 

order so that 02 = — aj, a4 = — ag, ae = — a^. 

The periods may be calculated in the following manner : 

Starting from the point ai , we join the branching points in their natural 
order by any line L nowhere cutting itself; and we call that side of the line 
positive which is on the left when we pass along the line in the direction from 
tti through a, .... to a«. We choose as connections* (" Verzweigungsschnitte ") 

* The expression ^^ connection " has been introduced by Cole. 
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of our Kiemann's surface T the portions aio^, ocga^, a^a^ of the line Z, and we 
define as the upper leaf the one for which 



V/(0)= + l. 
Denoting, then, by F^ either of the integrals 

J^H zdz pH dz 



taken along the positive side of the line L in the upper leaf of the surface, q, 
being accordingly %, or cj^o we may write 

o,= 2F^^, (^=2F^, 
6), = 2^1,, o,= 2F^. 

The substitution 2/ = — z 

leaves /{z) unchanged : /{^) =/(z) , 

and the line L is changed into the line L' obtained by turning the whole plane 
through an angle of 180° around the point 2=0; by this operation the branch- 
ing points are interchanged according to the permutation 

a = {aia^){a^^){a^^), 
or ai = a2, 02 = tti, etc. 

We now construct a second Riemann's surface T with the connections aictg, aga^, 
ttgaj along X', the upper leaf being again defined by 

^7io) = + i, 

and we complete the correspondence of T^and T determined by the substitution 
2/ = — 2 by requiring that the point 2 = 0, \^/{z) = + 1 of 7" corresponds to the 
point 2^ = 0, ^7(2'") = 4- 1 of r. 

Denoting by 1// (2) the value of vy(2) in the point 2 of the upper leaf of T, 
and by t]/ (2) the value of \^/{z) in the same point 2 of the upper leaf of T, 
we easily find the plane of the variable 2 to be divisible into four annular 

portions (see Fig. 1), so that ^j^ = + 1 in the shaded and = — 1 in the blank 

portions, the fujl lines in the figure representing parts of the line L; the dotted, 
parts of L'. 
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Fig. 1. 



We may now easily determine the transformation s. For instance, 

where /^^ extends from 1' to 2* along the positive side of L' in the upper leaf of 
7*. We see from the Sgure that along this path 

we may therefore calculate /jV also in the surface T along L' in the lower leaf, or 
by deforming gradually the path of integration, along the negative side of L in 
the lower leaf, that is to say, along the positive side of L in the upper leaf from 
ostocxi. Therefore 

ui = 2/iV= + 2/21 = — 2/u= — uj. 
In like manner we find 

Ui = 2/^4-= + 2/34 =(J2, 

(4= 2l{.t.= -2F^z=— 2^„+ 2/„ =0^—03, 
o't = 2ll.y = + 2 J'» = 2 J'„ — 2/u = w, — (J, , 
which is, indeed, a "canonical substitution"* of the determinant 1. 

The corresponding formulae for the transformation of the ^moduli are 

r'u ^ Tu , Ti, = 1 — Tjj , TJi ^ Tja , 

whence we have, putting t^i = t^, 

1 
'» = Y 
as the relation between the r^ which we seek. 

*Cf. ClAbaoli Mid OordOD, Abel'sohe Funotionen, p. 800. 
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The result agrees exactly with the following theorem of Weierstrass * and 
Picardf concerning the reduction of hyperelliptic to elliptic integrals: 

** If any integral of the first species (Gattung) and the first order (Ordnung) be 
reducible to elliptic integrals by a rational transformation of the k^^ degree, 
there can always be found a corresponding system of 3-moduli in which 

Applying to the periods the linear transformation 

6)1 = G)l — W4 , 

W2 = — 6)4 , 

G)8= 6)3, 

O4 ^^ (1)2 "^ ^3 1 
whence follow 

- ^11^22 M2 - ^13 " T ^11^83 ^ 13 1 "l~ ^'^li + ^11^22 ^ 

Tn — , T12 — — - , T33 — ; 

~23 ^. '^23 ^22 

we may give the relation T12 = -^ also in the form 



which will be useful afterwards. 



2 

^11 = T22, 



§11- 



An analogous proceeding being applicable to the other cases, I confine 
myself to giving for each of them the figure which shows the paths of integra- 
tion and the value of - /-J-/ , the linear transformation of the periods and the 

Vf{z) 

resulting relation between the r^. 

11. Case: /{z) = {;^+ l)z. 

tti = e S 02=^"^, ttg = e B , a4 = — 1 , ttj = 6 ^", ttj = 0. 



* Acta Mathematica, Bd. 4, p. 400. 

t BuUetin de la Soci6t6 mathematique de France, Tome XI. 
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3= ez', 



V/ja) 3 + ^ * *" ^''^ shaded portion, 

v /(z) ( — fiT in the blank portion. 
Thence i,ij' = Oj — u,, 

0^= — Wl + Oj, 

Oi ^ Ul Us + ^3, 

11 = 1 — e',' Ti! = — s" — e', Tb = e. 



1 1 

oo, Oa^ — ai, a*^ — a*, aj = — , aa — — . 



z=-S!', 

+ in the shaded portion, 
— in the blank portion. 
Thence (>)i= — i^, 

£J^= — CJ^ + (J,, 

"i ^ "fl — "ii 



6' 


6' 

Fig.8. 


IV. Case: 


/W = ^ + 




a,= Bi,, n, = e'ai 
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MS) z = tf!, 

Here we have in the wbole plane 

Thence U|=:(ag, 

Ws= — (Oi — (■>£, 
Wi = — Wg+^i, 




' and the resulting relations are 



which may also be given in the form 

V. Case: /(z) = z'+ 1. 

ai = e^, as=jaiu a,=J'a„ a,=j'ai, ai=j'a„ a, = y»a,. 
3 ., 

/(»)=/W=/W. 

vZS- 

+ in the shaded portion, 

— in the blank portion. 

Thence 01=6)3 — u^, 

u! = u,, 

'">=— "1. 

(i>i ^ — Ui — 6)2. 

Fig. 6. 

The square of this transformation heing identical with the transformation of 




i=± I, 



Case IV, we find 



"V3 



"V3' 



V3 
_1 
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+ in the shaded portions, 
— in the blank portions. 
Thence 

"i = W3 + "it 

(ji^ — ti>I + t>)3 — (Jj-J-U 
U^ = 0, ^ (Jj + Oj . 



ith the transformation of 



Fig. 6. 

The square of this transformation being identical 

Case III, we find _ - 1 + V2 _ I 
Tii _ Ta — 2 ) *^iB 2^ " 

On comparison of the different cases, the relations between the r^p for the 
function z (s* + 1) appear as a special case of the relations for z (z* + oz* + 1) , 
the latter being themselves a special case of the relations for a^ + oz* + /Sz* + 1 , 
as was to be expected from the fact that the cyclic group (n = 2) is contained as 
a subgroup in the diedron group (n^ 2), and the latter in the oktaedron group. 
An analogous remark may be made respecting the three groups, cyclic m = 2, 
diedron n = 3 , and diedron n ^ 6 ; and respecting the three groups, cyclic 
n = 2, diedron n = 2, and diedron n = 6 . 

A few words may be added concerning the sufficiency of the relations 
between the r^. Taking for instance the Case Y, 



Til — Tag — 



2^3' 



fa=- 



we find first that t^ remain unchanged for a linear transformation whose period 
is 6.* Thence we infer as above, §9, that/must remain unchanged for a corre- 
sponding substitution of the variables possessing likewise the period 6, and 
therefore for all the substitutions of the diedron group for n =: 6 , q. e. d. 



* Any operation T is Baid to possew the period /< , if /> is the least poesible integer for which T' =: 
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In the case of 



Tis = -9 , 12t,iT^3+1= 0, 



we find similarly that / remains unchanged for the substitutions of the diedrou 
group n = 3 ; but, that F may remain unchanged for no other substitution, it is 
necessary to add a certain inequality, expressing the condition thatTi,, Va, r^ 
be not reducible by a linear transformation to the values 

which are characteristic for the diedron group n=6. A similar remark is 
applicable to the other cases. 

We conclude by combining in a table the relations which exist for the 
sextics with linear substitutions into themselves, on the one hand between the 
rational invariants, and on the other hand between the t.,. 



I. 


«!+»*-: +,9=;^,+=; 


Invariant criteria. 


1 


11. 
III. 




A=0, B = 0, C=0; 
I>. 

aAir-~sB('+ 4A'c— i«y)=o, 


-..=1— I" 1 

1 
1!— 2 . 

1 

■'■-T' 
12r„r„ + l = 


IV. 
V. 
VI. 


A + aAi + ^ 


lW~2B(eC+AB) = 0; 
»;0, 2AB—UCZ0 


--!+^ 


6B — A-=0, 6O+AB = 0, 
D = 0; 
AiO 


1 
■-—2 ' 

'■■='"=2;73 

r - -l+lV2 


wW + « 


B = 0, C=0, Z> = Oj 

a;j> 


■■i, -n - .^ 



(B) 



OdrmiasM, August, 1887. 



On the Transformation of Elliptic Functions (Sequel). 

By Prof. Cayley. 



The chief object of the present paper is the further development of the 
pa/?-theory in the case n = 7 . I recall that the forms are 

dy pdx 

where _ a? (/? + A^ + A ^x^ + af^) 

^~ 1 + A^a?' + A^^ + ffx"^ ' 

The paragraphs are numbered consecutively with those of the former paper **0n 
the Transformation of Elliptic Functions," vol. IX, pp. 193-224. 

The Seventhic Transformation: the pa-Eqiuition. Art. Nos. 51 to 57. 

51. The equation is given incorrectly Nos. 7 and 42; there was an error of 

sign in a term 512a'p, which affected also the coefficient of op, and an error of 

sign in the absolute term 7 . The correct form is 

p«— 28p*— 112ap^— 210p^— 224ap^ + (— 1484 + 1344a*)p* 

+ (464a — 512a') p— 7 = 0; 
or, arranging in powers of a , this is 

a^512p 

4-a*.— 1344p» 

+ a. 112p'* + 224p3 — 464p 

— (p' — 28p* — 210p^ — 1484p* — 7) = 0. 

This may also be written in the forms 

(a— l)]a*.512p + a(— 1344p» + 512p) + 112p^ + 224p»— 1344p* + 48p} 

-(p + ir(p-7) = 0, 
and 

(a + l){a».512p + a(— 1344p»— 512p)+ liy + 224p« + 1344p»+48p} 

-(p-ir(p + 7) = 0. 
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To simplify the pa-equation we assume J. = 8pa — 7p*; then the ^p-equa- 
tion is A^ 

+ -4p» (14p* — 119p* — 58) 

— p*(p^— 126p«+ 280p^— 1078p*— 7) = 0; 

viz., this is a cubic equation wanting its second term, and so at once solvable by 
Cardan's formula : say the equation is 

^3 + ^p»5i-pVi=0, 
where 

g^= 14p*— 119p*— 58, 

/•i = p® — 1 26p« + 280p^ — 1078p« — 7 . 

7 

It is convenient to recall here that, writing a = , and B = SotS — 7a^, we 

P 

have between a^ ^, Ji precisely the same equations as between p, a, -4; p= 1 
gives a = — 7 , and we have as corresponding values a = — 1, A = — 15, 
/? = — 1, J5 = — 287: these are very convenient for verification of the for- 
mulae. Similarly p = — 7 gives (T= 1 , and then a = — 1, A = — 287, /3 = — 1 , 
B =. — 15 ; but I have in general used the former values only. 

52. We have A=f+g, 



where 






and thence f —'/= p' V^^i + ^- '^ • 

We have identically 

27 (p^— 126p«+ 280p^— 1078p*— 7f+ 4p»(14p^— 119p-— 58)' 

= (p* + 75p^— 141p* + l)*(27p^ + 122p« + 1323) 

[p= 1, this is 27. 930* + 4 (—163)-^= 64^1472; that is, 23352300— 17322988 
= 6029312, which is right] ; but it is convenient to divide by 27, so as instead 

122 
of 27p^ + 122p* + 1323 to have in the formulae p^ + ^^ p* + 49, or say 



p^ + Ay + 49(^=f). 



Hence writing /^ = p^ + 75p^ — 141p* + 1 , 

« = p^+irp» + 49, 
4 
we have '^ "^ 27 ^'^^ ~ ^^ ' 
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and consequently 2/^ = p* (ti + ti\^S), 

53. It was easy to foresee that the cube root of Ti di ti\/8 would break up 

into the form {U±, >v/5)v' W±: \/3, and I was led to the actual expressions by 
the identities 

20(14p^— 119p*— 58)= (19p*— 53)*— 3(27p^4- 122p»+1323); 
that is, 20^1 = (19p* — 53)* — 8l5, 

and 27 (p» — 7)» — (27p* + 122p* + 1323) = — 600p», 

27(p2+7)» — (27p^4- 122p»+ 1323)= 256p«; 

or, as these may be written. 

We in fact have further the two identities 

1000 (p«+ 76p*— 141p» + 1) 

= {(I9p» — 53)»+ 243(l9p»— 53)(p*+ Kf*+ 49)f 

+ { 27 (19p»- 63)» +729(p*+ Kp* + 49)}(-p»+7), 

— 1000(p'— 126p*+ 280p*— 1078p»— 7) 

= ](19p»— 53)»+243(19p»— 63)(p«+^p^+49)}(— p»+ 7) 
+ { 27 (19p» — 63)» + 7 29 (p* -\-Kp* + 49) } (p*+ Zp»+ 49) , 

viz,, Writing 19p» — 53 = 9 fT, — p* + 7 = TF, 

these equations become 

^^^ ti- U^ i- sm + (SIP + h)W, 



729 

1000 

~ 729" 
and we have thus 



ri = (CP + SUS) W + {SIP + 8)S, 



and the like equation with — \/5 in place of V^- 

54. In part verification of the last-mentioned identities, observe that in the 
first of them, putting p = 1, and comparing first the coefficients of p* and then 
the coefficients of p^ we ought to have 

1000= 19^+ 243.19 — (27. 19«+ 729), = 11476 — 10476, 

1000 = (—53'— 243.53.49)+ (27.53* + 729.49)7, =—779948 +780948, 

VOL. X. 
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which are right ; and similarly in the second equation, comparing first the coeffi- 
cients of p' and next those of p", we have 

— 1000= (19»+ 243.19)(— 1) + (27.19*+ 729), = — 11476 + 10476, 
+ 7000 = (— 53» — 243 . 53 . 49)(7) + (27 . 53* + 7 29 . 49) 49 . 
= _ 6469636 + 5466636, 

which are right. 

55. We have now A =/+ g, where 



(where observe that, multiplying these two values, we have 

that is, 

which is right). Or, finally, substituting for U, W, S their values, we have, for 
the solution of the J.p-equation, A z=/-\- g, where 



/= - ^ (19/>» -63 -V/>«+^/>»+49)\/ 4 p" { -p'+7- \/ p^+Kp'+Ad \ ,(k= ^), 

9=-^ (19/>'— 53 4-V/+iir/"'+49)\/^ P* { -p'+7-^-\/p*+Kp*+49 \ . 

56. In the case p = 1, a has a value = — 1, giviilg for A, ^= 8pa — 7p', 
the value — 15 ; and, in fact, here p* = 1, and the J.p-equation becomes 

-A*— 163il+ 930 = 0, 
that is, (A + 15)(^» — 15^ + 62) = 0, 

the roots thus being 

A= — i5, ^=4-(lS±»V23). 

To verify in this case the values given by the solution of the cubic equa- 

122 1472 

tion, observe that for p*= 1 we have 3 = 50 + -97" » = "97" » ^^^ therefore 
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,i SV2S 8V69 , rr IV" 53 —34 . _ , 

V^ = -g^ , = -^^ ; also, U= -^ , = — g- , and W= — p* + 7, =6. 

Hence U + s/S = ~ ^ + ^^^^ , and 
hence 



but the cube root is = -5- (3 + V69), and we have (17 — 4V69)(3 +^69) 
= — 225 + 5\/69, = 5(— 45 + V69); that is,^= y (— 45 + \/69). Simi- 

larly /= — ( — 45 — \/69) . We have thus the real root /+ g=z — 15 , and 

15 1 — 

the imaginary roots /q + gcf or /o* + go, = ^ (c* + c**) + -^ V 69 (q — o*) , 

jg J j^ ^ 

viz., the first term is = -^ and the second is db — VeO.iv^S, := db -^^^23; 

thus the roots are — (15 =b »>v/23), as they should be. 

67. I found, by considerations arising out of the new theory Nos. 72 et seq., 
that writing for shortness m = i\/3, then, for p = m — 2, the pa-equation has 
a root a = m; the corresponding values of Jlip* thus are A=zl2m — 31, 
p* = — 4m + 1 , viz., substituting this value for p* in the Jp-equation, there 
should be a root Jl = 12m — 31. The equation becomes 

A^+ A{3704m — 7653)+ 143306m + 206162 = 0, 

or, as this may be written, 

{A— 12m + 31){il» + 4(12m — 31) V 2960m + 4062} = 0, 

and the roots thus are 

A= 12m — 31, 

A = — 6m + ^dz^ s/— 12584m— 16777, 
where the square root is not expressible as a rational function of m . 



76 Cayley : On die Tramformaiion of Elliptic Functiorvs {Sequel). 

Exjyression of (3 as a Rational Function of a, p. Art. Nos. 58 to 66. 

7 
58. Writing a = , we have /? the same function of a that p is of a; 

r 

hence if J5 = 8afi — 7<t^, the 5(T-equation is 

+ J5a*(14(i*— 119(T*— 58) 

— a\a^— 126(T*+ 280a*— 1078a»— 7)= 0, 

and the expression for B in terms of a is obtained from that of A by the mere 
change of p into a . Say we have B ^= f -{• g[ where 



10 
then we have 



|^(,PH-V.) = i-«(-f + 7W^ + *^+«) 



P \ P 

1 343 






/ 



or say 



and similarly ^^o^^wV^^') = - ^ x/^ pM^^+V^)". 

The cube roots which enter into the expression of B are thus identical with those 
in the expression of A , and it hence appears that B can be expressed rationally 
in terms of J., p; or, what is the same thing, ^ can be expressed rationally in 
terms of a , p . 

59. The a priori reason is obvious: the pa-equation is a cubic in a, but of 
the order 8 in p; hence to a given value of a there correspond 8 values of p. 

Similarly the (T/!J-equation is a cubic in /?, but of the order 8 in cr, or if for a we 

7 

substitute its value = , then we have a p^-equation which is a cubic in /?, 

but of the order 8 in p . In the absence of any special relation between this 
p^-equation and the pa-equation, there would correspond to each of the 8 values 
of p, 3 values of /?; that is, to a given value of a there would correspond 
8 X 3, = 24 values of /?. But, in fact, to a given value of a there correspond 
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only 8 values of (i , and the two cubic equations are related to each other in 
such wise that this is so ; viz., the relation between them is such that it is possible 
by means of them to express /? as a rational function of p, a. 

60. Returning to the investigation, we have 

9U'= 19(T*— 53, =:^^— 53: 
_ P 

or, writing 63U= 53p* — 931 , 

this is U'= — \u, whence U'-±A/b'= — \ (U^a/S). 
Hence writing 

we have /= - J-(^U- VS)6, f = -^^{U+ VS)^, 

SO that, putting for shortness 

Q Q 4Q 

L = -^(U-^^), L=- jo^i^-'^^)' 

q q 49 

we have A = U + M^, B = Ld-\- W^, 

where 6^, ^^ and 6^ are each of them free from any cube root ; we have, in fact, 

»» = v/i-p'(H"-J), =^i-p..Z^^,=_|-p., 

and it may be added that 

ZLMQ^ = — p'ji, whence LM:=- -—■ qi, 
LW + M^q^^ = pS , 

these are, in fact, only the equations obtained by writing X0, M^ in place of/, g 
respectively. 

61. In the caae p = 1 we have <r = — 7, the equation for B becomes 

E^ + 1368625J5 + 413536578 = ; 

that is, {B + 287)(5*— 2875 + 1440894) = , 

and the roots are 

1 7 

— 287 and -^ (287±497tV23), or, say — 7 .41 and y (41 ± 71»V23). 
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Wehave as before Vi= —^r- , and \/— p*(TF+>v/A) = -^v^81 + 12>v/"69 = e; 

, ^ —878 , 7f . ,t 2(— 439 + 28V69) ^ ,, , 
also, L = —^K- • whence U + s/h = — ^ ^^^ . We thus have 

^ 9 .^ 2r— 439 + 28V69) 1 '/ », . ,» /:^ 

= — -^ (— 439 + 28V69)v'81 + 12\/69, 
lo 

or, putting for the cube root its value = — (3 + V69), this is 

■7 287 497 

'— 439 + 28V69)(3 + V^), = ^- + -^-^69. 



•^ 30 ^ '^ 

287 497 -^ 
Similarly jr' = — — .^ ^ V69 ; and forming the values f ■¥ ^, of' + a>V, 

t*y + t^S'', we have the real root — 287 and the imaginary roots -r- (287zt 497iV 23), 

as above. 

62. We have the equations 

from which, eliminating 6, ^ so far as they present themselves linearly on the 
right-hand side, and in the resulting equation replacing 6^ and LMB^ by their 
values, we have 

B, L, M ;=0; 

A, L, M 

that is, 

B (Z'e^ - M^q?) = A {VW — iPM^') — ~- f? (^A^ + |- f\^{LM— LM) . 
This may be written 

- ( cr + v5)»(F + V5) -|- p» ( ^ + V5)] } 
- I P' (4» + I P»?.) ^ ^ [(IT- v«)(F+ V«) 
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where the terms in [ ] contain each of them the factor V^- Omitting this factor 
from the equation, and multiplying by p', we have 

which I verify at this stage by writing as before, p= 1. We have B = — 287, 

34 g7g 

^=-15, <i=-64, ji=-163, TF=6, [7=-—, J7=— g^^jand, 

omitting intermediate steps, the equation becomes 

8 1 . 49 /2496000 2233600\ 8 1 . 49 

287.64 = ^^(-gg7 567-)' = 1007667 262400. = 18368, 

which is right. 

63. We require the values of {U* + 2UU+S)W+ IPU+{2U+U)B, 
and of Z7 — (T: I insert some of the steps of the calculation. We have 

U* + 2UU+ B = -^ Ul33p»— 371 )(239p»— 2233) + 63»(p*+ 49) + 3.49. 122p»} 

= -^j- {35756p^— 367724p» + 1022924} 

= ^{ 1277p*— 13133p» + 36533}. 
Multiplying by TF, = — p* + 7 , we have 

{lP+2UU+B)W=-^{— 1277p«+ 22072p*— 128464p» + 256731} 

= g^{— 11493p«+ 198648p*— 1156176p»+ 2301579} 
i^F= gj^ (19p«- 63)»(53p' - 931) 

~6^ {I9133p«— 442833p*+ 202391 lp«— 2615179}, 
{2U+ ^)« = ^^(319p2-1673)(27p*+ 122p»+1323) 

= — ^{8613p«— 6253p*+ 217931p»— 221379} 

~5^ {25839p«— 18759p*+ 653793p»— 6640137}, 
whence 
D^F+(20'+ F)5 = g^ {44972p«— 461592p*+ 2677704p»— 9255316} 

5tgj^ jll243p*— 115398p*+ 669426p»— 2313829}. 
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Hence, adding, we obtain 
{TP+2UU+h)W+ IPU+{2U+ U)8 

~ 5M ^~ ^^V+ 83250p*— 486750p*— 12250} 

1000 

= -5103"^ P'- ^^^P'*^ 1947p»+ 49}: 

and we have at once 

1 on 

64. We now find 

Bp\ = — 7 A (p» — 333p* + 1947p» + 49) 

-56(3^»+2p»},)(p'+7), 
viz. substituting for ^, q^ their values, this is 

■Bp*(p* + 75p* — 141p» + 1) = — 7^ (p"— 333p* + 1947p» + 49) 

— 56 (3^»+ 2p»(l4p*— 119p*+ l))(p'+ 7), 

which is the value of B, expressed rationally in terms of p, J.; it will be 
observed that B is obtained as a quadric function of A, which is the proper 
form. 

Writing p = —l, we have A = — 15, B= — 2S7, <i= — 64, 51 = — 163, 
and the equation is 

287.64 = 105.1664 — 56.349.8, = 174720— 156352, = 18368, 

which is right. 

56 343 

65. Writing for B, A their values = fi j- , and 8pa — 7p', we have 

p4^_ il ^ _ ?^^ ^ = (_ 56pa + 49p^)(p» — 333p* + 1947p» + 49) 

— 56 (192pV — 336p«a + 147p* + 2p'^i)(p' +7); 
that is, — 56p'|3<j = — 56.192p«(p» + 7)a» 

— 56pa(p* — 333p* + 1947p» + 49) 
+ 56.336p''a(p»+ 7) 

+ 49p» (p« — 333p* + 1947p* + 49) 

— 56 (l47p* + 2p»(l4p*— 119p» — 68))(p» + 7) 
+ 343p» (p" + 75p* — 141p* + 1) , 

where the fourth and sixth lines unite into a term divisible by 56 , viz. omitting 
in the first instance a' factor 49, the lines are 

p» — 333p« + 1947p* + 49p^ 
and 7p«+525p«— 987p* + 7p«, 
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which together are = 8p® + 192p^ + 960p* + 66p', 
and hence, restoring the factor 49 , the lines are 

= 392 (p» + 24p«+ 120p* + 7p»), 

and the formula now easily becomes 

p*/3«i= 192p(p*+7)a* 

+ (p« — 669p* — 405p» + 49) a 

+ p(21p«— 63p*— 1593p* — 861), 
where the last line is 

= P (p* + 7)(2y — 210p* — 123), 
66. Hence, finally, substituting for ti its value, we have 
i^p'Cp^ + 75p*— 141p* + 1) = 3p (p* + 7)(64a» + 7p* — ^Op* — 41) 

+ a (p^ — 669p* — 405p* + 49) , 

which is the expression for ^ as a rational function of p , a . 

Here p=:l,a = — 1,/? = — 1 give 64 = — 960 + 1024, which is right , 
and again p = — 7,a= — 1,/^ = — 1 give 
— 49 (117649 + 180075 — 6909 + 1) = — 21 . 56 (64 + 16807 — 3430 — 41) 

— (117649 — 1606269 — 19845 + 49); 
that is — 49.290816 = — 1176,13400 + 1508416, 

or —14249984 = — 15758400 + 150841?, which is right. 

The ap'Differential Equation. Art. No. 67. 

67- We have, No. 10, d^ _ ^ da 

^—1~ 7 a^— 1' 
and it should of course be possible to verify this equation by means of the 

pa-equation and the value just obtained for (3. But the expression for ~ given 

by the pa-equation is of so complicated a form that I do not see in what way the 
verification will come out, and I have not attempted to effect it. 

The Coefficients Ai and A^. Art. Nos. 68 to 71. 
68. These are given by the formulas No. 47, viz, we have 

^= '(«•-» ^ - ^ «* + -i- ft'. 
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where -J- and ^ have each of them to be expressed in terms of p, a; we have 

thus Ai and A^ each of them expressible rationally in terms of p , a; but I have 
not attempted to effect the substitutions. 

69. The five equations of No. 42, merely collecting the terms, are 

12J, — 6Jf — 8a^i + p* — 7 = 0, 
(— 6^1 — 32a + 2p^)At— 2AI — SAi + 30p = 0, 
(p» — 4)^1 + (— 4^1 — 8a^i+ 6)At—5A\-\- (2p» + 4p)^i — 72ap = 0, 

— 2AiAl + {(2p* — 4) ^1 — 6p} At— 4pA\ — 32poui, + 2p' + 28p = 0, 

— 3J| + ( — 4pJ,+ 2p» — 8ap) At + pMf + lOp.!, — 6p» = , 

which would of course be all of them satisfied by the values of Ai, AfSia rational 
functions of p, a, viz the substitution of these values in any one of the equations 
would give a function of p, a containing as a factor the expression on the left- 
hand side of the pa-equation. 

70. Or again, the equations should determine A^ and Ag as rational functions 
of p, a, but there is no obvious way of finding such values in a simple form. 

We of course have 1 2^, = 6 Jf -f 8a Ji — p* -H 7 , 

and using this value to eliminate A^ from the remaining equations we find the 
following four equatfons : 

Al.SO + ^I(l20a — 6p») + ^1 { 1 28a» — 8p'a — 3p* -f- 69} 

+ a{— 16p* 4- 112) -I- p' — 7p' — 180p = 0, 
J}(36p*— 432) -f Ala (96p»— 1344) 

+ JJ {a*(64p» — 1024) — 12p« -H 48p< + 84p» — 624} 
-f Ai\a{— 16p« -f 160p* + 112p» — 544) -|- 288p» + 576p} 
+ { — 10368ap + p" — 4p* — 14p« — 16p< -|- 49p» _ 308 j = 0, 
-45. 36 + A\. 96a + Al { 64a* — 1 2p* — 72p» -|- 208 } 

+ A\\a{— 16p* — 96p» + 304) -|- 504p} 
-f^iia.2592p-t- p«— 12p«+ lOp* -f 84p»— 119} 
+ 36p''— 144p'— 2268p = 0, 
j1{. 36 + Al (96a -f 96p) -f- A\ \ 64a* -|- 320op — 12p* — 96p» -|- 84} 

+ Aj { 256a»p 4- a (— 80p* -|- 1 12) — 16p'' — 368p} 
+ {a{— 32p» -I- 224p) -|- p' + Sp" — 14p* + 232p* + 49} = 0, 

and we could from these equations obtain various rational expressions for ^i and 
its powers, but these would apparently be of degrees far too high in p and a . 
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71. It is to be remarked that for p = 1 , a = — 1 , the values of -4^, A^ are 
JLi = -4, = 3 , viz. these belong to the solution 

_ x{l+3a?+Sx*+ai') _ dy _ dx 

and that forp = — 7, a= — 1, the values are -4i = — 21 , -4, = 35 , viz. these 
belong to the solution 

_ —^x + Zb7?—2\a? + x^ dy _ —7dx 

y~ 1 — 217? + Zbx'—lx^ ^ 14.2^~l + x»' 

For example, the equation 1 2A^ = 6A\ -f- iaAi — p* + 7 becomes, for the first 
set of values, 36 = 54 — 24 — 1 + 7, and for the second set of values, 
420 = 2646 + 168 — 2401 + 7 , which are each of them right. 

New Form of the Seventhic Transformation. Art. Nos. 7 2 to 8 3. 

72. For the quartic function 1 — 2a;3? + a*, the coefficients a,h^ c, d^ e are 
^1,0, r-a, 0, 1, and hence the invariants /, e/'and the discriminant A are 

/=l + -i-a»,= i-(a»+3), 

J= - i- a + ^a», = ^ (a»- 9a), 

A=/»— 27J», = -^ {(aH3)'— (a'— 9a)»}, =(a*— 1)», whence -j^ A = 'v'^?=T. 



This being so, then assuming va' — 1 

the differential equation 

dy pdx 

j^l — 2Jf + y^ ~ VT^~2ai2-f^* 

becomes 

VI — 2^2^ 4- y* VI — 2aaj» + .T*' 



viz. this is, for the radicals V 1 — 2oub* + x^ and V 1 — 2/?y* + y*, the form 
considered by Klein in the paper ** Ueber die Transformation der EUiptischen 
Fonctionen und die Auflosung der Gleichungen fiinften Grades," Math. Ann., t. 
XIV (1879), pp. 111-172. I notice that there is some error as to a factor 7, 

and that j9 is equal to the z of p. 148, not as might appear = — z. 
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73. The modular equation presents itself in the form given p. 143, viz. 
this is 

J:J— 1:1 = (t*+ 13t + 49)(t»+ 5t + l)^:('r*+ 14t*+ 63t*+ 70t— 7)*: 1728r, 

with the like relation in X, t', and then tt'= 49. We have thus J, J' each 
given as a function of t, and thence by elimination of r we have the modular 
equation as a relation between the absolute invariants J, J'. But r = j)^, and 
for the form 1 — 2aa? + x^, as appears above, we have 

^~^' -~^'' - (a*-l)» ' 
hence Klein's equation 

J _ _ (r^+ 147* + 637*+ 70- — 7)* 

^ 1728r 

becomes a» — 9o p* + 14p» + 63p* + 7(^—7 

o»— 1 8/> ' 

or say ^.4. 14^ + gS^ + 7o^«_ 8 (^j=^)p- 7 = 0, 

(which is the equation p. 148 with^> for 2), viz. this is the jxi-equation connect- 
ing a with the new multiplier p. It will be observed that it is of the degree 
8 in p, and the degree 3 in rx, viz. it resembles herein the foregoing pa-equation, 
but the form is very much more simple, inasmuch as the a enters into a single 
coefficient only. The equation may also be written 

(;>* + 5// + 1)V + 13/ + 49) - 64 |^I^/ = 0. 

74. Using for shortness a single letter m to denote the value t\/3, we have 

a^ — ija'—Smla^—i) ~ p^+ iip^-f 63/>* +'7(^— 24mp — 7 ' 

/a+ m Y_ {p'-fnp + inp'+'^p- 7) 
^^^^ ^^ \a — mj ~ (y + mp + l)\p^ — 3mp — 7) ' 

or say a+m _ p^ — m p + l^p' + 3mp — 7 

a — m l>* + w»p+ 1 i>' — 3mp — 7 ' 

which is another form of the jxi-eq nation. 

75. We had r =iA and similarly writing r' =^, then tt' = 49 =jpV; it 
must be assumed that pq^=' — 7 ; /^ is then the same function of q which a is of 
p, viz. we have /^ + m _ <f — vnq+l y g^+ 3m(f^ 
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These equations in a and /? contain the same cubic radical, viz. we have 

and similarly 

^—Zmq—1 = — -^ (i>' — 3mp — 7) . 

Moreover 

if- «^+i, =^ + ^+i, = ±-(^+7mi, + 49), 
and similarly 

g»+ mq-\-\ = ^{p* — ^mp -\- 49), 

and we thus obtain 

^ + m_p« + 77?ip + 49 8/ p»+3mjp — 7 

^ — m ~ |>« _ 7mp 4- 49^^ j? — ^mp — 7 ' 
whence, eliminating the cubic radical, 

/9 + m p* 4" '^''^P + 49 p' + wip + 1 a + m 

^ — m p^ — Imp + 49 p' — mp + 1 a — m ' 

viz. this gives /3 as a rational function of a, p. We in fact have 

/j_ «(j>' + 2V + 49)-2^(p^+7) 
'^ a.8p(j9»+7)4.(p*+29y+49) * 

/7/9 f^ tiff 

76. The diflFerential relation ^ = -y — ^ — - , substituting therein for p 
its value, becomes d(i p^ da 

But, from the expression for -^ — , we obtain 

a — m 

H-4 -) 

\a -\-m a — m/ 

or, omitting from each side a factor — 2m , 

o» + 3 ~ ^ \p*-\-5p*+l ■•" p« + 13p» + W ~ (y + 5p» + 1)(|)« + 13p» + 49) • 

But we have, No. 73, 

a» + 3 (P*+ 5p*+ l)(l>*+ 13^* + 49)t 

(a» — 1)* 5^ ' 
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and thence 



and similarly 



da 



14<fp 



(a» — 1)1 ~ p\ (p* + 1 V + 49)» * 

d)9 _ 14<ig 

(^_l)if- jf (54 ^ 135« + 49)t • 



The equation 5 ^ gives 

dg = !$ , 5! (j« + 135» + 49)* = 49^-'>^ (p* + 13/ + 49)*, 

and we thence have 

d^ _ 2pldp p^ da 



the required relation. 

77. From the value of p we have 



7 (a» — 1)* ' 



which, substituting for d^ its value, becomes 

-IT da 



or say 



"8" f_?___A_p!.l 

::^l(a»-l)i (^-1)* 7]' 



J_ ^ 1 dp , 

p da p da (a* 



which, however, is more conveniently written 

1 
1 dp 1 dp 



P da- p da + sr!rT (« - /^P*) ' 

and then substituting in the formulae for A^^ A^ we find 

^expressions which give, as they should do, A^ — ^A^ = ^ (^P — ^f)j • ^^ 



^^TZa 



these last formulae p is to be regarded as standing for its value, = p > ^ ■ • 
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78. To further reduce these values, consider the expression of /? given No. 
76. If for a moment we represent this by 

/? = ^=^, wherei^=^*+2V+49, G = ip{p^+1), 

then we have 

^_ _ {F^— GP)a^ — 8FOa+9G^— F^ 

P ^— {Ga + Ff 

or, multiplying the numerator and denominator each by Ga + F, bo eisto make 
the denominator a perfect cube, the numerator becomes 

G{F^ — C?)(a3 - 9a) + F{F' — 9G»)(a^ — 1), 

and putting for the factor G of the first term its value = 8/> (p* + 7), we thus 

viz. in virtue of the ^-equatioti, this is 

^ — 1 _ ( j-» _ Q3)(j)» 4. 7)(j>8 _|, i4p« _|, 63p« + 70/)'— 7) + .^(2?^— 9Q») 

a« — 1"" (Go + i?)« 

This numerator is = (p* + 5/>* + l)'i>*; ii^ fact we have 

{F* — G*){^ + 7) = /» + f + j)« + 7^)* + 343/ + 16807 , 
F*— 96* = ^—518/— 7125/>*— 25382/ + 2401, 

and thence forming the two terms of the numerator and adding them together — 
for shortness I write down only the coefficients — we have 

1 15 78 154 567 22113 257390 1082802 1174089 —117649 

1 —489 —22098 —257389 —1082802 —1174089 117649 

= 1 15 78 155 78 15 1 

viz. these are the coefiScients of {p* + 5/ + 1)'/. Hence 

i^ — 1 _ (j>*+ 5p*+ 1)V 

a* — l~ {Oa + Ff ' 
or, extracting the cube root, and for G, /^substituting their values, 

v^?^^l {p* + 5p' + 1)J>* 

^a*^ri 8p(p» + 7)a+p« + 29p' + 49' 

and thence also 

a_ 8p(/ + 7)a+/ + 29p« + 49 
P y« + 5p» + 1 • 

viz. we have thus p* expressed as a rational function of j?, a. 
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79. It will presently appear that p is in fact expressible as a rational func- 
tion of Pj a, but I am unable to obtain this expression in a simple form. 
Admitting that p is thus expressible, a direct process for obtaining the expres- 
sion is as follows. Writing 



r_ Sp{p'+7)a+p' + 29p^ + 49 



and by means hereof introducing ^ in place of a into the equation 

/ + 14/ + 6Sp^+ 70/ — 8p ^5^^ —7=0, 

we have for ^ a cubic equation, 

ae+H' + c^ + d=0, 

where the coeflBcients a, b, c, d are given rational functions of p. This equa* 
tion may be written 

a^^ + ^y + ve + cf^ + d=o, 

where 6' = 6 — 2a3 , cf =:c — a3* ; and the last three terms will be a square if 
only c^ — iVd = ; that is, if 

{a^^—cy + 4d(2a3 — 6) = 0, 

a biquadratic equation in 3 which (p being expressible as above) must have one 
of its roots = a rational function of p. Calling this 3, we then have 

aH^ + ^)'+ y (^^ + i «') = 0. or say ap»($ + ^)' + y Q>'^ + X*^) = 0' 

where ^ denotes a linear function of a as above ; the quadric radical will have a 

rational value, and the form of the equation thus is 

_ Aa + B 
P~ Oa+D' 

where A, B, C, D are rational and integral functions of jp. But I am not able 
to carry out the process. 

80. As shown, No. 78, we have 

Multiplying by the value of ^, ante No. 76, we find 

^ , _ {p* + 29/ + 49) g - 24p (j>» + 7) 
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and we can hence find Ai and A^ by the formulaB 

/)^ ^ p da 6 6 ^'^ 

or, for the second of these we may write 

But in a different point of view, regarding only p*, but not p , as a given function 

of jp, a, we must to these equations join the equation 12^,= 6A\ + 8aAi — p*+7, 

ante No. 69, and we have thus equations for the determination of ^i, A^, and p. 

81. We have 

^ _ (P* + 5/ + l){p* + 13/ + 49) a» - 1 
^ Sp a» + 3 

7_ g (p* -f 2%?^ + 49) — 24p (j3» + 7) 

6 " "^ 6(p« + 6p« + l) 

where the second line is 

_ a(_p«_j^-}-7)_4p(p»+7) 

p«+5p' + l 

Uniting the two terms, we have a denominator Sp{p*-^ 5p'+ 1), and in the 
numerator a term Spx^ which may be got rid of by means of the j7a-equation ; 
the numerator thus becomes 

= 96/> {—p* -^ ^J' + 7) — 1 28p' (p* + 7) a 

-{-{a*—l){{—p*—p*+ 7)(/+ 14^+63/+ 70/— 7)} 
-\-{p*-\- 6p* + !)»(/ + 13/ + 49) — 32/ (/ + 7) , . 

where the whole divides by 8p, and we finally obtain 

. _ 12(— /— /+ 7) — Up (/+ 7)a + (a»— l)p(/ + 17/ + 102/+ 226/ + 97) 
' (a« + 3)(/ ^ 5/ + 1) • 

Proceeding to calculate the value of Ai + -^{a — /3p* ), we then have 

JlU- B^n - -8(/ + 2)a+8;>(/ + 7) 
3 i« P9)- p« + 6y+i 

Multiplying the numerator and denominator by a* + 3 , we have in the numerator 

TOL. Z. 
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a term in 8a' which may be got rid of by means of the jxx-equation ; the 
numerator thus becomes 

12{—p*— 9/— 9) + 16^) {p* + 7) + (a* — 1)^ {p" + lip' + 102p*+ 225/)» + 97 } 

- ^^ (/ + 14/ + 63/ + 70y - 7) + 8 (/ + 7), 
and we finally obtain 

J_ 1 2 (— j/— 9/— 9) + 16j) ( jj» + 7) + (q* — l)j)-^(/ + 11/+ 37/+ 2()p'+ 2) 

7 *~ " (a» + 3){/ + 6/ + 1) 

82. The expressions obtained above for p*, A^, J, are of the form 

,_ M-\-Na _ P, + Q,a + -R.a' 1 . _ P» + g ^c + ■«,«' 

p— ^. ,^1— fif(a' + 3) ' ^r »~ fi'{a' + 3) 
where 

Jf=/+29/+49; JV=8^(/+7); ^ = /+5/+l, 

Pi = 12(— /— /+ 7)— j; (/+ 17/+ 102/+ 225/+ 97), ^1= - 16i>(/+7), 
Bi= p (/+ 1 7/ + 102/+ 225/+ 97) ; 

P, = 12(— /— 9/— 9)— />-'(/+ 11/+ 37/+ 20/+ 2), (?,= 16i)(/+7), 
P, = 2^~^ (/>*+ 1 1/+ 37/+ 20/+ 2) ; 

and substituting these values in the foregoing equation 

1 2A« = 6A\ + 8a^i — p* + 7 , 
we obtain 

.» f P,+ $aa + AaM _f 6(P,+$.a + .RiaY Pi +ft« + .R. a* ( 3f+iVa)« ) 

'■^X iS(a»+3) J~l S«(a= + 3)' "*■ * ^(a'+S) S» "•" j' 

that is, 

— {M+ NaYiS + a'Y + 7S' (3 + a^f, 
which, by means of the ^-equation 

p' + 14p' + 63p' + 70//- (J^) Sp-7 = 0, 
should be reducible to the form 

p = Aa^ + Ba+ C, or p = -(j^^^^ ] 

but I have not been able to obtain in either of these forms a simple expression 
of p as a function of p, a. Supposing it obtained, the pa-equation, ante No. 51, 
would of course be thereby transformable into the foregoing j9a-equation. And 
considering /> as an auxiliary parameter thus introduced into the formulae in 
place of p , then ^ and the coeflBcients A^ , A^ are, by what precedes, expressed in 
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terms of p, a; that is, in eflFect in terms of p, a, and we thus have the formulsB 
of transformation for the pa;3-form. 

83. There exists a remarkably simple particular case. Write for conve- 

nience d = ^v/T ; the ^a-^equation is satisfied by the values ^ = — d, a = — -^0 . 

o 

In fact, these values give 8^=30^, =21, a_ = T— ~^)"^( 64 ~ ■'^)' =^1^5 

the term in a is thus 21.513, =10773; but, assuming jp*=7, we have 
j9*+ 14/ + 63^* 4- 70/— 7 = 2401 + 4802 + 3087 + 490 — 7, =10773, and 

the equation is thus satisfied. And these values, p=—6, a = r-d, give 

o 

p«=: 7, ^ = -|-e, -4i= 20, ^ = p0; the equation 12^=6^J + 8a^i — p^+ 7 

thus becomes 12pd= 168 — 42—49 + 7, = 84; that is, p0 = 7, = 0*, or 
p = (= — p). We have a* — 1, =/8* — 1, = — -^r ; but from the equation 

p = j9 g , it appears that the sixth roots must be equal with opposite signs, 

Vpr — 1 

say \/a* — 1 = — , v ^ — 1 = --- . Retaining to stand for its value = V7, 
the differential equation is 

dy Od:x: 



satisfied by _ x {d + 73? + 2ea^ + :,*) 

It may be remarked that the quartic functions of y and x resolved into their 
linear factors are 

f 4. _3i+l_H 3 t-<y M - 3t + <? W —Zi — d 1 

1^ "^ 5V2(1 + t)i r 2V2(1 + i) J F 2V2(1 -t) j 1^ ■*" V2(l- »*) 1 

and 

f . 3-i<? ) ( , 3 + *0 If _._ 3-t<? ) f . 3 + t<? ) 

r + 2^2(1 +03 r'^v2(n-f)jr"*'2V2(i-i)lr"^2V2(i-f)j' 

and that for the first of the y-factors, substituting for y its value, we have 
x' + 2ex^ + Ix^ + dx + o-^-^j^ (0:c^ + 1x' + 200:^ + 1) 

with like expressions for the other y-factors respectively. 
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BrioschVs Transformation Theory. Art. No. 84. 

84. M. Brioschi has kindly referred me to two papers by him, "Sur une 
Formule de Transformation des Fonctions Elliptiques/' Comptes Kendus, t. 79 
(1874), pp. 1065-1069, and ibid. t. 80 (1876), pp. 261-264. They relate to the 

form ^ dx dy 

with a formula of transformation 

y = ^, T=af + a,x-'+a^-'....+a^ |y = 2.(n-l)j 

The general theory for any value of n is developed to a considerable extent, and 
it would without doubt give very interesting results for the case n = 7 ; but the 
formulae are only completely worked out for the preceding two cases n = 3 and 
n = 5 . For these cases the formulas are as follows : 
Cubic transformation : w = 3 , 

iT* + aip!^ + a^ 4" ^8 



y = 



(X + Oi) 



i 



Corresponding to the modular equation we have 

Oi — Y fl^»^ + 3^^ ~ 48 i7l = 0, 
and then 

G, — 9(/, = 6 (20af — Sg,) , G^ + 21g^ = — 14 (20af — 3flr,) a^, 

whence also 

-_ 3 g»+ 27 (78 
«i- 7 G,-9g, ' 

and by the general theory ai, ot^, as are given rationally in terms of Oi, jtj, g^. 
Quintic transformation : 71 = 5 , 



We have 



7? -^ UiX* + a^ + a^ + a4pc + a^ 

aiX—2Y=0, {12a\ + g^)X—30aiY=0, 



where ^ « /. « 1 1 

X = al— 6afa, + -- g^i — gr,, 

r = 5a| — a\a2 + -j g^a^ — g^i + j^gl 
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The first of these gives 

and then eliminating 03, we have, corresponding to the modular equation, 

a\ — bg^a\ + AOg^\ — 5g|aJ + Sg^g^i— 5gl=0. 
We then have 

(?, — 25gr, = — (10a? — Sg^a^ + 5gs) , ffs + ISSflrg = — 14 (10a? — Sg^a^ + 5flr,); 

whence also 

_ 4 (?8+125<78 
^- 7 (y,-25^3 ' 

and by the general theory oi, a,, 03, a4, as are given rationally in terms of 

«i> 9ii 9b' 

These results are contained in the former of the papers above referred to ; 

the latter contains some properties of these modular equations. 



Symbolic Treattnent of JExact Idnear Differential 

JEquatians. 

By Wm. Woolsey Johnson. 



1. The linear equation is here supposed to consist of terms of the form 

Asf^, or Ajfify, 

in which r is zero or a positive integer, and a is unrestricted. Let these terms 
be grouped together in such a way that the value of « — r is the same for all 
the terms in a group ; then, if m be the least value of r for the terms in a group, 
and q — m = « — r, the group may be written 

a^ [^ + ^ixi) + ^^Z?» + ]^"y. (1) 

Using 3 to denote the operator x -r- or x2>, we may reduce this expression 

by means of the theorem 

x-Z?" = 3(3 — 1)(3 — 2) (3— w + 1), (A) 

to the form x^ (3) 2>-y . (2) 

2. In order that the differential equation may be exact, each group of the 
form (2) contained in it must separately constitute an exact derivative ; and the 
process of direct integration is equivalent to that of resolving, in the case of 
each group, the sjrmbolic operator into factors of which that most remote from 
the operand is the simple factor D. It is well known that if m is not zero and 
g is an integer less than rw, every term in (1), and therefore the group itself, is 
an exact derivative. The symbolic transformation of the expression (2) may in 
this case be effected by the formula deduced below. 

3. We have by differentiation 

D.xBy^xL^y^Dy, 
or D^y = ^Dy + Dy', 

whence, symbolically, 32> = 2> (3 — 1) . (3) 
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Operating upon both members of this equation with 3, we have 

and in like manner we find generally 

whence, / denoting a rational integral function, 

/(3)2? = I>/(^-l). (4) 

Again, operating with each member of this equation upon Dy, we have 

/(3) 2)» = 2?/(3 - 1) 2? = 2?y (3 - 2) , 
and in like manner, 

/(3) D' = 2)y(3 - 2) 2> = Z)y(3 - 3), 

and generally, /(^)^" = W(^ — ^) • (B) 

4. Applying this formula, in the case mentioned above, in which m — g' is 
a positive integer, to the expression (2), we have 

xy (3) Zr = xWy{^ —m) = x^2)^Z)"*-«/ (3 — m) . 

By the formula (A) this becomes 

xy (3) 2)"* = 3 (3—1) (3 — ^+ l)2>~-y(3 — 7n), 

and, making a second application of formula (B), we have 

x^/{^) 2)~ = Z>~-«(3 — m + q) (3 — m + l)/(3 — m), (6) 

in which a resolution of the operator into symbolic factors of the form required 
is effected. 

5. Formula (A), by which we reduce the groups to the form (2), is also 
readily deduced from equation (3) ; for, multiplying the latter by a, we have 

a:»Z>» = 3(3— 1); 

and operating with each member of this equation upon Dy, we find 

x»2)» = 3(3— 1)2), 

which, by equation (4), becomes 

x»2)»=:2)(3— 1){3— 2), 
and multiplying by x , a?I>^ = 3 (3 — 1 )(3 — 2) . 

Thus we may successively derive all the results included in equation (A). 

6. When m is zero, and also when m is an integer, unless q is zero or a 
positive integer less than m, the possibility of resolving the operator into factors 
of the required form depends upon the existence of a proper factor in/(3). 

By differentiation we have 

Dx^-^^y = x^-^'Dy + {q + l)x^yi 
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whence, using Dj^"^^ as a symbol of operation, 

af'{> + q+l) = £hf'*'\ (C) 

Hence, if i> + q+ I isa factor of /(5^), that is, if — (?+ 1) is a root of 

/(3) = 0, so that /(^) = (3 + ? + 1)^(3), (6) 

^ being rational and integral, then the expression (2) may be transformed thus, 

2^/{Sy) iry = D^^^^ (3) ITy , (7) 

in which, subject to the condition (6), the operator is resolved into factors of 
the required form. 

7. This condition includes that mentioned in (2); for, if we transform the 
operator by formulae (B) and (A) thus, 

./'/{b) IT = x^— a:-Z>-/(3 — m) 

= a^— 3(3— 1) (3 — m+ l)/(3— m), (8) 

the condition of direct integrability is the occurrence of the factor 3 + J — m + 1 . 
Kow if jr is an integer less than m, this factor occurs among those actually 
written in equation (8) ; thus the condition is in that case satisfied independently 
of the form of/. Otherwise, the factor can only occur as a factor of /(3 — m), 
and the condition of direct integrability then is that /(3 — m) shall vanish 
with 3 + g^ — m + 1 ; that is, that /( — q — 1) = , as before. Thus nothing is 
gained by the transformation (8), and it is better to employ the transformation 
(5) when, m being a positive integer, q is zero or an integer less than m^ and 
the transformation (7), when, this condition not being fulfilled, /(3) satisfies the 
condition (6). 

8. The criteria thus established show at once by what powers of x the group 
being multiplied becomes exact, and thus, in an equation containing two or 
more groups, whether there be an integrating factor of the form of. For 
example, the equation 

contains two groups, which being written in the form (2), the equation is 

a:*(23+7)Z)y + (23 + 3)(3-l)y = X. 

The first term becomes exact according to the first condition when multiplied by 
«""*, and exact according to the second condition when multiplied by x*. The 
second term becomes exact in this case when multiplied by either of the same 
factors. Hence we may write the given operator 

2a:*(a+ 1)2)»+ a(7a; + 3)2>— 3 
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in either of the forms 

7?D [(2^ + 5) + a:-^(23 + 3)] , 

or 2x-*Z)[x^Z) + x^(3-l)]. 

Again, in the first of these expressions, each of the two terms between the 

brackets fulfills the second condition when multiplied by x^ ; the equation may 
therefore be further reduced to 

"tj^Dx" */) (x* + x^)y = X. 

The value of y obtained by performing on X the inverse operations in their 

proper order is 1 r^ C^-^XcLcd^. 

2a:* (a + ly J 

In like manner the equation might be reduced to 

2x- ^Dx^D {l-\-x-^)y = X, 

but perhaps the best expression for y is that which results from elimination 
between the two first integrals, namely, 

It is noticeable that, whenever an equation of the form considered is suscep- 
tible of two successive direct integrations with intermediate multiplication by a 
power of cc, it is also susceptible of direct integration when multiplied by either 
of two different powers of x. 

9. As a second example, let us take the equation 

which, when reduced by formula (A), becomes 

(3 + l)(3+2)»y-(3+3)2)>y = 0. 

Reducing the first term by a double application of formula (C), and the 
second by formula (B), the equation becomes 

D^ [{7?—x) D + 27?— 1] y = 0. 

In this case there is no intermediate x-factor between the Z)'s, and the symbolic 
operator {7?—x)iy^'{'{^7?—Z)iy+l 4xD + 4 

does not admit of resolution into factors of the first order in two separate ways. 

Vol. X. 
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10. As a final example, consider the equation 

which becomes (23 + 3){3 —l)Di/ + x^^D^y = X. 

The first term becomes exact by the second condition when multiplied by x\ and 
the second term will then be exact by the first condition. The first member of 
the equation thus becomes 

x-^Z> [2a^(3— 1)Z> + (3 — 1)(3— 2)] y, 

in which 3 — 1 is not a factor since it is not commutative with D; but, trans- 
forming the first term by formula (B), the expression becomes 

x-^D [{2x^ -\-x)D—l] {xD— 2)y, 

in which the operator is resolved into three factors of the first order. 

In the original expression we might, however, have reserved the factor D 
which stands nearest to the operand, thus, 

[(23 + 3)(3 — 1) + T^^D] Dy = X. 

The factor in parenthesis cannot now be made exact; but, transforming the 
second term by formula (B), the first member may be written 

[{2ac + x\)D+Z]{xD—\)Dy, 

in which a second resolution of the operator into factors of the first order has 
been effected. 



Solvable Quintic Equations with Commensurable 

Coefftdefits. 

By George Paxton Young, University College, Toroito, CanacUi. 



Object of the Paper. 

§1. Some time ago, in the American Journal of Mathematics (Vol. VI, page 
103), the present writer sketched a general method for finding the roots of 
solvable irreducible equations of the fifth degree. The method was partially 
developed, and its application to certain forms of quintic equations was shown. 
It is now proposed to give the method the farther development necessary to 
make it applicable, by a definite and certain process, and without any diflSculty 
beyond the labor of operation, to all solvable irreducible quintics having 
commensurable coeflScients. The following equations will be solved as examples 
of the application of the theory : 

1. «*+ 3x*+ 2x — 1 = 0. 

2. a^— lOx^— 20x^— 1505X— 7412=0. 

, , 625 , ^,,^ ^ 

3. a^+ -r- a: + 3750 = 0. 

4 

A ^_22 « 11^ 11X42 ^ 11 X 89 _ ^ 

4. ar 5 ^—25 ^■*"" 125 ^ "^ 3125 ""' 
6. Qf+ 20x^ + 20x2 + 30x + 10 = 0. 

6. a^ + 320x2 — lOOOx + 4288 = . 

8. a» — 20a:» + 250a — 400 = . 

9. «»— 5ar'+ -^-a — -_- = 0. 

, . 20a; 21 
10. a:»-|---^-+-_ = 0. 

▼OL. X. 
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4a; 29 

>^- ^+^'+^=°- 

13. x^ + 110 (5x^ + &07? + 800x + 8320) = 0. 

14. 0^ — 20x' — SOa^ — 150a; — 656 = . 

15. x*^— 40x^+ 160a:* + lOOOx— 5888 = 0. 

16. (|-y_ 50 (f) - 600 (^) - 2000 (|-) - 11200 = 0. 

17. a;^+ 110(5x3+ 20x*— 360x + 800) = 0. 

18. x^ — 207? + 320a:* + 540x + 6368 = . 

19. x*^— 20x3— I60x*— 420x— 8928 = 0. 

20. x^— 20x3+ 170X+ 208 = 0. 

The first equation in this group was brought under the notice of the writer 
by a mathematical correspondent ; the fourth has been treated by Lagrange ; the 
others were formed by the writer with a view to the full illustration of his 
theory. 

The Method. 

§2. In the article of the Journal above referred to, certain principles were 
assumed, as having been previously established, or as being known to mathema- 
ticians. It was taken for granted that the root x of the solvable irreducible 

quintic x' -f pf(? + jp^ -f 2\^ + i>5 = (1) 

is of the form i-(Af + a| + A| + AJ), 

or, putting u^ for -^ aJ , u^ for -^ A| , u^ for — A| , and u^ for -^ A| , 

o o o o 

^1+ ^8+ ^3+ ^4, 

where Ui, u^, v^ and u^ are the roots of a quartic equation, which, when irredu- 
cible, as it is in the most general case, that includes all the others, is a uni-serial 
Abelian. The expressions t^, t^, W3 and u^ are such that 

%W4 = sr + a>v/zl ,2) 

and UiV^ =: k -{• cs/z + (0 + ^Vz) \/(^2 + h\/z) 

t/fi/j = A; + c^/z — (0 + ^s/z) h/{Jiz + lis/z) I ^^x 

t4i/i = A; — c^/z + (0 — <?)\/2) \/(A2 — h\/z) ' 
ij\u^ z=zh — c^z — (0 — ^>/z) y/{Jiz — h\/z) 
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where g, h, a, c, h, B and ^ are rational; and z^^-\- I, e being rational. It 
is readily seen that 



_ P» 



9 = 



10 



, and ^ = — ^ . 



20 



Because «f = (y^'f*^) , it follows from (2) and (3) that 

v\ = B + B^z + (5" + B'Wz) V(Az + /t-s/z) 
«5 = £ + B^z — \b" + 5"Vz) V (Az 4- /* Vz) 
«| = 5 — ^'Vz + (5" — BWzW{hz — AVz) 
«^ = 5 — 5'Vz — [B' — B'WzWihz — h^z) 



(4) 



where B, B^ B^ and 5'" are rational functions of a, c, e, A, and ^. In like 
manner, because wfi^o= ^^ ^^^ — -s we have from (2) and (3) 

where J., ^', J." and J.'" are rational. The value of -4 is 



(5) 



From these data, the six equations, involving the six unknown quantities 
a, c, e, A, and ^, are (see Journal of Mathemaiics as above) obtained : 

Pi=z — 20 A + 5gf» + 15a»z 

^5 = — 45 + 40ac2 
^'=1 
J5"'=:0 

Az(d» + ^»z + 20^) = A? + <?z — g {g^ — a*z) 
A (0» + ^»z + 20<^3) = 2fej — a (sf» — a»a) 



(6) 



Our business is to obtain i^ , t4 > ^ aiid wj from these equations. 

§3. It will be found that ah is the root of an equation F{y)=zO^ 
whose coefficients are rational functions of p^, pz, p^ and p^^ and which, 
when p^ is zero, is of the sixth degree. Since o?z is rational, it follows that, 
when the coefficients of the given quintic are commensurable, the equation 
F{y) = has a commensurable root. Let this be found. Then d^z is known. 
The formulaB from which the equation F{t/) =zO is obtained give us, along with 

a*2, the value of — . The remaining elements necessary for the determination 

of 1^, i4) ^ and ul may then be obtained from linear equations, without finding 
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a, c, e, hj 6 and ^ separately • Thus a solution of the given quintic is eflfected. 
It will be pointed out how a, c^ c, A, .6 and ^ can be found separately, should 
we desire to obtain their values. 

The Proof. 

Case in which p^ is zero. 

§4. When^j= 0, the investigation is much simplified. By beginning with 
this case, and presenting a full description of it, we shall be prepared for giving 
an exposition, less detailed, but still sufficiently minute to make the theory 
intelligible, of the case in which p^ is not assumed to be zero. When p^ is zero, 
equations (2) and (5) become 

Uiu^ = a^/z 
u^u^'=. — a^z 

and ^^_7.(e'-^'.) 

a 



(7) 



Since B is the coefficient of the rational part, B the coefficient of Vz, Bf' the 
coefficient of »y{hz + h\/z), and ff" the coefficient of \/z />/(hz + h>yz), in the 
expansion of t^, their values are given by the equations 



a'zB =2k{J<?—c'z) — (^a? + 2cz7ie {6* — ^*z) 
ahB = 2c (i* — c»2) + a^kz + 2khe (0» — <f?z) 



ahB'— 2{T^ — <?z)B- 



2 (A:* + c'g)(0 + <?>z) , z(e + <^)(4;fec + a\) 



+ 



2 {w + c»2)(e + 4)) 



(M- ^2 )(4Arc + g ^z) 
e 



(8) 



and 



The equations (6), when p^ is zero, become 

p^ — — 20 J. + 15a*2 
j>5 = — 45 + 40ac2 
B^ — \ 

hz{e^ + fz + 26^) = A^ + (^z 
h{e^ + ^^z+2d^z)= 2kc + ah J 

Let y = ah 

a 



> 



(9) 



(10) 
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Substituting in the first of equations (8) the value of B obtained from the 
second of equations (9), and the value of he{^ — ^*a) obtained from (7), and 
making use of (10), 

p0= — 8k{}^— fy) + 44<2/» + UyA. 

Therefore, by the first of equations (9), 

%kye + (bOy* - ^P^) * = ^^ ^P^- (11) 

§5. Again, from the last two of equations (9), because z = c* + 1 , 

h^{^ + <^»z) = (A^ + c»«) — {ike + ah). 
Therefore, by (10), 

A«*(0» + 4>»3) = (p + <V) — «(2>fc< + y)- (12) 

Similarly, from the last two of equations (9), 

2Aze»6<?> = az{ikt-\-y)—iJ^-\-fy). (13) 

And (e» — ^»2)» = (0» + 4>»z)» — 4a (0 V) . 

Therefore, from (12) and (13), 

(^)«(0« _ ^»z)» =z \{T^ -\- ^y) — a{ilet + y)Y — -^ \az {2kt +y) — {Ji»— fy) }» 
.-. zAV (d» — <^»z)» = {1^ + fyf — y(2kt + y)\ 

Hence from the value of he (d* — ^*z) in (7), 

{}^ + fl/)* — y {2M + y)* = za*A* = yAK 

But, by the first of equations (9), 

A=z^-P*~ (14) 

4 20 ^ ' 

Therefore, {}<» + fy)* - y {2kt + y)» = y(-^ _^y. (15) 

And, from (11), 

Substitute in (15) the value of If -\- fy here given. The result is 

f UbOy* — -^p^y—25QJ(*y\ + <|— 2 (16^» + Piy)(^&Oy'— ^p^)— 256^2/» J 

= 64A:»y (^ - ^) + Mlfy» - (16lf + piy)\ (IG) 
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§6. In (11) and (16) we have two equations, with the two unknown quanti- 
ties y and t. The equations may be written 

(17) 



and 
where 


2 
7n = 50y— g 2hi 


Skyf + mi/t=^ n 
rj/^ + gt/t =r 



n = SA:* + 2>^, 

V = y (sOy — ^-pt^ — 256Jt* 

= 2500y» — 40/)«y» +-^p'^— 256k*, 

q--2 {161^ + piy) (bOij — ^p^- 256¥y 

(4 \ 64 

— p^jy, - 1856A^J y + _ A^^,, 

r = lOOl^f - Q^^ + p|) y» + {-^PV^ - ^^^Pi) y - 256^. 

§7. The elimination of t from the equations (17) gives us 

(m — ikrf + y[gn — mr){vm — %hq) = 0. (18) 

From the values of m, n, v, q and r in §6, 
vn = 2500^5^* + (200007«»— AQp^p^) y» + (-4"-^*^ ~ 320;),&») y» 

+ (If-ii^- 256/<;*i>B)y — 2048F; 

8A!r = 800^y— (-g- 2'4*!'+ SyjJ*) y* + (||-#— 256A;*p,) y — 2048F; 

qn = -100jf^^+(^~p,pl—2656l^pt^ y» + (^M>4- 14848^) y + 612AV«; 

(248 2 \ 

— />!A:»— 1600A^^+ '^PU'IJ!/' 

-(l2S00}c^-\-±^pV^-^l''p,P,)y+^J^P,; 

vm = 1 25000y*— 3000/>y + 24/)Jy» — fi 2800A^ + 125 ^0 ^ "*" T^*** ' 

(32 \ 512 

-g- ^/>4;'ii— 148 48** J y + -g-Pi^. 

.-. »n — 8A;r = y» { 2500/)By* + (19200A:« — AOptPs) y 
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qn—mr=y\ — 5000A*/ + (— 50p| + 2S0pJ(?) y* 



+ (-^PiPl- 1056*^5- ^pl^) y 

^-T^{- 20487.* + A^» + ^ Tcp,p^ } ; 
©OT — SA-j = y 1 1250002^ — 3000p<y + (24pJ + 800A;O y 

By substituting in (18) these values of vn — 8fcr, qn — w»r, vm — 8^, we get 

^O') = M' + fl'iy' + + 962/ + ?«=0, (19) 

where 

5o = — 625000000, 

5i = 50000000^4, 

53 = — 200000 (200% + lli>!), 

58 = 102400000*^ + 1 280000*/j4j)5 + 44800/)J, 

q^— — (25600*^|/)5 + 4096000^^4 + 640000/?!^ + 448/)J), 

5,= 81924»p,2>|- 2048Xl856A:»i>5+ 647^ + ^ A;*pJ + ^ A;^»P5 + gg /^ , 

(8 32 \* ' 

§8. Assuming now that the coeflScients jf>8, ^4, ^95 are commensurable quan- 
tities, let the commensurable root y of equation (19) be found. Then (j?z is 

known. Then, from (11) and (16), < or — is found. 

§9. At this stage, as was indicated in §3, two courses are open to us. One 
is to proceed to find t^, t4» ^3» ^t without troubling ourselves to inquire what 
a, c, e, d, ^ and h are separately. This, the natural and the shortest course, we 

will now follow. Since c?z and — are known, their product aoz is known. And, 

by (14), J. is known. Therefore czhe{^^ — <^^a;), which, by the last of equations 
(7), is equal to — aczA^ is known. Hence, by the first of equations (8), B is 
known. We might even more simply, acz being known, find B from the second 
of equations (9). The second of equations (8) gives us 

y {Bs/z) — "ic^/z (^^ — (?z) + a\h {a^/z) — 2hAa^z. (20) 

Now acz is known, and it is the same as {a\/z){c\/z) ; consequently, the signs 
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with which c^y/z and a's/z must be taken relatively to one another are known. 
Therefore -B'Vz is known. Therefore 5 + ^Vz is known. But, by the manner 
in which B, B, B' and B" were taken, keeping in view the values of B' and 
.8"' in (6), mJ = 5 + ^Vz + V(^2 + Wz), 

and uJ=5 4-5'V«— ^(^2 + Wz). 

.-, {uyu^ = (5 + B<^zf — {hz + hVz) . 

And, by (7), Mi«4 = a-s/z. Therefore Az + A-v/z = (5 + 5'Vz)* — (a-%/3)». This 
gives us vl=iB + BVz + V { (-B + B^zY — {a^zf \ , 

ul = B + BVz — V { (S + Ba/z)* — (aVzy } , 
vl=B — BVz + s/[{B — BVzy + laVzy\, 
ul^B — BVz _ V { (5 — BVzy + {aVzy } . 

Hence Uj + M4 + m, + r^, the root of the given quintic, is known. 

To find a, c, e, 6, ^ and h separately. 

§10. If we desire to obtain the values of a, c, e, 6, ^ and h separately, we 

may first find a by means of a quadratic equation. By (12) and the third of 

equations (7), 

Ae» (0» + ^h) = {I^ + fiy) — a {2kt + y) 

and 1i^ (^ — ^'z) = — oeA . 

Therefore, 2Ac»e» ={T^ -\- ^y) — a{2M -\- y) — aeA. 

Also, by (13), 2Aze»e^ = az {^ -\- y) — {T^ + fy) . 

Therefore, 6 _ {I^ + fy) — a {2U + y) — oeA 



<^z az {2kt ■{■ y) — (^ + fy) 

But, by (9), B"=0. Therefore, from the last of equations (8), 

e _ 2e{li? — <i'z) + 2{i?-\-(^z) — z{4ke-\-^z) 
4»2 ~" 2 { (4Jfec + t^z) — 2 (A» + c»z) } 

_ 2e{!i?—fy)-\-2{]^ + fiy) — az{4kt + y) 

az(4kt + y) — 2z{]^-\-fy) ' 

From (21) and (22), 

(Ii?-\-ey) — a{2kt + y) — aeA _ 26 (ifc* — fy) + 2 (t» + fy ) — a z{4M + y) 
az (2JW + y) — (*» + fjr) ~" az (4Jtt + y) — 2z (jfc'"4- <«y) 

(** + ^ y) — a{^ + y) — <^A _ 2ae{l(? — ey)-\- 2a{l(? + ey) — a*z{4kt-{-y) 
'*' '~a*z{2k + y) — a (jfc» + fy) ~ a(a»z)(4Jtt + y) — 2a»z (Jfc» + <»y) 

(*» - f fy) — o (2iK + y) — (M^ _ 2o<(ifc» — fy)^- 2a(il^ + fy) — y(4ifc< + y) 
°''' -y(2W + y)-a"(*r+^0 oy(4*< + y) — 2y(ft'-ffy) 



(21) 



(22) 
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Put ^ = {J<» + fiy) - a i2Ja + ij) , 

y = y{2kt + y)-a{}^ + fy), 

h = ay {Akt -\- y) - 2y (T^ + fy) , 

a = 2a{J<? + fy) — yi4kt + y), 

r = 7i*+ ey. 
Then /3 — ckA 2aeT 4- <' 

.: ae {8 A + 2yr) = ^h — ya. (23) 

But /?S = - d*y (2U + y){4Jct + y) + ay (P + ey){%ht + 3y) - 2y {k» + <*y)» 

and Ya=— f (2U + y){4kt + y) + ay (P + <»y)(8^< + 3y) - 2a» (/«« + ^yf, 

.'.^8-ya={y-a'){y{ifa + y){iId + y)-2{f^ + fyy}. 

And y — a* = a*z — a' = a* (a — 1) = aV. Therefore 

/3S - ya =» aV {y (2&< + y)(4A< + y)-2{I^+ fyfl. 

Therefore, from (23), 

M + 2yr = ae {y{2la + y)(4A:< + y) — 2 (^•» + <*y)» }, . (24) 

.-. (U 4- iyrf = aV{y (2^ + y)(4^^ + y) _ 2 (^ + <*y)»}* 

= {y — a')\y{2Jd + y)^^ + ^z) " 2 (^^ + ^yfl*- (25) 

Now A;, y and t are known. And, by (14), A is known. Therefore (25) is a 
quadratic equation from which a can be found. The quadratic has its roots 
commensurable, and care must be taken in each case to select that one which 
satisfies all the conditions of the problem. When a has been found, since ah 

and — are known, z and c are known ; and, because z^=^ + 1 , the absolute 
a 

value of e is known. The sign with which e is to be taken is determined by 
(24). Next, to find 6, ^ and h, the third and fourth of equations (9) are 
B'=l, B"=0. Hence, taking the values of B" and B"' in (8), 

a*ze = 2e {1^— (?z)0—2 (^+ (?z){Q + <pz) -\- 2 {B -\- ^){ikc + a\) | , ^^. 
= 2tf (^ — c»z) ^ + 2 (F + c*2)(0 + 4>) — (0 + ^2)(4*c + a^z) j ^ '' 

But e, 2, a, c, h are known. Therefore, from the simultaneous equations (26), 
6 and ^ are known. Therefore, from (7), h is known. 

Vol. X. 
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Another way of finding a, c, e, 6, ^ and h. 

§11. The values of a, c, e, 0, ^ and h may be arrived at in another way. 
Let B and B^/^z be found as in §9. Then, because (see §9) 

hz + hs^z = (5 + 5V2)' — (a ^/z)^ 

we have hz=iB' + {Bs/zY, 

and h^/z = 25 (B^z) — {ay/z)\ 

Here the quantities to which hz and hy/z are equated are known. Therefore 

h and z are known. When z is known, because ah and — are known, a and c 

a 

are known. Finally, 6 and ^ are obtained, as in §10, from the equations (26). 

§12. First Example. — To exemplify the theory, let us take the equation 

x^+ Sa^+2x—l=0. (27) 

Because k— —^ = 26 ' ^^~ ^' ^^~ ~ ^' ^^^ equations (11) and (16) 

become 






81 



(28) 



16 45 200 40000 

The equation (19), obtained by eliminating t from the equations (28), is 

„. , /25X125S , /125«\ /37X125«\ , /1241Xl25»\ , 

, /3209X125\ . /5159\ , 109» 
+ (— 36— ; 2/^ - CW > + 22600 = ^ ' 

and this has the commensurable root ^^ . Therefore 

Hence, from the two equations (28), 

a 4 * 

In subsequent examples, when y and t have been found, we shall proceed at 
once to find B and B'a/z, as in §9, without inquiring what a, c, 6, 0, <^ and h 
fire separately. But we desire to illustrate, in one instance, the method of 
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obtaining the values of these quantities which was described in §10, and we will 
use the present instance for that purpose. To find a we take the equation (25), 

{U + 2yry = {y- a')\y{2kt + 7/){4kt + y) _ 2 (7^ + ^y)*}». (29) 

By (14), A=:^— P^= — - 

4 20 500' 

Also, from the values of k, y and t above given, 

^ + ^y= mo- 

Therefore 

/ 7 . X /7« . ^ N —47 (125a + 11) 
Y = y{ila + y)- a{T^ + ey):= 126000^' 

T = A:* — i'y = — 



500' 
Hence (29) becomes 

125 (323a + 29)»= 36«(1 — 125a»). (30) 

One root of this equation is — -r^ . But this root proves on examination to 

9439 
be inadmissible. We must therefore take the other root, which is — jr-j — -rr . 

Then, since c = -^ , and ah=:- :r^^ , we have 

4 126 

9439 9439 
a = - 






2 =: 



e = 



25'X13* 25x4225' 
7 x9439 
~ 422500 ' 
5x4225' 
9439* ' 
398 



9439' 

The sign of e is determined in the way pointed out in §10. By means of the 
values of e, z, a, c that have been obtained, we get, from the two equations (26), 

. 125 18X9439 ^ , 125 

^- 199' ^= - 199^^845 •'• ^-^' = ~ 199' 
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47 



Therefore, from (7), keeping in view that Jl = — -z- , 

47 / 9439^_ Y 

"8" Vi3x25"x 125/ ' 

Also, from the first two of equations (8), B =: — — , and Jff = - . -..- 
' ^ \ /' joo 500x4225 



and 



Therefore, 



500 ' 
hz + Wz = g^ 1^ (21125 + 9439V5)| 






w 



«8 



(31) 



Therefore the root of the given quintic is known. 

§13. To verify this result, we have 9439a/ 5 = 21106.2456. Therefore 

g^^f-^ (21225 + 9439V5)| = .79696796, 
g|g^{^ (21225 — 9439V5) I = .01679462. 



Also, 



and 



Therefore 



13 (^3 + ^) = .79696437 



100 
13 



13 /, WON _ 

~ 100^3 ~""5~;-* 



01696437. 



«f = 1.593932 



, «i= 1.09773 

— mJ= ,00000359, —Ui= .08147 

— «!=: .00016975, —Ui= .17618 

— ul= .03376899, — Ut= .50778. 

Therefore % + «, + Wj + W4 = '3323 . Therefore 

x''= .004052 
3a»= .331248 
2x = .66448 



.99978 
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§14. If we wish to exhibit the root as in §9, we find from (8) that 

Therefore, since aWz = — ;7?TFa » 

with corresponding expressions for vl, ul, ul. As a matter of fact, 

§15. It is interesting to observe the application of the theory to the 
equation a^— Soi?+2x+l = 0, (32) 

whose roots, with the signs changed, are the same as the roots of the equation 

(27). By reference to §7, keeping in view that fc = — ^ » ^^ ^^^^ ^^ seen that, 

wherever an odd power of p^ occurs as a factor in a term of any one of the 
coeflBcients of the equation F{i/) = 0, an odd power of p^ occurs as a factor of 
the same term. It follows that, by changing the signs of both^g and^g in the 
equation (27), in other words, by passing from the equation (27) to the equa- 
tion (32), F{y) remains unchanged. Therefore the commensurable root of this 

equation, which we have seen to be -^ , is the value of a^z for the equation (32) 
as well as for the equation (27). To find ^ or — , the equations (17) give us 

vn — Skr 

^ ~ vm — Skq ' 

The values of vn — Skr and vm — Skq given in §7 show that, in passing from 
(27) to (32), vn — kr simply changes its sign, while vm — Jcq remains unaltered. 

Hence < or — has the same absolute value for the equation (32) as for the equa- 
tion (27), the signs, however, being different in the two cases. Consequently, for 

o 7 

the equation (27) , — = —. Thus we get 

— _ 9439 _ 7x9439 _ 5x4225^ _ 398 

^ ~ 25x4225 ' ^ ~ T22560" ' ^ ~ 9439^ ' e — — — ^^ . 
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Hence, by the first two of equations (8), 

Therefore, for the equation (32), the values of ul, wj, w| and m| are 

„5_ 13/ 7-v/oN /(13Vq '-v^'^V -^^^ 
"» Too ^^ ~ ~ 5^; ~ V 1 10^ ^^ 5~J ~ 625' ) • 

''^ lOoV^ " ^~J + V llOO'l^ ~5 V 625*/ • 



2^2 no^ assumed to be zero, 

§17. Let us now consider the more general case in which p^ is not assumed 
to be zero. The method that has been illustrated above is still applicable, 
though the labor of operation, in dealing with particular instances, is increased. 



c 



Putting, as before, y for a^z, and t for — , we form equations corresponding to 

Of 

(11) and (16) ; from these we obtain the values of y and t] then we find B and 
ffA/z from equations corresponding to the first two of the group (8) ; or, B can 
be more readily found from the second of equations (6), and, on the principles 
of §9, when B + B'\^z is known, v^u^ ov (f — y being also known, the root of 
the given quintic is known. 

§18. The values of B and Ba^z which correspond, when ^ or — — is not 

zero, to those given in (8) for the case in which g is zero, are obtained from the 
equations (2) and (3) by keeping in view that, according to the first of equations 
(4), B is the rational part and B the coefficient of \/z in the expansion of Ui. 

Put A = eh {e* — ^h) ) 

P=^c{J^- fy) - (/ - y){gk - ty) \ (33) 

g= 2t{7^-fy)-{g'-y){k-gt) ) 

Then (rf-7jyB={g» + y)P+2gyQ+2azA'{t(g'-\.y)+2gl'n ,^^. 

and {if-7jyB=a{2gP+ig»+7j)Q] + 2A'\k((f+y)+2gty]i 
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By (5) and (6) 

and 
Therefore 



Pi 

azA! 



g {L^ - i^y) + azA!, 
— 2(iA + 5«/* + 16y. 

^2^(5^ + 15y-p,)-^(^-<»y). 



(35) 



§19. From the second of equations (6), 

Therefore, from the first of the two equations (34), 

{p, - myXg" -yy + ^{9' + y)P+ SgyQ + SazA'{t{g' + y) + 2gk} 
Putting for azA' its value in (35), 

+ [4 (S^ + y) i' + »9azQ- Bg (P - fy){t{g* + y) + 2gk\] = . 

But, from the values of P and Q, 

4{f + y)P+8gazQ-Sg{k?-fy){t{g' + y) + 2gk\ 
= \-W + y){9lc-ty) + Bgy{k-gt)-B{k + gt){p-fy)\{g^- 

Therefore, rejecting the common factor g'^ — y, (36) becomes 

{p,-40ty){g'-y)+2(^g''+Zy-\-p^\t{y' + y) + 2gk\ 
- 4 (s^ + y){gk - ty) + Bgy {k -gt)-8{k + gt){k? -fy)=:0. 
Arranging according to the powers of y, 

50//< + rj\ig^ + 8M-t (20^ + -^p^ -iJ^I 

This is one equation between the unknown quantities y and t. 
§20. From the last two of the equations (6), 

h^ {GP + ^h) =ik? + ey) - 2kat + (sr* — y){a — g) 

and 2hz^ {Q^) = 2kmt — (/«« + t/t) — {f — y){az — g) . 

But (02 — ^*zf ={G^ + 4.'2)* — 426 V. 

Therefore 

zh'e* (0" — ^hy = z\{l^ + fy) — 2kat + (/ — y ) (a — gf \ 

- \ 2kzat - (*» + fy) —\g''- y){az -gf\, 



= 0. 



(36) 



y)' 



(37) 
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Therefore 

But A' = he {&" — ^h) . Therefore, by (36), 

+ {g" - y)\4My - 2g i]^ + fy)\ ; 
or, arranging according to the powers of y , 

25y — y*(l6<* + b%gi? — &Aht + -|- 1)4 + SSgf*) 

This is the second equation between the unknown quantities y and t. 

§21. We may now either eliminate t from the two equations (37) and (38) 
so as to obtain an equation 

whose coefficients are rational functions of the coefficients of the quintic to be 
solved, or we may eliminate y so as to obtain an equation 

4(0 = 

whose coefficients are rational functions of those of the quintic to be solved. In 
the former case, let the commensurable root y of the equation F{y)=z o be 
found. Then, by (37) and (38), t is known. In the latter case, let the com- 
mensurable root t of the equation ^'(0 = ^^ found. Then, by (37) and (38), y 
is known. When y and t have thus been found, we find B and B^a/z, exactly as 
in §12, from the equations (34), or B can more readily be found from the second 
of equations (6). Then 

iil=:B + B'Vz + s/{{B+ Bs/zy - {u,u,y } 
= B + E^z + sf\{B + B^fzy-{9^'a^fzy\. 

Therefore a = Wi + t/4 + tfj + t/s 

= [^ + Bsfz + V{(5 + Bsfzy-(a + asfzyW^ 
+ [5 + B^z — V { (5 + B^zy - (sr + a^zyW^ 
+ {b - B^z + V { (5 — B^zy -{g — aVz)^ }]* 
+ IB- BVz -^/\(B- B^zy -{g- a^/zy }]*. 

It need scarcely be pointed out that since yzziah, a\fz is known. 



Here j/=— -^ = 1, and A: = — ^- = 1. Therefore the equations (37) and 
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§22. Second Example. — As an illustrative example, let 

a*— lOar"— 20a:*— 1505a;— 7412= 0. 

— _PL — ^ ^^A 1.— P» — 

(38) become 

50y*t + y{Sf + Sl* + 52St + 7412) + 596< — 6216 = 0, 

and 

253^ — (16<* + 66<* — 64< — 1771) y* — (2384<» — 89384) y — 88804 = . 

The commensm'able values of y and t which satisfy these equations are y = 2, 
< = — 4 . Then, we can get the values of B and ^v'z from the equations (34), 
keeping in view that azA! is known by (35). As far as £ is concerned, it is 
simpler to make use of the second of equations (6), keeping in view that 
acz =:ty= — 8 . Therefore 

45=7412—320, 
.-. B= 1773. 

In order to obtain the value of &a/z, we must find P, Q and azA'. By (33) 

and (35), P = — 62 + 9 = — 53, 

Q=248 + 5= 253, 

and azA' = — 77 + 31 = — 46 . 

Therefore Ba/z = 653aVz + 24V« 

26 {azA') a^z 



= 653aV« — 



(?Z 



= aVz (653 + 598)= 125W2, 
.-. 5 + ^Vz= 9(197 + 139V2). 

Hence, since M1M4 = <7 + anjz = 1 + V 2, 

X = 9*[(197 + 139V2) + V U197 + 139^/2)« - -^ (1 + V2)»]^ 



+ 9*[(197 + 139V2)- V](197 + 139-v/2)» - -g^- (1 + -v/2)»]* 
+ 9*[(197 — 139^/2) + V 1(197 — 139V 2)^ — -i- (1 — V2)»]* 
+ 9*[(197— 139V2)— V{(197 — 139V2)*— g^ (1 — 'V^ 2)"]'; 



Vol. X. 



116 



To verify this result, 

^ (1 + V2)»= 1.012496, 



Coeffidenia. 



81 
1 



(1 — -v/ 2)" = — .000160535 , 



81 

197 + 139V2 =393.57568, 
(197 + 139V 2)*= 154901.8, 
197 — 139-V/2 =.424315, 
(197 — 139V 2)»=. 1800434, 



^1(197 + 139V2)»— -^(1 + V2)»| = 393.57436, 
/|(197 — 139V2)* — -^ (1 — V2)''| = .180194. 



Therefore «i = 5.888 , 

M4= .412, 
«,= 1.502, 
U3= —.276, 
.-. x= 7,626. 



Modification of the Method to Meet Special Cases. 

First special case : When p^ and p^ are IxriJi zero. 

§23. When p^ and p^ are both zero, a modification of the general method is 
rendered necessary by the circumstance that the equations (11) and (16), from 
which y and t are to be found, are then virtually one, and so are insufficient to 
give us the values oiy and t. In fact, they become 

|<(50y--|-p,y)-p^| =0j 

§24. In an article which appeared in No. 2, Vol. VII of this Journal, the 
present writer showed that, when p^ and p^ are both zero, 2>4 and p^ have the 
forms 6n* (3 — m) ^ 



and 



-P*~ 16 + m* 

_ n" (22 + m) 
^''"" 16 + t»» , 



(40) 
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These expressions for ^4 and p^ furnish the criterion of solvability for the quintic 

^+Pa^+P^=0. (41) 

The root of the equation is 

where X is a root of the quartic equation 

7C^ — m7i^— 6;i*+ w^ + l = 0, 

and ^' + 1 

a = 



n>l(>i — 1)' 
and .__ n'X{). — lf 

(16+m^)(>l + l)(/^ + l)' 
In the same issue of the Journal in which these results were established, 
Mr. J. C. Glashan of Ottawa, in ** Notes on the Quintic," gave the relations 
between the coefficients of the solvable quintic 

a^ +Pffl^ + p^ +jP4« +JP6 = 0, 
and, in his wider formulae, the forms of p^ and p^ in (40) are included. They 
were subsequently announced by Mr. Emory McCIintock, who had discovered 
them independently. It is to be regretted that Mr. Glashan has not made public 
the method by which his conclusions were reached. 

§25. From our present position the criterion of solvability of the quintic 
(41) can be at once deduced, and the solution of the equation effected more 
readily than by the process employed in the article of the Journal juat referred 
to. For, put ^^i^^^d«=2<; 

y 

then the first of the equations (9) may be written 

Pi = 5y{S — m). (42) 

Also, by the second of equations (9), 

Pi = — ^B + 40ty. (43) 

But, from the first of equations (8), B=. — < (y + 2 J.) . Therefore 

Pi = Uty-\-8At=2ty{22 + m). (44) 

And, by (15), in connection with (14), 



j...» 



s_ Ai—^y 



• 2^ ~ 16 + m» ~ 16 + m« ' 
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Therefore also ^. _ 2^n* _ n^ 

By the substitution of these values of y and 2ti/ in (42) and (43), the formulaa 
(40) are obtained, n in (40) being what we have called 2t. To find now the 
root of the equation (41), eliminate m from the equations (40). The result is a 

sextic equation, i// (n) = 0. 

When the coeflBcients of the quintic (41) are commensurable, the sextic 4'(w) = 
has a commensurable root. Let this be found. Then n is known. Conse- 
quently, since ?i=2^, t is known. Then y is known from (39). Then B is 
obtained from the second of equations (9), and B'^/z from (20). Also 

iijW4 = {/ + a\^z = a\/z = \/y. 

Therefore UiU^ is known. Therefore, as in §9, the root of the given quintic is 
found. 

§26. Third Example. — As an illustrative example, let 

^ + ^4~ ^ + 37^0 = 0. 

Here the equations furnishing the criterion of solvability are 

625 _ 5n*(3 — m) 
4~~ 16 + m« ' 

.3750- ^g—-^,. 
These are satisfied by the values tw = 2, n = 5. Therefore 

Therefore, by (39), ,, _ 126 

.V — -4 - • 

Therefore, by the second of equations (9), 

And, by (20), yB^/z = - 2 {ch){cVz) = - 2 {fy){Wy) , 

.-. B^z = — 2^Vy = — ~f- V 5 . 

O 



.■.B+jf^,=-'^{i+^^y 
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And UiU^ = aVz = -^— . Therefore 



X 



=[-fo+^)+>'{(?)'o+f)-(¥yi]'. 

+[-fO+f)-^{(?)"0+^0"-m'}]' 



Second special case : When n^u^ = i^jt^s • 

§27. In the case in which iCiU^=i t/^t/g, a = 0. Consequently, if c is distinct 

c . . 

from zero, t or — is infinite : while, if c is zero, t assumes the form — - • As we 

a ' 

cannot here proceed by finding t, the general method has to be modified. 

§28. Because a= 0, y=ah =0, and it/ = f — j{ah) = 0. Also fiy = c*2. 
Equation (5) becomes gA^=zT^ — (?z. 

Therefore, from the first of equations (6), 

^^-c*2=^(5s^-2>4), (46) 

and, from the second of equations (6), " 

p,z=-AB. (46) 

From (33) and (35), 

P=2k{J^ — (?z) — (/ — a^z){gk — acz) 
= 2k{Ii? — c'z) — ^k, 

and a C = 2a< (P — <^z) — {g* — ah)(ak — gc) = g'c . 

Therefore, from the first of equations (34), taken in connection with (46), 

-^g'p, + k{2{k»-<*z)-g'\ + iczA'=0. (47) 

But, A' having been put for he (6* — ^*z) , we have, from the value o{z{he (6* — ^z) \ , 
obtained in § 20, 

z {A'Y = (&» — c»a)» + ^« _ 2/ (A? + <^z) . (48) 
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Therefore, from (47), by the eliminatioD of A\ 

4c*2; = 



(49) 



But, by (45), c^z is known in terms of the coefficients of the given quintic. 

Therefore the equation (49) gives a relation necessarily subsisting between the 

coefficients p^, psi Pi 8*nd p^ of the solvable quintic in which UiU^ = v^v^, in order 

that t^it^4 may be equal to u^v^. To find now the root of the quintic, c^z is 

known by (45), and B is known by (46). To find B'a/z, making use of the 

values of P and aQ and {A'a/zY obtained above, we have, from the second of 

equations (34), 

^ {B'Vz) = CA/z\2(J^ — (^z) + g^\ + 2Jc {A'a/z) . (50) 

Now, by the first of equations (34), keeping in view the value of azA' in (35), 

(fB = rf\2k{J(? — c'z)—ff'Jc} + 2azA(^^^ 

As B and c^z are known, this equation determines the sign of czA' or (ca/ z){A' \^ z) , 
and therefore determines the signs with which c\^z and A^a/z are to be taken 
relatively to one another. Hence z{Ay being given by (48), B'^/z is given by 
(50). Therefore B + B'x^z is known. And v^u^^ == gr. Therefore, because 

ul=B + B'Vz + V\{B + BVz)-9'\. 

the root of the quintic is known. 

§29. Fourth Example. — As an illustrative example, let 

22 11 11X42 11X89 _ 

^ 5 ^ 25 ^^ 126 *^^ 3125 ""• 

Finding the value of 0*2 from (45), and substituting in (49), we find that (49) is 
satisfied. Then, as in the preceding section, 

_ ^j? , j>_ 11x89 
^■^ 4x5' 

The value of (^z is -r^ ("ot) • Therefore 



and 



AT c-2-^25A400 16 J~ 100^25/'' 
AT + c-z - ^^ 26 A4OO ^ uj- 200^25;- 
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Fr<,m(«), (^,^,).= (1^6y 



The value of czA', obtained from (47), is negative. Therefore c-v/z and A'/t/z 

must have different signs. Put 

, 11 V6 

Then, from (50), dividing by g^, 

^ 4x5» 

And Mitt4= «jr. Therefore 

This is, in a different form, the value of u\ given by Lagrange. 

§30. Fifth Example. — In the instance just considered, c is distinct from zero. 
It may be well to give an example in which c is zero, as the mode adopted above 
of determining the sign of A\/z does not apply in that case. Let 

x^ + 20x«+ 20a* + 30a; + 10= 0. 

Here gr = — 2, and fc = — 1 . Therefore (46) becomes 

20(1 — c*2)= — 2(20 — 30). 

Therefore c^z = 0. This value of (?z satisfies (49). Then, by (46), B = — A . 

From 48, {A!^zf=z\ + 64 + 16 = 81 .-. A!^%=9. 

Because c is zero, we cannot determine the sign of A'^z relatively to that of 
c^z. But the root is the same, whatever sign be taken. Having found Al^z^ 

g 

we have, from (50), 42? V^ = —2X9 .-. B^z = — — . Therefore 

And MjM^ = ^ = — 2 . Therefore 

Mf = — 7 + V{49 — (— 2)»} = 2, 
«« = — 7 — V ] 49 — (— 2)" } = -— 16 , 
tt|= 2 + V{4 + 2»} = 8, 
u\= 2-^/(4+ 2»}=- 4. 

Therefore x = 2* — 2* + 2* — 2*. 
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§31. In the article of the American Jommal of Matliematics (Vol. VI, page 
103) referred to in the opening paragraph of this paper, the solvable irreducible 
quintic in which iiiu^ is equal to xi^u^ was discussed, and the roots of the equa- 
tion were shown to be determinable in terms of the coeflBcients jp;, , ^s, etc., even 
while these coeflBcients have no definite numerical values assigned to them, but 
remain symbolical. The solution that has now been given is much simpler than 
the former; equally with the former, it is applicable to equations with symbol- 
ical coeflBcients, the assumption being of course made that the coeflBcients are 
related as in (49); and it possesses the advantage of being part of a general 
theory. 

Additional Examples. 

§32. Sixth Example.— Jj^i 

^ + 320a:* — lOOOx + 4288 = . 

Here gr = 0, fc= — 16. Because gr = 0, we use the formulae (11) and (16). The 
commensurable values of y and t which satisfy (11) and (16) are 

y= 8, t= 6. 
Also, by (14), ^=56. 

Therefore, from the second of equations (9) and from (20), 

5 z=— 16X37, 5V2= — 16X20, 

.•• i?+5Vz= — 16(37 + 20a/2). 

And Uiii^ = — 2>v/ 2 . Therefore 

X = t^i + ?^4 + t/2 + ^ 

=: [_ 16 (37 + 20a/ 2) + V{256 (37 + 20a/ 2)* — (— 2a/ 2)'^}]* 
-[- [_ 16(37 + 20a/ 2) — a/ {256 (37 + 20a/ 2)*— (— W'if\]^ 
+ [_ 16 (37 — 20a/ 2) + a/ I 256 (37 — 20a/ 2)» — {W^f\']^ 
+ [_ 16 (37 — 20a/ 2)— a/ i 256 (37 — 20a/ 2)« — (2a/ 2)'^}]*. 

§33. Seventh Example. — Let 

or, a;"* + 40000a* — 690000x + 10800000 = 0. 

Here^=0, h^= — 2000. Because ^=:0, we use the formulaj (11) and (16). 
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The commensurable values of y and t which satisfy (11) and (16) are 

y=2000, <= 50. 
Also, by (14), ^ = 36000. 

Therefore, from the second of equations (9) and from (20), 

5 = —1700000, 5V 25= — 400000a/ 5. 

And t^W4 = — 20a/ 5 . Therefore 

X = Vfl + U^ + lhi + th 

= [— 100000 (17 + W5) + a/\ 100000^ (17 + W^f + (20^5)^}]* 
+ [— 100000 (17 + W5) — Vl 100000^ (17 + W^f + (20^5)*^}]* 
+ [—100000(17 — 4V5) +V{ 100000* (17— 4\/5)*—(20A/5)*^}]i 
+ [_ 100000(17 — 4a/5) + \/il00000« (17 — 4A/5)» — (20A/5)'^}]i. 

§34. Eighth Example. — Let 

x^ — 20a^ + 250a; — 400 = 0. 

Here flf= 2, k=:0. Because g is distinct from zero, we use not the formulae 
(11) and (16) as in the two preceding examples, but (37) and (38). The com- 
mensurable values of y and t which satisfy (37) and (38) are 

2/=2, t=z — 2. 

Therefore, from the second of equations (6), JB=60. The value of azA' is 
obtained from (35). Thus, since {A'^/z){aA/z) = azA\ and since a^/z zzz^/y =a/2, 
the value of JIV2 is known. Then, by the second of equations (34), B\^z = 44\/2. 

Therefore B + B'a/z = 4 (15 + 1W2). 

And uiu^ = ^ + ciVz = 2 + \/2 . Therefore 

x^=Ui + u^ + u^ + v^ 
= [4(15 + 1W2) + s/\ 16 (15 + 11a/2)»— (2 + ^/2f\]i 
+ [4 (15 + 1W2) — a/{ 16 (15 + 1 W2y — (2 + V2)«}]i 
+ [4 (15 — 1W2) + ^/{ 16 (15 — 11^/2)* - (2 — a/2)5}]4 
+ [4 (15 — 1W2) — vi 16 (15 — 1W2)* — (2 — ^2^]*. 

§35. Ninth Example. — Let 

5 . ^ . 85 13 

x'—5a^+ — x— — = 0. 

Here gr= — , Ar= 0. Because g is distinct from zero, we use the formulae (37) 

VOL. X. 
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and (38). The commensurable values of y and t which satisfy (37) and (38) are 

Therefore, from the second of equations (6), 5= -_ . Finding J.'\/2 as in the 

o 

immediately preceding example, we have, from the second of equations (34), 
Ba/z = -^ V2. Therefore 

o 



8 



And «i?t4 = — - (2 + V2). Therefore 



= [| (1 + V2) +^|-^ (1 + V2)«- -^ (2 + V2)»}]* 
+ [|(l + V2)-^|^^-(l + V2)»--^(2 + V2)»|]* 
+ [|.(l_V2)+^|A(l-V2)«-^(2-V2)»}]* 
+ [|-(l-V2)-^|A(l-V2)«--l-(2-V2)»}]* 



§36. TerUh Example. — Let 



, . 20a; 21 



This and the next two examples are intended as additional illustrations of the 
method to be followed when p^ and p^ are both zero. The equations furnishing 
the criterion of solvability given in §24 are 

20 _ 6n* (3 — m) 
T7"~ 16 + m' 

and 21 _n^(22+m) 



2 » 



17 16 + w 

and they are satisfied by the commensurable values w = — 1 , n = 1 . But, by 
§25, w = 2<. Therefore t=~-. Putting ^=0 and < = — , equation (11) 
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becomes 



l.(^50y-~p,^=p,. 



i 



1 , , V17 

/17 
Therefore also cVz = t {a\/z) = ^^ . Therefore, by (20), 

yBVz = — 2 {(^z){cVz) .'. BVz = - ^^ . 

And, by the second of equations (9), B=z —- . Therefore 

bo 

5 + 5'Vz = — -^(1+V17). 
And Mi% = ^jY- ' Therefore 

+[-^(-^'")V{Cin'+(^)'}]' 

§37. Eleventh Example, — Let 

K 4j: , 29 

The equations furnishing the criterion of solvability are 

4^_ 6n* (3 — m) 

29 _ n^(22 + m) 
65"" le+m* ' 

and they are satisfied by the values m = 7 , 7i = 1 . By §25, n = 2/. Therefore 
< = -^ . Therefore, from (11), y =^ -^t- - Therefore 

2 DO 

"'^^ ~ "66" •'• ^^^ ~ * ^^^"^ ~ l30" • 

Therefore, by ( 20), y&Vz = — 2 {(^z){cVz) . Therefore B^z = — ^^ . And, 

9 
by the second of equations (9), B = — — : . Therefore 
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And TJinU, = ^^ . Therefore 

bo 

-[-Hrv{(-t^)'-(^?)'}]' 

+[-'-i^-n/{C-^7+(^7}]' 

§38. Ticelfth Examj)le.— Let 

=^+l3- + T3- = ^- 

The equations furnishing the criterion of solvability are 

10 _ 5nV3 — m) 
13 "" 16 + m» ' 
3 _ 71^22+ m) 



2 » 



13 16 + m 

and they are satisfied by the values m= — 7,n = l. By §25, n = 2^. There- 
fore t= -^ . Therefore, from (11), ?/ = -— . Therefore 
2 bo 

cVz = tVy = J 3^ • 
And, by (20), 2/JBV2 = — 2(c»z)(c-v/z). Therefore B'Vz= — ^. And, by 

^bU 

the second of equations (9), B = -— . Therefore 



^+^v.=^=^. 



And W1U4 = %^ . Therefore 

bo 



*i - L 260 ■•"%/ t '^""260" ; ~ \~65~J \ J 

■ r 5-v65 /f/5-v65Y /yesyf-it 

"^L 260 Vl\ 260 / \ 65 / j J 

+[^4rv{(-i^")'+(^ri]' 
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§39. Thirteenth Example. — Let 

a^ + 110 {bn? + 60x* + 800a; + 8320) = 0. 

Here ^= — 55, A;= — 330, and the commensurable values of y and t which 

satisfy (37) and (38) are 

y=5 X 11*, t— 10. 

Therefore, from the second of equations (6), ^ = — 220 x 765. Finding AWz 
as in the second example, we have, from the second of equations (34), 
Bi^/z = — 220 X 337V5 . Therefore 

B + ff^/z = — 220 (766 + 337^5) . 

And UiUi = — 11(5 + ^5) . Therefore 

x= [— 220 (765 + 337V5) + V\ 220* (765 + 337-v/5)* — (— 55 — 11^/5)"}]* 

+ [— 220(765 + 337V6) — \/{ 220* (765 + 337V5)* — (— 55 — 11^/5)"}]* 

+ [— 220(765— 337V5) + V{ 220* (765— 337\/5)* — (— 55 + ll-v/5)4]* 

+ [— 220(765 — 337V5) — V{ 220* (765— 337-v/5)* — (— 55+ 11^5)"}]*. 

§40. Fourteenth Example. — Let 

a^ — 20a? — SOa? — 150a;— 656 = 0. 

Here ^=2, k=:4, and the commensurable values of y and t which satisfy (37) 
and (38) are y=2,t=2. 

Therefore, from the second of equations (6), B = 204. Finding A'Vz as in the 
immediately preceding example, we have, from the second. of equations (34), 
Ba^z = 1 4W2 . Therefore 

B= 12 X 17, and BmJz— 14W2, 
.: B + B'^/z =12(17 + 12V2). 

And «iM4 = 2 + v'2. Therefore 

Xi= Ui + Wi + Ui + Us 

= [12(17 + 12^2) + V{ 144 (17 + 12-v/2)»— (2 + V2)*}]i 
+ [12(17 + 12>/2)— vil44(17 + 12V2)* — (2 + V2)»i]* 
+ [12(17— 12^/2) + \/{144(17 — 12V2)* — (2 — V2)''}]i 
+ [12(17 — 12V2) — V{144(17 — 12V2)* — (2 — V2)''}]!. 

§41. Fifteenth Example. — Let 

a;*— 40a;'+160a:*+ lOOOx — 5888 = 0. 
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Here g = 4tj Tc^ — 8, and the commensurable values of y and t which satisfy 
(37) and (38) are y = 8 , ^ = — 4. 

Therefore, from the second of equations (6), B •= 1152. Finding A!\/z as in 
the two preceding examples, we have, from the second of equations (34), 
B^/z = 8 1 6\/2 . Therefore 

B + B^/z = 48 (24 + 17V2). 

And UiUj^ = 4 + 2\/2. Therefore 

X— [48(24+ 17V2)+>v/|48«(24+ 17V2)«— (4+ 2V2)«f]4 
+ [48(24+ 17\/2) — \/{48*(24 + 17V2)^ — (4+ 2V2)«}]i 
+ [48 (24 — 17V2) + \/{ 48^(24 — ITs/if — (4 — 2V2)'^}]i 
+ [48 (24 — 17V2) — %/i48* (24 — 17^/2)^ — (4 — 2^/2)^^}]*. 

§42. Sixteefiith Example. — Let 

(t) - ^« (t) - ^^^ (t) - 2000 (I) - n 200 = , 

or «*— 200a;'— 48 OOx*— 32000a; — 3200 X 112 = 0. 

Here </ = 20 , ^ = 240 , and the commensurable values of y and t which satisfy 
(37) and (38) are y=iiO, i=20. 

Therefore, from the second of equations (6), B =: 640 x 165. Finding J.'V2 as 
in the preceding examples of the same type, we have, from the second of equa- 
tions (34), Bm/z = 640 X 73V6. Therefore 

5 + JBVz= 640(165 + 73-V/5). 

And tfi«4 = 4(5+ V5) . Therefore 

a; = [640 (165 + 73\/5) + V{640*(165 + 73-v/6)*— (20 + 4^5)"* }]i 
+ [640(165 + 73V5) — -v/i640»(l65 + 73V6)» — (20 + 4V5)'f]i 
+ [640(165 — 73\/5) + vi640«(165 — 73V5)*— (20 — 4\/6)»f]i 
+ [640(165 — 73V5) — V{640*(166 — 73V5)»— (20 — 4\/5)»}]i. 

§43. Seventeenth Example. — Let 

«*+ 110(5a«+ 20a:*— 360x + 800) = 0. 

Here g-=. — 55, ^ = — 110, and the commensurable values of y and t which 

satisfy (37) and (38) are 

y = 5 X 11^ < = — 10. 
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Therefore, from the second of equations (6), J5 = — 11 x 7500. Finding ^'Va 
as in preceding examples of the same type, we have, from the second of equa- 
tions (34), B*/z = — 1 1 X 2700V5 . Therefore 

B + Bm/z = — 3300 (25 + 9-V/5). 

And UiUt = — 11 (5 + v'5). Therefore 

a; =[—3300(25 + 9>/5) + V|3300»(25 + W5)* + 11" (5 + \/5)*}]i 
+ [— 3300 (25 + 9-V/5) — V{ 3300* (25 + 9V5)* + 11*(5 + V5)»}]i 
+ [— 3300 (26 — 9-V/5) + V{ 3300* (26 — 9V5)» + 11" (6 — V5)»f]i 
+ [— 3300 (25 — 9-V/5) — vj 3300* (25 — 9V5)* +11* (6 — ^5)"}]^ 

§44. Eighteenth Example. — Let 

a?— 203* + 320a* + 540* + 638 = 0. 

Here g = 2, A;= — 16, and the commensurable values of y and t that satisfy 
(37) and (38) are y = 8 , < = — 5 . 

Therefore, from the second of equations (6), and the second of equations (34), 

J5 = — 12X166, £'\/z = — 12X 117V2, 

.-. B + Bjs/z = — 12(166 + 117V2). 

And UiUt ^ 2 (1 + V2). Therefore 

»=[— 12(166 + 117V2) + -v/| 144(166 + 117-v/2)*— 32(1 + ^2)"}]* 
+ [— 12(166 + 117-V/2)— -v/)144(166 + 117V2)* — 32(1 + V2)»}]t 
+ [— 12(166— 117-V/2) +-v/{l44(166 — 117V2)*— 32(1 — ^2)" j]i 
+ [— 12(166 — 117V2) — \/il44(166 — 117^2)*- 32(1 — ^2)*!]^ 

§45. Nineteenth Example. — Let 

a?— 20x'—160»»— 420a; — 8928 = 0. 

Here g= 2, A; = 8 , and the commensurable values of y and t which satisfy (37) 

7 
and (38) are y=72, t= r- . 

Therefore, from the second of equations (6), J5=652. Finding A'Vz as in 
preceding examples of the same type, we have, from the second of equations 
(34), B'a/z = — 2SW2. Therefore 

B + 5'V2=4(138 — 7W2). 
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And uiUt = 2 — 6V2. Therefore 

a; = [4(l38 — 7W2) + V^ 16 (138 — 71-v/2)»— (2— 6^2)"}]$ 
+ [4 (138 — 7 W2) — v] 16 (138 — 71\/2)» — (2 — 6^2)" j]i 
+ [4(138 + 7lV2) + \/il6(138 + 7l\/2)«— (2+ 6^2)" j]i 
+ [4 (138 + 7W2) — V\ 16 (138 + 71V2)» — (2 + 6^2)" j]i 

§46. Twentieth Example. — Let 

x"— 20x»+ 170x + 208 = 0. 

Here gr = 2, A; = 0, and the commensurable values of y and t which satisfy (37) 

and (38) are y = 2, < = 2. 

Then in the usual way we get 

5 + ^Va= — 12(1— V2). 
And UiUi = 2 + V2 . Therefore 

a; = [— 12 (1 - V2) + VJ 144 (1 — V2)»— (2 + V2)'>}]i 
+ [— 12(1 —V2) — VJ 144(1 — V2)» — (2 + -v/2)*j]4 
+ [- 1 2 (1 + V2) + >/J 144 (1 + V2)» — (2 — ^2)" j]» 
+ [— 12 (1 + V2) — V{ 144 (1 + V2)» — (2 — V2)»n*- 



Forms of Non- Singular Quintic Curves. 

By David Barcroft. 



Before noticing the forms of the curves given in this paper, I shall make a 
general statement of the principles on which their construction is based, together 
with some facts concerning inflections and bitangents of curves in general when 
derived by the method here considered. The construction of the curves is 
founded on the possibility of deriving one curve from another by a change of 
parameters. Here the only parametric variation employed is one involving the 
absolute term alone of the equation representing the curve, which, in every case, 
is assumed to be an improper curve composed of two non-singular curves. The 
equation of such a curve is i/r = 0, and that of the derived curve uv'=Tc. If A; 
is properly chosen, the derived curve will be non-singular, and will be as near as 
we please to the original. This fact enables us to determine its form if we know 
the character of the changes brought about by a parametric variation of the kind 
in question. What these changes are can be readily determined. 




Let /) be a double point of t/t? = . For any particular value of h the 
product uv must preserve the same sign, namely, the sign oi h] u and t?, there- 
fore, must change together if they change at all. A simultaneous change can 
take place only when we pass from an angle ADC to its opposite angle BDE. 



yoL.x. 
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If the sign of k be changed, parts of the curve will be in the opposite angles 
ADEsLud GDB. 

To investigate the nature of uv = k as to the direction of its points relative 
to i/i; = 0, let X and y be the coordinates of any point on t^i; = 0, and si and e^ 
the increments of a: and y necessary to give a point on uvz=Jc] substituting 
x + sifoY Xf and y + ^2 ^^r y,inuv=^OjWe have 

r + ^^ a^ + ^'^^ + "^"•A^ + ^' a^ + ^» a^ + etc.; = ^-. 

If the point (x, y) is on only one of the curves w = 0, t; = 0, say w = 0, leaving 
out higher powers of si and tg, the result becomes 

('^a^ + ''W>"*' 

the equation of a line parallel to the tangent to the curve u= at the point 
(x, y). This line gives the direction of an element of the curve uv:=k. If 
(a, y) is a double point on uv = Oj our result will be, under the conditions 

prescribed above, / du ^^N/ ^^ i ^^^_z. 

which shows that in the neighborhood of a double point of wt; = 0, tii; = A; 
approximates to an hyperbola whose asymptotes are the tangents at the double 
point in question. 

In the cases of the cubic and quartic, the maximum number of real inflec- 
tions is one-third of the total number. The conic having no inflections, may be 
included as possessing the same property. All the quintics whose forms I give 
have fifteen real inflections, and it is true generally that the maximum number 
of real inflections of curves formed as these are is one-third of the total number. 
Let it be granted that the number of real inflections of a curve w = of 
degree Wj is rii (% — 2) , and of ^ curve t; = of degree n^ is w, {n^ — 2) ; let- 
te = and i; = intersect in the maximum number of points riin^, then the curve 
uv=^ky k being small enough, will have {ui + n^){ni + 71^ — 2) real inflections ; 
for the inflections of uv=k are those due to the inflections of uv=^0 together 
with two for each double point of uv = ; that is, rii {ui — 2) +n^{n^ — 2) + 2nin^ , 
which equals the number just given. In view of the statement made regarding 
the conic and cubic, the property noticed is seen to be true generally. We may 
state, therefore, that a curve of any degree n may have as many as n{n — 2) 
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real inflections. It will be observed that, as the intersections of i^ = and 
r = diminish in sets of two, the number of real inflections will diminish in sets 
of four; hence, if we form a complete system of curves by this method, the 
number of inflections of the curves of various classes will be n{n — 2), 
n{n — 2) — 4 , n (n — 2) — 8 , etc. 

The bi tangents of wv = Aj may be considered as derived from those of mv = 0, 
including among the latter the analytical bitangents ; these are (a), lines drawn 
from a double point ofuv=zO tangent to the curve ; (6), lines joining the double 
points two and two. Each of the analytical bitangents of class (a) gives rise 
to two, and each of class (ft) to four bitangents of uv=^k', each ordinary bi tan- 
gent of wt; = is the source of one of uv=^k. A figure will make this clear. 
It will be observed that bitangents derived from analytical bitangents may be 
imaginary. The total number is made up of 

— (n* — 2n' — 9n* + 18n) — 2^1 w^ [rii {rii — 1) — niti^ — 5] , 

derived from the ordinary bitangents of iii? = ; 2^1 n^ [/i (n — 1) — 2/ii/22 — 4] , 
derived from the analytical bitangents of class (a), and 2/?i7i2(nir?a — 1) from 

those of class (6), making together— (n* — 2n^ — 9n* + 18/i), which is the 

m 

number for a non-singular curve of degree n. rii and n^ represent the orders of 
w = and t; = . 

Zeuthen has remarked (Math. Annalen, Vol. 7, p. 410) that the branches 
that make up a plane curve may be of two kinds, odd or even ; an odd branch 
intersecting any other odd branch in an odd number of points, and an even 
branch intersecting any other branch, odd or even, in an even number of points. 
Mobius has shown that an odd branch has always an odd number of real inflec- 
tions and an even branch an even number, and if an odd branch is non-singular, 
it must have at least three real inflections. Applying these statements to the 
quintic, it is seen that a non-singular quintic cannot have more than one odd 
branch. It must have one with at least three real inflections. It cannot have 
more than six even branches external to each other, for, if it had as many as 
seven, we could pass a cubic through seven points chosen on these and two on 
the odd branch intersecting the quintic in at least seventeen points. There 
cannot be more than two even branches if one is inside of the other, and, more-r 
over, the internal branch must be an oval. 
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Zeuthen divides bitangents into two kinds. His bitangents of the first kind 
are those whose points of contact are on the same branch ; the points of contact 
may be imaginary. Bitangents of the second kind have their points of contact 
on different branches. In the case of quartics, the points of contact of a bitan- 
gent of the first kind cannot be separated by its intersections with two other 
bitangents. This is true of quintics if the bitangent has its points of contact on 
an even branch, but the contrary may be the case if the points of contact are on 
the odd branch. We may have an inflectional tangent, tangent elsewhere. The 
number of bitangents of the first kind to an even branch is easily seen to be 
one-half of the number of its real inflections. Quintics may have 0,1,2,3,4,5 
or 6 even branches, hence the number of bitangents of the second kind to even 
branches may be 0,0,4, 12, 24, 40, or 60, since every combination of even 
branches in sets of two has four bitangents of the second kind. 

The quintics whose forms are given are derived in every case from the 
combination of a cubic and conic intersecting in six points. Such combinations 
give curves with fifteen real inflections, and they illustrate, to a certain extent, 
the forms of quintics having a less number of inflections, especially those result- 
ing from cubics and conies intersecting in four, two, and zero points. In the 
following I give forms so far as I have been able to determine them. After 
Zeuthen an even branch is called an oval, a unifolium, a bifolium, a trifolium, etc., 
according as it has 0,2,4,6, etc. 2r real inflections. 

In the following enumeration of forms, I put in the same class quintics 
having the same number of real inflections, then subdivide according to the number 
of inflections on the even branches. The odd branches are not mentioned, but 
must be understood as forming a part of the quintic in every case. Each figure 
represents two forms, in some cases duplicates. To distinguish between them 
they have been drawn in heavy and light lines. The dotted curves indicate 
the combination of cubic and conic from which particular forms are derived. 
The positions of the inflections on the cubics are shown by the dashes drawn 
across them. 

Quintics with Fifteen Real Inflections. 

I. 

1. Sexifolium and internal oval. Figs. 1, 4. 

2. Six uijifolia. Figs. 1, 4. 
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II. 

3. A quadrifolium and a unifolium. Fig. 32. 

4. A quadrifolium. a unifolium, and an oval. Fig. 33. 

5. A trifolium and a bifolium. Fig. 5. 

6. A trifolium, a bifolium, and an oval. Fig. 34. 

7. A quint ifolium and two ovals. Fig. 8. 

8. A bifolium and three unifolia. Figs. 2, 9, 13, 14, 17. 

9. A bifolium, three unifolia, and an oval. Figs. 22, 31. 

10. Two bifolia, a unifolium, and two ovals. Fig. 23. 

11. Five unifolia. Figs. 24, 26, 27. 



III. 

12. A quadrifolium and an oval. Figs. 35, 44. 

13. A quadrifolium and two ovals. Fig. 15. 

14. A trifolium and a unifolium. Figs. 11, 12. 

15. A trifolium, a unifolium, and an oval. Figs. 18, 36. 

16. Two bifolia. Fig. 16. 

17. Two bifolia and an oval. Fig. 37. 

18. Two bifolia and two ovals. Figs. 19, 28. 

19. A bifolium and two unifolia.* Figs. 38, 39, 41, 42, 45. 

20. Four unifolia. Figs. 3, 10, 20. 

21. A quadrifolium and three ovals. 

22. A bifolium, two unifolia, and an oval. 

The figures for 21 and 22 are not given ; 21 results from a combination of a 
bipartite redundant hyperbola with a hyperbola ; 22 from the same cubic with 
an ellipse ; Figs. 41, 42, 45 illustrate this case. 

IV. 

23. A trifolium and internal oval. Fig. not drawn. The form differs from 

the next only in the internal oval. 

24. A trifolium. Figs. 40, 43, 46. 

25. A trifolium and an oval. Fig. 40. 

26. A trifolium and two ovals. Figs. 7, 39. 
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27. A trifolium and three ovals. Fig. 12. 

28. A bifolium and a unifolium. Fig. 6. 

29. A bifolium, a unifolium, and an oval. Figs. 25, 29, 30. 

30. Three unifolia. Figs. 25, 29, 30. 

31. Three unifolia and an oval. Fig. 11. 

V. 

32. A bifolium. Figs. 7, 8, 15, 22, 23, 24, 26, 27, 31, 44. 

33. A bifolium and an oval. Figs. 2, 14, 21. 

34. Two unifolia. Fig. 47. 

35. A bifolium and three ovals. 

36. Two unifolia and two ovals. 

The last two may be obtained by combining a bipartite redundant hyper- 
bola with an ellipse. 

VI. 

37. A unifolium and an oval. Figs. 3, 10, 20. 

38. A unifolium and three ovals. 

The last is formed as 35 and 36 by changing the position of the ellipse. 
The bipartite cubic corresponding to that of Fig. 43 is the proper one for the 
cases 36, 36, 38. 

VII. 

39. An oval. Figs. 18, 33, 34, 36. 

40. Two ovals. Figs. 9, 13, 16, 17, 41, 42, 44, 45. 

41. Three ovals. Figs. 40, 43, 46. 

42. Four ovals. 

By changing the position of the ellipse in case 38, 42 is obtained. 

43. No even branches. Figs. 28, 47. 
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Quintics with Eleven Real Inflections. 

I. 

1. A quadrifolium and an internal oval. 

2. A quadrifolium and an oval. 

3. Two bifolia and an oval. 

4. Four unifolia. 

5. A trifolium and a unifolium. 

6. A trifolium, a unifolium, and an oval. 



11. 

7. A trifolium. 

8. A trifolium and an oval. 

9. A trifolium and two ovals. 

10. A trifolium and three ovals. 

11. A bifolium and a unifolium. 

12. A bifolium, a unifolium, and an oval. 

13. A bifolium, a unifolium, and two ovals. 

14. Three imifolia. 

15. Three unifolia and an oval. 

III. 

16. A bifolium and an internal oval. 

17. A bifolium and an oval. 

18. A bifolium. 

19. Two unifolia. 



IV. 



20. A unifolium and an oval. 



21. An oval. 

22. Two ovals. 

23. Three ovals. 

24. No even branches. 
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Quintics with Seven Real In/lections. 

L 

1. A bifolium with internal oval. 

2. A bifolium and an oval. 

3. A bifolium. 

4. Two unifolia. 

II. 

5. A unifolium with internal oval. 

6. A unifolium and an oval. 

7. A unifolium. 

III. 

8. An oval. 

9. Two ovals. 

10. No even branches. 

Quintics with Three Real Inflections. 

I. 

1. An oval with internal oval. 

2. Two ovals. 

3. An oval. 

The total number of forms enumerated is eighty. 

An inspection of the figures will show that the odd branches are composed 
of one, three, or five infinite parts with a number of inflections varying from 
three to fifteen. It will be observed that in the neighborhood of a double point 
of the improper curve there are always two inflections of the non-singular curve; 
they are both in the same angle if the parts of the improper curve turned 
towards each other are convex ; one in each of two opposite angles if the parts 
turned towards each other are, one concave and the other convex. Other inflec- 
tions are those in the neighborhood of the inflections of the cubic. 

With regard to the real bitangents I am unable to state a general law as to 
their number. It is certain, however, that the number of bitangents of the first 
kind is not constant. An examination of the curves will show this to be the 
case. Figs. 13 and 14, 26 and 27 illustrate the loss of two bitangents of the 
first kind. Intermediate between the heavy curve of Fig. 13 and the light curve 
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of Pig. 14 there is one having an inflectional bitangent. The loss of two bitan- 
gents occurs in passing through this case. It will be noticed that two bitangents 
of the second kind are lost in the case of the other curves of these figures. The 
light curves of Figs. 6, 7, and 8, and the heavy curve of Fig. 5, illustrate the 
statement made that the points of contact of a bitangent of the first kind to an 
odd branch may be separated by the intersections of the bitangent with two 
others. 

I add the following table showing the character of the even branches as 
they occur in the figures. represents an oval ; 1, a unifolium ; 2, a bifolium, 
etc.; (0) indicates that the oval is inside of another even branch. By a proper 
combination of digits the number and characters of the even branches are shown 
in each case, h refers to the heavy curve and I to the light one. 

Figs. 1 2 3 4 5 6 

h 6,(0); 2,0; 1,0; 6,(0); 0,0; 2,1; 

I 1,1,1,1,1,1; 2,1,1,1; 1,1,1,1; 1,1,1,1,1,1; 3,2; 0,0; 

Pigs. 7 8 9 10 11 12 

h 2; 5,0,0; 2,1,1,1; 1,0; 3,1; 3,1; 

I 3,0,0; 2; 0,0; 1,1,1,1; 1,1,1,0; 3,0,0,0; 

Figs. 13 14 15 16 17 18 

/» 2,1,1,1; 2,0; 2; 0,0; 2,1,1,1; 0; 

I 0,0; 2,1,1,1; 4,0,0; 2,2; 0,0; 3,1,0; 

Figs. 19 20 21 22 23 24 

h 2,2,0,0; 1,0; 2,0; 2; 2; 2; 

I 2,2,0,0; 1,1,1,1; 3,0; 2,1,1,1,0; 2,2,1,0,0; 1,1,1,1,1; 

Figs. 25 26 27 28 29 30 

h 2,1,1; 2; 2; 2,1,0; 2,1,0; 

I 1,1,1; 1,1,1,1,1; 1,1,1,1,1; 2,2,0,0; 1,1,1; 1,1,1; 

Figs. 31 32 33 34 35 36 

h 2; 4,1; 0; 0; 4,0; 3,1,0; 

I 2,1,1,1,0; 4,1; 4,1,0; 3,2,0; 4,0; 0; 

▼OL.X. 
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Figs. 37 38 39 40 41 42 



h 


2,2,0; 


2,1,1; 


3, 0, ; 


3; 


0,0; 


0,0; 


I 


2,2,0; 


2,1,1; 


2,1,1; 


0,0,0; 


2, 1, 1 ; 


2,1,1; 


igs. 


43 


44 


45 


46 


47 




h 


0,0,0; 


4,0; 


0,0; 


3; 






I 


3; 


2; 


2,1,1; 


0,0,0; 


1,1. 





I wish to state, in conclusion, that I am indebted to Dr. Story, of the Johns 
Hopkins University, for most of the matter of the preceding pages. A number 
of the curves also were pointed out by him, and, in carrying out the work, I 
have derived much assistance from his suggestions. 
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On Critic Centres. 



By Frank Morley. 



§1. The twelve lines each containing three of the nine inflexions of a cubic 
will intersect in twelve other points. For, taking any such line, through an 
inflexion on it three other lines can be drawn. We have thus ten of the lines; 
the other two contain the other six inflexions, and intersect in a point which is 
not an inflexion. From the twelve lines we get twelve points, which are clearly 
the critic centres or possible double points of all cubics having the same 
inflexions as the one considered. 

For the canonical form 

U= x^ + y^ + z^ + 6mxyz = , 
the inflexions (/) are 

1 — 1, 1 — o, 1 — o*, 

— 101, — oOl, — G)*01, 

1_10, 1—6)0, l—cj^O, 

where 1 , o , o' are cube roots of 1 . 

The twelve lines (Z) are seen to be 

«» x + y + Zj ox + y +Zy o^x + y +2, 
y, x + ay+a^z, x + (jy + z, x + (Jy + z, 
z, sc + o*y + 6)z, X -{- y + oz, x + y + ohj 

each column of three lines containing the nine points /. 

Now the harmonic polar of a point of inflexion, say 0, 1, — 1, isy — z. 
For the polar conic y^ + 2mzx = z* + 2mxy breaks up into this line and the 
inflexional tangent y + z — 2mx . Thus we have corresponding to / the nine 
harmonic polars 

y — z, y — ^^z, y — (^z, 

— a; + 2, — o^x + z, — 6)X + 2:, 

x — y, x — (i?y, x — G>y, 
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so that the line corresponding to any point is got by writing the coordinates as 
coeflScients, interchanging o and c?. The points corresponding to the lines L 
(i. e. the critic centres) are seen to be 

10 0, 111, G)« 1 1, G) 1 1, 

10, 1 a)*G), 1 o» 1, 1 o 1, 
1, 1 6)^ 1 1 oS 1 1 o, 

so that the point corresponding to any line is got by writing the coefficients as 
coordinates, interchanging o and cj*. From the symmetry the critic centres 
might be called the harmonic poles of the corresponding lines of inflexions. It 
is clear from the tables that the three harmonic polars of collinear inflexions 
meet in a point, .the harmonic pole of the line of inflexions (an obvious property 
which I have not seen stated) ; that reciprocally the four harmonic poles of 
concurrent lines of inflexions lie on a line, the harmonic polar of the point (just 
as four lines L pass through each point /). Each column of three points forms 
the same triangle as the corresponding column of the lines Z; on the sides are 
the nine inflexions, and through the angles pass the nine harmonic polars. 

The points which have x as polar are given by y* + Zwizx = 0,2*+ 2mxy='0 ; 
the chords of intersection are 

j^-\-2mzx — {^+2mxy), if+2mzx — o{z^+2mx}j), j^+2mzx — o'(25*+ 2mxy)=' 0; 

hence the harmonic pole is one, the others are the triangle formed by the 
inflexional tangents and lie on the harmonic polars. The table of inflexional 
tangents is 

— 2mx+ y + z, — 2?wa; + o'y + oz, — 2ma; + «y + w*2J, 
X — 2my + 2, idx — 2my + o*z, o'x — 2my + cjz, 

x+ y — 27712, i^x + cdy — 27wz, i^x + o'y — 2wiz, 

and the polar of 1 , , with regard to the triangle T formed by the first row is 

dT dT 

x = , since -7— = and -7- = ; so that the harmonic pole is the pole of the 

line L with regard to the three inflexional tange^ts. There are two lines L 
through a harmonic pole, and two such points on a line Z; the polar conic of 
such a point (c. g* 0? + 2myz) will touch the lines through it at the other poles 
on the lines. 

To show the effect on a curve of passing through critic centres, we may say 
(what is easily verified) that a quartic through the harmonic poles inflects at 
@ach, the three tangents at points in a column meeting on the quartic. 
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§2. The polar conic of a point xnjiZi or is 

«i^ + yy + Ziz" + 2ot (xjya + yizx + Zyxy) = . 

Eliminating m between this and U, we get for the locus of contacts of tangents 

from 0, 

Q = Sxijz (xjO!* + yif + 2i2*) = (a^ + y + z')(xiy2 + ijizx + Zixy) . 

This quintic Q is seen to pass through 0, the twelve harmonic poles, and the 
nine points /. Now the latter points are also inflexions on Q. For since 

-^ = S7/z{xi3? + ) + 6xia*yz — 3j:* {r^z -\- ....) — {a? -\- .. . .){yiZ + Zjy), 

the tangent at , 1 , — 1 is 

» (yi + «i) = a-, (y + z) , 

which passes through 0. Eliminating x between this and Q, 
3 (yi + 2.) a-iyz (y + z) ) ai (y + 2)' + (y^ + z,)\yy + z,^)i 

= K (y + 2)' + (yi + 2i)'(2/' + z*) } {«! (yi + 2i) y« + a^i (y + 2)(yi2 + z,y)l 

or dividing by Xi (y + 2) , 

3a-? (yi + 2i) y2 (y + 2)' + 3y2 {y^ + zOXyiZ/' + 212*) 
— a^ (yi + 2i) y2 (y + z)» — yz (yi + z^Xy* — yz + z*) 

— a^ (yiz + ziy)(y + z)' — (yi + 2i)'(y' + 2')(yi2 + ziy) = o ; 

the terms of which y + z is not an apparent factor may be written 

3yz (yi + zi)» J yiy» + ZiZ* + yz (yi + Zi) | — yz (yj + 2,y(y* + z* + 2yz) , 
or 3y2 (yi + Zi)' (y + 2)(y,y + 2,2) — y2 (yi + 2,)* (y + zf. 

Dividing by y + z, 

2a^ (yi + 2i) yz (y + z) — a:? {yiZ + Ziy)(y + z)* — (yi + 2,)»(y' — y2 + 2»)(yiZ + Ziy) 

+ 3yz (yi + 2i)«(yiy + 212) — y2 (yj + 21)% + z) = . 

The terms of which y + z is not an apparent factor may be written 

(yi + ZiYl 3y2 (yiy + Ziz + yi2 + 2,y) — (y* + 2* + 2y2)(yi2 + 2iy) |; 
or (yi + zif { Syz (y + z){yj + z,) — (y + z)«(yi2 + 2,y) \ . 

Dividing by y + 2, 

*i 1 2yz (yi + zi) — (y + 2)(yiz + 2iy) | + (yi + 2i)'| 3y2 (yi + 2,) 

— (y + 2)(yiz + Ziy) I — y2(yi + zi)^ = 0, 
or 2yz (yi + z,) — (y + 2)(yi2 + Zjy) = , 

or (y — z)(yiz — Ziy) = . 
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Thus the lines joining to I are inflexional tangents to Q, and meet Q again 
on the corresponding harmonic polars. 

From the equation of Q it passes through the intersections of 

^i^ + Viit + Zi2* = 0, x^yz + y^zx + z^xy = 0, 

which are the four fixed points on the polar conic of with regard to CT. If we 
write X, Y for the special cubics ^ '\- y^ '\- 2^, 3x^2 ; X\ F' for the first polars of 
with regard to them ; JT", F" for the second polars ; X'", F"' for their values 
at 0, then the quintic and its polars may be seen, by successive operations with 

YX^' = XF", 
TX" + FX'" = X' F" + XF'", 

or, since there is the identity, as may be seen by ordinary algebra, 

F'X" — FX'" = X' F" — XF'", 
the cubic is FX'" = XF" or F'X" = X' F" ; 

differentiating either, the conic and line are 

F'X'" = X'F'", 
F"X'" = X"F'". 

From the first form for the cubic it goes through /and 0, and from the second 
it .meets the polar conic at the points X' = 0, F' = 0, and the polar line at the 
point X"=0, F" = 0, which is the fixed point on the polar line of with 
regard to U. The polar quartic passes through the same point (P suppose), so 
that OP is a double tangent to the quartic. 

We have now to show that Q is the general form of a quintic through the 
21 points. A quintic about the triangle of reference is 

x^ ipiV + Ciz) + y^ {ctz + a^x) + 2* {a^ + %) + x^ {e^ + /jz*) + f (/^z* + d^) 

+ z'id^ + enf") + xyz {a;x? + htf + c:? + 2fyz + 2gzx + ikxy) = . 

Putting a = , 

yz {c^ + h^i + f^y^z + ej^z^) 

must = yz {y^ + z^) , 

and Cj = &3 = a, 03 = c^ = /? , J^ =: 02 ^ y, 

so that the curve is 

ayz {y^ + ^) + ^zx{z^ + x^) + yxy {x^ + y^))^^ 
+ xyz {aa? + by^ + ct? + 2fyz + 2gzx + 2hxy) ) 
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Substituting 111, oil, o'll, 

2(a + /3 +y) +a + b +c +2(/ +g + h) =0, 
2 (a + /?o + yo)) + a + 60 + co + 2 (/o + firo)' + 7*o«) = 0, 
2 (a + i^o' + yo)') + a H- 60* + CO* + 2 (/g)* + gc^ + ho) = 0, 

.-. 2a + a = 0, 

or a = — 2a, 7> = — 2/3, c = — 2y, 

.'. /o' + g + h = 0, 
fQ + g + h=0, 

/. gr + A=o,A+/=0,/+flr=0, or /,g,h=0. 

Hence the general form is 

ayz{t/^-i'^—2a^) + (3zic{^ + or" -- 2/) + yxi/{x^ + y^— 2^) = 0, 

which is clearly equivalent to Q. 

We have not used the points loo*, 1 0*0, and need not have used 1 1 1 ; so 
that a quintic through / and nine of the harmonic poles goes through the other 
three. Moreover, it goes through them without being further defined, and still 
contains two parameters. There is here a remarkable anomaly, for, while 
twenty points determine a quintic, we have a quintic through twenty-one points 
with two disposable constants. 

For the other intersections of two such qu in tics we have 

^1^ + yiy^ + ^^ _ ^ + y^ + ^ _ ^ 

or Xi (x* — ayz) + ,...=: 

and Xi {x? — ayz) + ,... = , 

a? — ayz 



• • • • 



= 0; 



yi22 — ^ly? 

or since x^ + y^ + ^ — Saxyz = , 

X y z 

ari yi 2i 

that is to say, the remaining four intersections of two quintics whose parametric 
points are 0, 0' lie on the line 0(7. These will be fixed for quintics Q +XQ, 
for their parametric points will be on 00', but not for quintics whose parametric 
points are off OO. Hence though quintics through nineteen fixed points 
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pass in general through six other fixed points, in this case we have quintics 
through twenty-one points whose remaining intersections may lie on any line 
not through the points. (If the parametric point is one of the twenty-one 
points, it is easily seen that the quintic splits up.) The proof that the other 
points of intersection are fixed is evaded by the existence of the two parame- 
ters (see Salmon's Plane Curves, p. 18). As was seen above, the twelve harmonic 
poles count only as nine conditions in fixing the quintic. 

§3. It is clear that most of §2 is true in general. Let U, V be two n-ics, 

J J J 

and let ^ denote a - — h h -z — h c —r- • Eliminating 2, from 

we get Q=V^U—U^V=0, 

a (2n — l)-ic through the n^ intersections, and also the 3(n — 1)* critic centres, 
for which 3l- 3l-3.- 1?- JL 

The first polar of a, J, c or is 

which passes through U=0, F=0, Hence the tangents to Q at these points 
go through 0. The points of contact of the other tangents from lie on 

^v.eu—^u.ev=o, 

which touches § at 0, the common tangent being 

^'^ U being a constant. 

To get the vth polar we may expand ^"(F^CT — U^V), remembering that 
Leibnitz's theorem applies to i^, or use the more convenient form 

^^+i(7Cr)_2g''(gF.?7) — = 0, 

where now in each expansion we stop half way, i. e. keep only the terms in 
which the power of £ acting on the first factor < that acting on the second. 
The equivalence of the methods is clear if we write down the expansions. The 
polar cubic haa a singular property ; its equation becomes 

n^"-*F.£»-^Cr+3(n— 2)^'*-8F.rCr— =0, 
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where, as above, the — precedes terms got by interchanging U and F. Now 
identically ^''-•F.i^'^-^Cr— ^'^-^F,^''?/— = 0, 

for if we operate with ^, the left vanishes, and it also vanishes if a;, y, 2j= 0. 
Hence the polar cubic is either 

^"-*F.^''-icr— = 0, 

or ^--^V.^^U — = 0, 

and passes through the intersections of 

^"-^IT, ^^-^F; g**-*Cr, g'^-^F; ^'^-^ U, ^^-'V. 

Thus the fixed point Pi on the polar line of with regard to U+ ^V, tlie four 
fixed points P2 on the polar conic, and the nine fixed points P^ on the polar 
cubic lie on a cubic through 0; OPi is a tangent at to the cubic, and OP^ are 
tangents at P^* 

Let Q be the curve obtained from a'b'cf or (7. Then for the intersections 



A possible set of points is 



UIVz=zj^VliV=^'U/^'V. 



cr=o,^£r=o,^'f7=o, 



or xUi'\- yU% + zUz= 0, 



whence 



X 


y 


z 


a 


b 


c 


a' 


V 


c' 



= 0. 



The remaining (2n — 1)' — v? — 3 (n — 1)* or 2(n — 1) intersections /. lie on 
00. These are fixed for Q'\-'^Q, but not for curves whose parametric points 
lie off 00. Since {2n — 1)(^+ 1) conditions fix a curve Q, and besides the 
n* + 3 (n — 1)* we require two more, it appears likely that all such curves 
through all but n* + 3 (n — 1)* + 2 — (2/i — \){n + 1) , or (n — 2)(2/i — 3) , of 
the critic centres pass through the rest. I have not noticed a similar difficulty 
for curves of even degree ; but, at least for the case of the critic centres, the 
accepted theory appears to require limitation. 

Haverford CJollege, Pa., October, 1887. 

YOL. X. 
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% 

Note. — Professor Cay ley has kindly cleared up the difl&culty stated above ; 

it comes under Bacharach's addition to Cay ley's original theorem. See Cay ley, 

" On the Intersection of Curves," Math. Annalen, Vol. XXX (1887), pp. 85-90; 

Bacharach, ib. XXVI (1885), pp. 275-299.' On the point in question. Professor 

Cayley writes : ** In fact, four points may be represented by Pi = 0, Q^=iO] we 

have the quintics A^Pi + BiQ^=z 0, AiPi + B{Q^=0, meeting in these four 

points and in twenty-one other points ; the quintic A^B[ — A^B^ = passes 

through these twenty-one points but not through the four points — or generally 

ive have 

a {A,Pi + B, Q,) + a' {AiP, + B[ Q,) + y {A,Bi - A',B,) = , 

a quintic through the twenty-one points but not through the four points." Thus, 
when we have shown that two {2n — l)-ics through the n* intersections and 
3 (n — 1)* critic centres of two n-ics meet again in points on a right line, we do 
not expect other (2n — l)-ics through the n^ + 3{n — 1)* points to share the 
other 2(n — 1) points. 
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§1. 

Assume the binary quantic to be 

(aoi «ii «a, )(a:o, ari^, 

wherein it will be observed the variables are written x©, arj, and moreover are 
supposed hypothetically of weights and 1 ; any coeflScient in the quantic has 
thus the same weight as the combination of variables which it affects. 
Write any two covariants of this quantic 

v = (jBo, jBi, J?8, )(cro, Xi)', 

and represent the differential operation 

cP + g 
dxgdxl ' 

by ^m or by r,M. 

according as it takes effect upon u or upon v ; the operation of Ueberschiebung 

of order x is then symbolically (^o>7i — ?i>7o)*» 

and noting that 

s\ a^ 

we find at once 

= (Jo, A. -4*. )(a"o. a:i)— '(-B., 5,+i, 5,+j )(arj, a^)?-* 

— »(^i, ^», ^3 )(«o. a:i)'~''(^«-i, -5., J?.+i )(jCo, ah)'"' 



V — ic 



• • • • 



or if we write {A^, A+i» ^(?+« » • • • OC^o* a^)' *= ^^i 

\Bg,^ -6^+11 Bgi^^j . . . .)(a:o> ^i)''"*^^^'! 

we may exhibit the result in the symbolic form 

"7"''':;"' «»''.-&'")-=ff-^)-. 

wherein (2 — S)" is to be expanded in the form 
aTid then each power changed into a suffix. 
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Hence, neglecting a numerical multiplier, the source of the covariant 

(^o>7i — ^inoY 

is in a symbolic form (A — J?)*, 

or at length 

A^B, - xA^^.B, + fc^^ A^,B, -.... + {-YAB^. 

Giving X the values 0, 1, 2, 3, .... , 

we write down the series of seminvariants : 

AqBq, 



each source is derived from the next preceding by the operation of 

^i9^, + -^At + . • . • — Bids, — B^dg^ — 

and further, each is annihilated by 

A^^^ + 2A^dj,^ + .... + B^g^ + 2B^ds, + .... 

§2. 
Write the reversor 

P«l9ao + (P — 1) «89a, + (p — 2) 033^, + + «p9ap^i 

in the form 

9 {«i9ao + (^ - 7) ^^«x + (^ ~ 7) ""^^^ + ••••+ 7 ""^K-i] 
= p5 suppose ; then 

u — A^Q + p5^o4"^a^i + -gf p*5*-4o4"*ai + . . . . 

but if the quantic be actually supposed of unlimited order, and Aq be of 
degree-weight (a, w), then 

h = aida^ + a^da, + dzda^ + ...., 

p = — in the Umit, 

^ a 
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and the asymptotic form of the covariant u is 

or symbolically, ^^/^i • ^ — Y^l . 

\ Xq a / 

The process of Ueberschiebung now gives the series 



and in general, 

or with the proviso that (5 A)^ = ^^-^o = A 5 ^^A = {^^oYj t^^is is, in symbolic 
form, (/?Uo — aSBoY. 

The result just obtained is seen to be identical with that given by M. Perrin, 
and partially also by M. Maurice d'Ocagne, in recent numbers of the Comptes 
Kendus of the Academy of Sciences in Paris.* 

§3. 

Transformation of the Foregoing Results. 

Consider the quantic with derived coefficients 

(oo, l! Oi, 2! a,, )(a:o, XiY] 

the sources become transformed into symmetric functions of the roots of the 

equation afpi^ — aix**"^ + a^x^"^ — . . . . =i (n = oo ) 

in which no root occurs raised to the power unity ; (N. B. — These have been 
elsewhere called non-unitary symmetric functions) ; 
the reversor 

P«l9ao + (P — ^)(^%^a, + (P— 2)0380, + 

becomes p {aida, + ^2^a^ + ^(^s^a^ +....) 

— 2(a,a«, + Sa^a. + 6a^da. +' ), 

* The conneotion of the result with the process of Ueberschiebung, and the fact that it is merely its 
expression qu& sources of quantics of unlimited order, was not mentioned by either M. Perrin or 
M. d'Ocagne. 
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wherein the numerical coefficients in the last portion of the operator are the 
successive triangular numbers. 

Writing this reversor p^i — 23, , 

it is necessary to separately examine 8i and ^2* I^ut 

d,, = aoda^ + «i9«;,^i + as9a;,+, + i 

so that ^ J d^ - ax-n , 7 ^a-h 

^ ^ ^0 ^0 

wherein A^ denotes the sum of all the homogeneous products of the roots of the 
equation, of weight w] thus, 

CC J 1 Clj 1 • • • • 

whence 

^1 = «i9a, + 2a,3„i + 3a83a2 + ^^at + . . . . 

+ 

_ aA J ai^i — 20,0(^0 Oi^, — 20,00^ + SagagAo , _ 

— — — rfo -5 <h T „8 «s . . . . 



A = co 



_ V^ (—\>^ Oi^x — 2a»ao^A-i + 3ata^x-»— + (— )*"'"'<Sb,a; ~^A;,_,+ i + . . . . 



A=0 

A=:0» 



= / ( — ySx+id,, by a known formula. 

A = 

Sy denoting the sum of the r*^ powers of the roots. 

.*. Oi = SicIq — S^di + /^^{j — .... 
Similarly 

is = a^da^ + 3a89«, + 6049^^ + . • • • 

+ 3a,(Ao — - Ai-^ + A,_i _ . . . .) 

+ 6a4 ( Aq — ^1— r + ^-4" — ....) 

*V " Oo a? 0? / 

■y" • • • • 
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— — — Oi -5 Oj '■\ -3 Ws • • • • 



Asco 



=I^(-r' 



«o"^ 



A = l 



jaA-i — 3a3ao^x-8+ ea^aJ^A-s + •••• + (—)^"*"*-2''^ ('^+1) a i«J ^Ao[^; 



A = oo 



= / ^ ( — )^"*"^ASA4.idA by a known formula. 

A = l 

/Sa-i-1 denoting the sum of all those symmetric functions of weight X+1 which 
involve two and only two roots in their expression ; thus, 

where p -\- q^%+ 1 , 

2>>0, ^>0. 

"We thus have 

B,= Sidi— S^dt + Std,— , 

and pSi - 25, = pS^d^ — (pS^ + 2Si) d^ + {pS^ + 2^,») d, — ; 

* The coDStruction of the analogous function 

when expressed in terms of the literal coefficients may be exhibited as follows. Let 

c^*oJf^ .... fl^, .... of* 

be any product of coefficients of weight w ; the corresponding partition of w consists of f^i ones, H2 twos 
and so on, and is represented by 

{V'T' «^- r); 

we form the function 

#=1 #=1 » = i « = i 2! ,=,1 rl(« — r)! 

=iro+iri.T+ir^ + — +Tr^ + , 

andthen Mr4.ir4.r4.i (W^q— 1)1W; 

As a Teriflcation, observe that 

Si + -Si + . . . + -s^ = 2 jriT'^ 1' , (^"-i) ' \ ^t- »"»+ «"»—•• +(-)"+'»"» f «?•«?• . • • «r' 

/'_\H^o+H^, TIT? 

//l!//3!...;Ki<l 
= Afo as should be the case. 
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^1 and ht are each separately reversors ; expressed by means of partitions, we 

find 5i = (l)rfo — (2)<^ + (3)d;— (4)^3+ 

3, = (l')(ij-(2l)ci,+ {(3l) + (2»)}rf3-{(41) + (32)}<?,+ .... 

§4. 

Operation of the Reversors upon a source witick is symbolically expressed hy means 

of Partitions. 

It is well known that any source may be expressed symbolically by an 
aggregate of partitions of its weight, the parts of each partition being drawn 
from the natural numbers to w inclusive, unity alone being excluded ; and 
further, that the highest symbolic number occurring in the aggregate represents 
the degree of the source in the coeflBcients ; the operation of d^ upon any such 
partition is seen by writing 

and remarking Hammond's theorem that D^ operating upon a partition has the 
effect of striking out therefrom one symbolic number tc when such is possible, 
and an annihilating effect in every other case. It is hence manifest that hi intro- 
duces, by the operation of its member 

(l)c«o, 
symmetric functions whose partitions contain at most one unit; also in the 
operation of ^2) (1*) will not appear as a multiplier, since in the present case 
di = Z>i = 0, and Sl{X^2) is expressed by employing merely a single unit; 
whence h^ also introduces partitions which contain at most one unit, and so also 
does any linear function of ^i and h^ . 

This is obvious, too, from the consideration that any coefficient is derivable 
from the next succeeding one by the operation of 

the effect of which is to obliterate a non-unitary partition and to take away one 
part unity from all unitary partitions ; we now see by a process of induction 
that a covariant coefficient, s removes from its source, is expressible symbolically 
by means of partitions, no one of which contains more than s parts equal to 
unity. 



Vol. X. 
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§5. 

Genei'dl Form of a Covariant. 

Denote by d, 

any assemblage of non-unitary positive integers, the sum of which is w + s, and 
of which no number exceeds 6 in magnitude ; any two covariants then assume 
the forms 

{eo)^l+s\{doi) + {e,)\:tr'x, + s.s-i{{doi') + {e,i) + (^oi^-Vi + ...., 

to which, applying Ueberschiebung of order x, there results the source 

- \ (0,1) + (00 \ \ (4>oi'-^) + (4'ii-') + .... + (4>.-i) } 

"■^ • • • • 

an expression which consists of-- {x + l){x + 2){x + 3) binary products, and 
which may be put into the form : 

J=K 

J = 

J = IC~ 1 

-Y^m){%v-'-') - {e,i){^jv-'-*) + (0,1^1'-'-') 

"■^ • • • • 

+ (-)'(0«)(<?»o); 

or as the double sum 

which constitutes the partition expression of the source of the covariant which 
is derived from Ueberschiebung of order x applied to the two given covariants. 

(x -4-1. )(x -4- 2) 
The source clearly consists of ^ (=1+2 + ... . + x + l) distinct 

parts, or members, a number which, in the general case here considered, cannot 
be exceeded, and which usually will not be reached. 
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Theorem. **Each constituent member of a source is itself a semin variant" 
For operating upon any expression of the form 

(0)(4.i') - m){^v-') + .... + (_y-x0i'-»)(<?»i) + {-yiei'm 

with the annihilator d^ = D^ {ante), 

we find 

(0)(4,i'-^) - (0)(4.i'-^) + (01)(4>1'-*) - {ei){^i'-') 

+ .... + {-y-\6i'-^){^) + (-)'(0i'-i)(,^), 

which vanishes, the terms destroying each other in pairs. 

Each constituent member is therefore a non-unitary symmetric function, 
and the process of Ueberschiebung is seen to produce sources, each of which is 
an aggregate of symmetrical members of the same type.* 

§6. 

Incorporation of Tvdo Sources. 
I call, provisionally, the expression 

the incorporation of {Q^ and {(p^ of order x, or say the x^^ incorporation of {6^ 
and (4)o)* I denote this by | (0o)(<?>o) I *• 

From the previous section it will be seen that the x**^ Ueberschiebung of (0o) 
and (<^o) is composed in general of 

1 incorporation of order x, 

2 ** " x—\, 

3 ** ** x—2, 



x+l '' '' 0; 



* This theorem may be extended in the following manner. Forming the expression 

(ei->)(^i')-»(»i')(^i'-') + ^^^|f^ {fli-+>)(^i'-')-. . • • + (-)'^^^^7i-(«i'+'-')W, 

and operating with D^ we find 

(91— )W) - («-i){<?i— ) w-')+ ^^p (ei')(*i'-') -. . . . + (-)• - [^J^^^ll (W+'-')W , 

which is derived from the former by writing 8 — 1 for 8 ; whence, assuming it to have been shown that 
the latter expression is expressible by partitions each of which contains at most 8 — 2 units, it has been 
proved that the former is expressible by partitions each of which contains at most 8 — 1 units ; it has 
-been proved to be true in the latter case when 9 = 2, and hence by induction the theorem is true for aqy 
value of 8 . 
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thus a j^^ Ueberschiebung is composed of a x*^ incorporation of the same two 
sources, together with other incorporations of lower order ; conversely, a x^^ 
incorporation is expressible by means of a x^^ Ueberschiebung of the same two 
sources together with incorporations of lower order ; hence it is an immediate 
inference that a x*^ incorporation is expressible by means of a x^^ Ueberschiebung 
of the same two sources together with Ueberschiebungen of lower order. The 
forms which here present themselves do not in general belong to the original 
quantic, and for this reason, in what follows, the quantic will be supposed of 
indefinite order unless the contrary be expressly stated. 
If in the x^^ incorporation of (0o) and {^^ we write 

(<?>olO = ^. 
it assumes the form 

a^h^ — ai6^_i + a^K_^ — + (— )'«A, 

which is the source of a covariant of the system of two quantics 

(ao, l! ai, 2! a^, )(xo, Xi)% 

(60, l! 61, 2! 6jj, X^o, x^y^ 

from the simple fact that d^ {%l^) = {^V"^), 
it is evident, d priori^ that if 

be the source of any covariant of the system of quantics 

(ao, l! ai, 2! a,, )(xo, x^^, 

(60, 1! &i, 2! &,, )(cro, Xi)^ 

(Cq, 1. Cj, 2. Cj, . . . )\Xq^ Xi) *, 



the expression 

f\{%). (^ol), (^ol') . . • . (<?>o), (<?>ol), (<?>ol') . • . . (^0), (^ol), {^,1') . . . .} 

must be a seminvariant ; the partitions refer as usual to the same quantic of 
infinite order. 

The process of incorporation is thus a very particular case of this general- 



ization. 
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§7- 

Binomial Syzygies. 

If ^0) 4>o> ""I'D retain their original significations, we may write down the 
absolute identity {B^ , (4)9) , (■4'o) 

(^o) , («?»o) , (4) = , 
(dol), (<?)ol), (^ol) 

that is, (0o) \ (<?)o)(^.l) - (<?>ol)(^o) } 

+ W K^o) (<?>ol) - (M) (<?>o) } = ; 
this identity manifestly represents a syzygy between the three compound semin- 
variants (d„) { (<?),) (^-ol ) - (<?)ol )(^o) \ , 

(«?'o)U^.)(M)-(^ol)(eo)h 

(^.)Ke.)(4'«i)-(eoi)(<?>o)h 

an application to the theory of perpetuants may be at once shown, for write 

(00, 4>o, 4o) = (2*, 2\ 2-), 

and then (2')| (2')(2'*1) — (2M)(2'*)} 

+ (2^)](2'*)(2n)-(2''l)(2')} 
+ (2'^){(2")(2^1)-(2n)(2^)}=0; 

the expression (2^)(2''l) — (2M)(2'*) , 

as well as the other two expressions obtained from it by the cyclical substitution 
(xXu), consists, when developed in a series of monomial symmetric functions, of 
quartic and cubic perpetuants ; as a consequence, the identity represents a sextic 
syzygy between binary products of quartic and quadric perpetuants. 
Putting now ^=0, there results the identity 

(2-)|(2*)(l)-(2H)} 
+ (2^)K2'1)-(1)(2')} 
+ {(2')(2^1)-(2''1)(2*)}=0; 

herein (2*)(1) — (2H) = (32*-i), 

(2'1) — (1)(2'') = — (32*-^); 

whence (32''-')(2'') — (32''-')(2*) = (2*)(2''l) — (2M)(2''); 

remarking that the right-hand side of this identity consists wholly of quartic 
and cubic perpetuants, we see that we have here exhibited a quintic syzygy 
between the binary products on the left-hand side. 
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It is easy to see otherwise that we have the congruence 

(32^-^)(2'') — (32''-^)(2^) = mod a , 
for (32^-^)(2*) — (32''-^)(2^) 

certainly contains when developed no symbolic numbers greater than 5 ; but also 
AU32'"')(2")— (32"-^)(2^)} = (2^-i)(2^-i) — (2^-^)(2^-i) = 0; 

so that the symbolic number 5 does not occur; and also 

D, \ (32^-^)(2*) — (32^-i)(2^)} = (32^-»)(2^-^) — (32*-«)(2^-i), 

which does not vanish; the symbolic number 4 does occur therefore in the 
development, and this establishes that the expression 

(32^-^)(2^) — (32*-^)(2^) 

contains as a factor the seminvariant a raised to the first and to no higher power. 
The above written congruence is thus verified. 

Moreover, the syzygy that has been obtained, includes, for suitable values of 
X and X, every quintic syzygy in the theory of perpetuants. 

To establish this it is merely necessary to note the effect of operating upon 
the left-hand side with Dg; it is then seen that to a syzygy, of weight tt?, corre- 
sponds invariably either a quadric or a quartic compound form which is not a 
perfect square ; since the generating function for these forms is 

Q? . a? a? 



+ 



it at once follows that the generating function for independent syzygies is 



x\ 



a? x' 



1— a^.l— a?* 1 — a;^.l— a;*' 

which we, otherwise, know to represent the total number (cf. Hammond, Amer. 
Jou/m. Math., Vol. 4, p. 218). 

Reverting to the above general sextic syzygy, let us suppose 

and then operate upon the identity with 

^; 

we thus obtain (2'-'^){(2^-'*)(l) — (2^"^)} 

+ (2^-'^)](2'^-'^l) — (1)(2-'^)} 
+ j(2«-'*)(2^-'^l) — (2*-'*l)(2^-'^)} = 0, 
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which is equivalent to the result obtained by simply giving fi a zero value 
in the original identity. In Professor Cayley's language, the effect of the 
operation of D^ is, in the present instance, to decapitate the identity. We have 
in fact here performed ^ successive operations of decapitation, and we have 
thereby arrived at the most general quintic syzygy ; it hence follows that the 
sextic syzygies we are now discussing are those derivable by an infinite number 
of processes of (4.2) capitation of the quintic syzygies. Their generating is 

manifestly x^ x^ ^ 

{\—x')(l — x') ' 1 — x'' ~ {i^a?){l — x^j{i—x^) ' 

altogether, syzygies, enumerated by means of the generating function 

x'^ 



{l—af'){l—x%l — x^) 

are exhibited in a crystalline form by means of a single absolute identity. 
As another example take 

(00, <?>o, '»i^o)=(2^ao, 3^2'^), 

and then (2'^){(3^2'*1) — (l)(3''2^)f 

+ (3^20](2«)(l)-(2n)f 

+ ^(3^2'*)(2''l) — (3^2''1)(2'')} =0, 

an identity which will be shown to represent every binomial sextic syzygy in 
the theory of perpetuants. It may in fact be written 

(43^-i2'^)(2«) — (3^2'*)(32"-^) =|(3^2^)(2n) — (3^2''l)(2^)}— (X + l)(3^+^2'*-^)(2''), 

and hence a reference to my first paper on perpetuants in the American Journal 
of Mathematics (Vol. 7, p. 26) will show that the statement is true. 

The fact is, that all simple syzygies may be exhibited and enumerated in a 
precisely similar manner, but it is not appropriate to further multiply examples 
of the method. The discussion of the capitation syzygies in general is, from 
their inherent nature, a far more difficult matter, and all that will be done here 
subsequently will be to indicate to what extent progress has been made. 

Particular Forms of Incorporation. 
Consider the form 

1(2^), aop = (20(1'") - (2^1)(1'^-^) + (2-'l«)(l"-«) -.... + (-)-(2^1-), 
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and the result of expanding it in a series of monomials. Since 

A|(20,aor=|(2^-»),aor-\ 

it appears that having expanded |(2'^~^), ao|"*~\ we have merely to capitate 
each partition therein presenting itself with the symbolic number 3, in order at 
once to obtain all those partitions in the expansion of 

1(20, «.r 

in which a symbolic number 3 appears ; thus, since 

1(2^-1), aor = (32^-«), 
we at once find |(2^), ao|*= (3*2^-*) +....; 

hence, to obtain the general formula, it is only necessary to find that term in the 
expansion which is made up wholly of twos. Such a term only exists for an 
even value of w, and the only product of partitions in 

which can possibly give rise to it is 

(_)i~(2iii«)(ii~), 

the expansion of which includes the term 

(see Cayley, A. J. of M.^ Vol.*7, p. I); hence, by an easy process, we reach the 

formula '<};^ /. ^.^q^M 

1(20, a,|- = £(-)^ fjl"J;^4 (3— 2^-+3.), 

which exhibits the m*^ incorporation of the general quadric form (2-^) with the 
simplest seminvariant a^. Conversely, we can express any single partition 
cubic form in terms of incorporation, s, thus 

(32«)=|(2«+0.«o|'. 

(3»2-)= |(2'+»), e/or + (* + 3)|(2«+''), a,|«, 
and in general 

* = 
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Consider now the incorporation |(3*2^), ad* This form is a quartic seminva- 
riant ; for reasons similar to those above given in the previous case, and which 
are consequent upon the relation 

We need only calculate those terms in the expansion which do not contain a 
symbolic number 4 . The product ( — )'(3''2^1*)(1"'"') which occurs in | (3*2^), ao| *, 
when multiplied out, only produces one such partition, and that one is 

the numerical coeflScient attached to it is (vide Cayley loc. cit.) 

{x + m—28)\ (jl — m + 38)! 
x\ «!(m — 28)! (;._m + 28)r 

hence the following formula : 
l(3''2^),ao|'* = 

The incorporation of two quadric forms may be expressed similarly. If we wish 
to incorporate the seminvariant 

1(2'), ao|'* = (2')(l"') — (2n)(l~-^) + + (—)**( 2^"*) 

with Oq, we may proceed in more than one way, but only one really distinct 
result is obtainable for each order of incorporation. Remembering that the 
expression 

(2*1')(1") — {8+ l)(2n'+^)(l~-^) + ^±ij* +^ (2n'+*)(l'*~») 

consists, when expanded, of partitions containing at most s units, we may form 
the incorporation of order t : 

{(2'')(1«) — (2'l)(l--i) + + (— )-(2'l")}(l*) 

— {(2«1)(1")— 2(2'l»)(l"-») + + (— )"m(2'l"+^)|(l*-») 

+ {(2'1«)(1-) — 3(2'1=')(1"-^) + .... + (— r^r^(2'l"+*)f(l'-«) 

/t I 

+ (-y{(2U0(l") -(<+ l)(2'l'+0(l--0 +.... + (-r ^-^ti^' (2«^ 
Vol. X. 
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which is 

(2')(i»)(iO - (2-1) Al (i-'Xi')} + (a-i*) m (i-)(i*)} 

— + (— )-+*(2'i-+') z)r+'{(i")(i') }, 

as may be seen by making a rearrangement of terms. Now 
(1")(1') = (2*1—*) -\-{m — t+ 2)(2'-^l"-*+*) 

.-. DJ I (1") (!')} = (2'1'"-*-') + (m — < + 2) (2«-ii>"-«— +») 

^ (to — <+3)(m— <+4) .2<_,j«_,_,+4> _^ 

whence the incorporation of 1(2"), aol* with ao may be written : 

(2')(2'1— *) — (2''1)(2*1"'-'-') + (2*l»)(2*l"-'-») — + (— )*-*(2'l*-')(2') 

+ («i — < + 2)K2')(2'-^l«-'+») — (2'l)(2'-4— ^^) + . . . . +(— )"-'(2«l"-'+»)(2^») j 

+ 2lV-t+% ^<^'>(^'"'^"-^"^)-'-'-^ 
+ 

or finally as 

thus the incorporation which is competent to produce every quartic form is 
expressible by means of incorporations of quadric forms. Generally it will be 
found that every form of degree n can be obtained by incorporations of quadric 
forms with forms of degree n — 2. 

§9. 
Capitation Syzygies. 

Consider the two cubic forms 

|(2'),aor = (2«)(l)-(2'l), 
|(2''),aor = (2'')(l)-(2n), 
from which 

(2-), a„p.|(2''). aoP = (l)'(2')(2'')-(l){(2')(2''l) + (2'l)(2'')}+ (2«l)(2''l), 

= (2)(2')(2'')+2(l»)(2')(2'') 

-(1){(2')(2''1) + (2'1)(2'')} + (2n)(2''l); 
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hence 

|(2«), a,\\\{2>^), a„|^-(2)(2«)(2'') = (2-)|(2''), a.r+(2'')l(2'), ao|»-|(2'), (2'')|'; 

wherein the sinister contains sextic compounds and the dexter consists of quintic 
compounds, quartic compounds, and quartic, cubic, and quadric perpetuants. 

We have here, therefore, a syzygy. As a simple example, put ;c = ^ = 1 , 
and then 

(3)(3)-(2)(2)(2) = (2)j- 2(2»)f + (2){-2(2«)} + (42) + 2(3») + 6(2»), 

or (3)» — (2)" = — 3 (42) + 2 (3») — 6 (2") , 

and this is the syzygy which yields the discriminant of the cubic. This general 

result arose by putting 

(1)» = (2)+2(1«), 

or we may say it came from the congruence 

(1)* — (2) = 0modao. 
Consider next the congruence 

(17 — 2 (1)(1') — (2«) = mod ao; 
proceed as follows : 

|(2«),a„|*.|(2''),aor 

= (l<)(2-')(2'') — (1»)(2'1)(2'') +(1»)(2''1«)(2'')— (1)(2'1'')(2'') + (2'1*)(2''), 

|(2').ao|».|(2''),aor 

= (1)(1')(2')(2'') — (l)(l»)(2"l)(2'') + (l«)(2'l)(2''l) — (1)(2'1»)(2'') + (2n»)(2''l) 

— (l»)(2')(2n) + (1)»(2'1»)(2'') — (l)(2'l»)(2n), 

|(2«),a,|».|(2'').ao|' 

■= (1»)»(2')(2'') —(l)(l»)(2')(2''l) + (!»)( 2')(2''1») — (1)(2«1)(2''1») +(2'l»)(2n») 

— (1)(1»)(2'1)(2'')+ (1»)(2"1'^(2'') - (l)(2n»)(2''l) 

+ (l)»(2«l)(2''l), 
(2'),ao|\|(2''),ao|» 
=(1)(1»)(2«)(2'') — (l)(l»)(2«)(2''l) + (l»)(2'l)(2''l)— (1)(2')(2''1») + (2<1)(2''1») 

— (1»)(2«1)(2'') + (l)»(2')(2n») - (1)(2'1)(2''1») , 

(2«),ao|''.|(2''),a,|^ 

= (1*)(2«)(2'') — (l»)(2')(2''l) +(1»)(2')(2''1») — (1)(2'')(2-1') + (2')(2''1*). 
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Consider these five identities and subtract the second and fourth from the sum 
of the first, third and fifth ; in the result it will be seen that the second and 
fourth columns of terms on the right-hand side vanish identically ; the third 
column of terms easily reduces to 

-(2)1(2-), (2") I », 

and the fifth column to 1(2"), (2") | * ; 

hence .^^ 

2_^(-)1(2''),«o|-.|(2''),a,|^-« 

a = 

= (22)(2«)(2'')-(2)|(2'), (2'*)|»+|(2'), (2'*)|S 

or finally, this is a formula representing syzygies between (4.2), (3.3) and 
(2.2. 2) sextic compounds of perpetuants. 

It is manifest that this process, here given at length, is perfectly general ; 
the result is that the congruence (jp> 1) 

(p)2_2(p-i)(F+i) + 2 (F-«)(F+«) — ....+(— )^+i2(l)(l*''-i)— (2^^) = mod ao 
leads to the formula of syzygies 

^(_).+i'|(2«), ao|«.|(2''), aol*''- 

a=?=0 

= (2'')1(2'), {2'^)\'-{2'>-')\{2'), (2-)|»+(2'-»)|(2'),(2'')|*-.... 

+ (-)'! (2'), (2") I* 
or, as it may be written, 

a=2p P=p 

^(_)-Hi'|(2"), ao|-.|(2''). aor'P-" = ]^(-)''(2''-'')|(2'). (2'')|^ 
denoting a number of complete syzygies of degree 6 and of weight 2{x + (i+p) . 

§10. 

Consider next the formation of syzygies of uneven weight. Since 

I (2-), ao|« = (1«)(2') - (1)(2«1) + (2'1»), 
|(2''),aoP = (l)(2'')-(2''l), 
A 1(2<), ao|».|(2''), aoP-|(2'), 00^.1(2"), ao|»- (l)'{(2')(2''l) 

— (2'l)(2'')} = 0modao, 
or l(2"'),a„|».|(2''),Oor- 1(2'), «oP.|(2'').a„|»- (2)1(2-'), (2'')P = Omodao. 
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As a verification, observe that the operation of D^ on the sinister gives 

1(2-1), 0,1^2"-^)- (2<-^)l(2''->), aol^- |(2«-^), (2''-»)|i, 

which obviously vanishes identically. 
Proceed now as follows : 

1(2*) a I*. 1(2'*) a P 
= (l)(l*)(2')(2'')' - (1)(1')(2«1)(2'') + (1)(1»)(2'1«)(2'') - (1)«(2'1')(2'') + 

|(2«),ao|».|(2'').a„|' 

= (1»)(1»)(2')(2'') - (17(2'1)(2'') + (1)(1»)(2«1»)(2'') - (l)»(2'l»)(2''l) + . . . . 

-(l)(l»X2«)(2''l) + (l)(l«)(2'l)(2n). 

|(2'),ao|».|(2''),ao|' 
= (1»)(1')(2')(2'') - (l»)«(2-)(2''l) + (l)(l»)(2«)(2n») - (1)»(2'1)(2''1») + . . . . 

- (1)(1'')(2'1)(2'') + (l)(l*)(2'l)(2''l), 

1(2") 00 1^1(20 Ofll* 

='(l)(l*)(2')(2'') - (l)(l»)(2'')(2''l) + (1)(1»)(2')(2''1»)- (1)»(2«)(2''1») + . . . . 

where on the right-hand side the portions omitted contain Oq as a factor. Sub- 
tracting the second and fourth of these equations from the sum of the first and 
third, it will be seen that the first and third of the columns of terms on the 
right-hand side vanish identically, and we find 

« = 4 

53(-)1(2'),ao|'.|(2'*).«or- 

= -Ul7- 2(1)(1=')}U2-)(2''1)-(2'1)(2'')} +(1)»|(2"), (2'')|» + 

whence 

^(-)"l(2'), ao|-.|(2''), aor-+ (2»)|(2'), (2")!*- (2)1(2-), (2'')|8=0 modao, 

a=l 

representing another batch of sextic syzygies. 

The process employed is perfectly general, and enables us to write down 
the syzygy of odd weight : 

]^ (-)-l(2'), ao|«.|(2''), a„l»''+i-«+ ]^(-)''(2'')| (2'), (2'')|»^+i-»^=0 moda„; 
from this syzygy, in the form of a congruence, we can at once obtain the 
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complete syzygy ; for, operating upon the left-hand side of the congruence with 
D^j we must obtain an equation, thus 

^(-)1(2'-»). a„|«-\|(2''-'), a,r- 

a = l 

+ ^(-)^(2^-^) I (2-1), (2'^-^) |»^+i-»^ = 0, 

and herein putting 

{x, fijp.a, ^) = (x+l, fi+l,p+l,a+l, fi+l), 
we obtain 

a = Sp + l P=p 

a = /5=0 

which is the complete syzygy of degree 6 and weight 2{x + (i+p) + 1. 

Finally, it may be remarked that, in this paper, the complete expression has 
been exhibited of a number of sextic syzygies which are enumerated by the 

generating function a^ + a? + x^ + x^ + a?» + a^^ + af^ + x'' ^ 

(1 — a«)(l — a?*Xl— «") ' 

/pl« J_ ajSO J. /p28 

syzygies :j — -^-y — ^-^ — -« remain to be exhibited, but at present I do not see 
how to eflfect this. 

Royal Militaby Aoadeity, Woolwich, July 22d, 1887. 



Demonstration directe de la formule JacoMenne de la 

transformation cutdque. 

Note de l'Abb6 Fa! de Bbuno. 



(1) 



D'aprfes les JFhmdamenta, en supposant qu'il existe l'6quation diflferentielle 

dy 1 dx 



en posant y ^ '^( • '^ ) > * = 'S' (tt) ,* on aura pour la premiere transformation 
r^elle ^ 1 S*(u) 



/28K\ 
Lorsque n = 3 , il vient ' 

C'est cette formule qu'il s'agit de trouver directement. 

A cet effet je suppose que d'apr^s Jacob! on ait sous la main les Equations 
pour la transformation cubique 



(5) 






Oo = 1 + 2a, 6i = a (a + 2) , ai = a«, a* =\/— , 



aJ^x = Uj v';i = v, a = 



i^ 



u 



* La notation 8 signifie sifiam^ ou sn employ^ par d'autres. C^est celle que j^adopte dans mon 
Traiti eomplet 8ur lea Fonctiona dliptiques^ bomb presse ; notation qu'on trouvera trds utile par sa 



concision et sa clart6. 
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ainsi que I'eqoation modulaire 

(6) u* _ tf« + 2iir (1 — ti*c*) = . 

ObserroDs d'abord que Tequation (4) peut s^ecrire 
et qu'on a d'apr^ les relations connues de Jacobi, 



Par consequent il rient 






y=«rf 






1 /^* ^ 

ou encore, en remarquant que fc =: — , et en posant p^ = 

(7) .._ 1 ' (^ - I) 



_ 1 ~ v ^ 



En comparant avec la (3) il faudra que ^3 = 5 f -^ j , et alors Tequation (3) est 

demontree. A cet effet remarquons qu'on a d*apr^ (5), 

a. _ l + 2a _ r + 2^ ^ 

^---^- — ^r-- — T-*"- 

Posons J^=:zj nous aurons Tequation 

(8) t* + 2rii»+u«z = 0, 
tandis que Fequation modulaire correspondante (6) est 

r*+ 2ii'r'— 2iir — M*=0, 

equation qui a Taide de la (8) devient 

(9) ti«rr*+ 2iir+M*=0. 

En eliminant r entre des deux ^nations (8) et (9) il vient 

4(ll'2— 1)(2 — 1) — (1 — mV)*= 0, 
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ou simplement, en remplapant z par /?*, u^ par x, 

(10) 3 - 4(^ {i + ^) + 6J^^^—x'^' — 0, 

qui est precisement le num6rateur de Pexpression de AS'(3a), en posant (3 = S{a). 
Or si 3a = 2^, S{^a) s'annulle ; et par consequent, a = -r— est une racine 

de Tequation (10) ; done ^= S(-^j. 

Je profite de cette occasion pour faire voir comment on pent arriver 
simplement a un resultat de Mr. Cay ley consign^ derni&rement dans le v. 9 de ce 
Journal relativement ^ I'equation modulaire de 3® ordre, 

(11) z^" + i.-^« + 1 2 ( t?^u* + u^v^) — 1 6 {v^vf' + v^y}^) + 6 w V. 
En posant 

et en 6crivant I'equation diflferentielle (1) sous la forme 

dy i>dx 

VI— 2^y-f^~ Vl — 2aa:»-f^' 

il s'agit de savoir ce que devient Tequation (11) en fonction de a et /3. 

A cet eflfet pour plus de clarte faisons pour le moment ;e = te*=u, ;i=t?*=v, 
Tequation (11) deviendra 

(12) u^ + V* + 12 (uv^ + vu^) — 16 (uV + uv) + 6uV = 0. 
Si on la divise par u*v* on aura 

Maisona u + J_=:2a, v + i- = 2/?. 

U V 

u2+^=4a*-2, v«+^ = 4/3*-2. 

II est facile de former d'apr^s ces relations l'6quation 

Z* — 4a,3X+ 4 (a* + 13») — 4 = 0; 

VOL. X. 
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dont uv H , 1 , seront les racines, et on aura, en posant 

uv H = 2a3 + 2V»t, —-{■— = 2a3 — 2»/m . 

uv V u ' 

Alors les termes de (13) etant tons connus en a, ^j on aura 

2 (a^/?* +l) — {a + (^y = 4{7+ a^W{^'~^l){l3^— 1) . 

En Slevant au carr6 et r6duisant, il viendra 

(14) a*+/?*— 64(a^|3« + a/3)— 186a2/3^+60(a/33H-/?a«)+196(a* + /?^)— 192, 

r^sultat qui coincide avec celui d6ja fourni par Mr. Cayley, en suivant une autre 
voie. 

Turin, Juillet, 1887. 



Note on Geometric Inferences from Algebraic Symmetry. 



By Frank Mobley. 



If, on a function symmetrical in y, 25, we perform an operation symmetrical 
in y, 2, the result will be* symmetrical in y, z. 

From this simple principle we may infer geometric results not otherwise 
obvious. For instance, the equation of a quartic curve having 1 node and 2 

cusps is [yz + ZX + xyf = Jca?yz, 

and from Pliicker's equations it has 2 inflexions and 1 double tangent. The 
double tangent cannot pass through the node, and must therefore be, from the 

symmetry in y, z, y + 2 = ax. 

The line joining the two inflexions cannot pass through the node, for the loop, 

being symmetrical in y, z, cannot have only one inflexion; hence this line must 

be symmetrical in y , z , or is 

y + z = ^x. 

Again, one inflexional tangent is related to y just as the other is to z . 
Hence the line joining the points where they meet the curve again will be 

y + z=yx. 

Also, from each inflexion one tangent can be drawn. The line joining the 

points of contact will be 

y + z = 8x. 

These lines intersect on the line joining the cusps, a = 0. 

The result, so far as concerns the double tangent and the line joining the 
inflexions, is stated in Salmon's Curves, §288, the proof being left to the reader. 
A special case is given as Exercise 143 in the Annals of Mathematics, June 
1887. For another instance, take the sextic with 3 triple points, each the limit 
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of a node and 2 cusps. Then Pliicker's equations give, since ?n=6, 5=3, x=6, 

n = m = 6, 

6 = X =6, 

r = 5 = 3. 
The curve is 

(yz + zx + xyY + ^kof'ifT? = ; 

and since a double tangent cannot pass through a triple point, the 3 double 
tangents are y + 2 = aa;, 

z+x = ay, 

x + y = az, 

i. e. a double tangent, the tangent at a triple point, and the line through the 
other triple points are concurrent. It is not easy to draw any certain inference 
about the 6 inflexions from the symmetry, but by forming the Hessian we can 
show that they lie on the conic 

{Z — h)H=^h{x + y-\-z)\ 
writing u = yz + zx -]- xy, 

and since all the intersections of the conic and sextic are inflexions, the conic 
must touch the sextic at the inflexions. 

Haverford Ck)LLEOB, November 22, 1887. 



Surfaces telles que Vorigine se projette sur chaque 

normale au milieu des centres de 
courbure principaux. 



Par p. Appell. 



1. Lorsque Ton cherche une surface telle qu'un pinceau infiniment deli6 de 
normales a cette surface decoupe dans la surface d'une sphere de centre 0, k 
I'entr^e et h la sortie, des aires Squivaleiites, on trouve que la projection du point 
sur chaque normale doit se trouver aa milieu des centres de courbure princi- 

paux situes sur cette normale. Reciproqueraent, si I'on a une surface poss6dant 
cette propriety, un pinceau de normales d6coupera sur toute sphere de centre 0, 
a I'entree et k la sortie de cette sphere, des aires 6quivalentes. C'est ce que 
j'ai montr6 dans mon Memoire Sur les Deblais et Remhlais^^ en integrant Tequa- 
tion diflf^rentielle de ces surfaces qui se rattachent d'une fapon remarquable aux 
surfaces minima. 

Je me propose actuellement de faire une etude plus approfondie de ces 
surfaces en donnant sous une forme simple les expressions des coordonnees d'un 
point d'une de ces surfaces en fonction de deux parametres et en indiquant les 
Equations diflferentielles des lignes de courbure et des lignes asymptotiques, dont 
les premieres peuvent etre integr6es dans une infinite de cas et, en particulier, 
pour une infinite de surfaces algebriques. J'insisterai particuli^rement sur la 
correspondance qu'on pent 6tablir entre nos surfaces minima, en d^montrant 
qu'^ toute surface minima on pent faire correspondre une de nos surfaces et 
reciproquement. 

2. Consid6rons un systeme de trois axes rectangulaires Ox, Ot/y Oz et une 
sphere S ayant pour centre Forigine et pour rayon Funite. Soit 2 une surface 



^Yoyez M^oires pr^sentis par divers aatxinta d VAcad^ie dea Sciences^ Tome XXIX, No, 8, pages 
188-187. 

VOL. X. 
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non developpable, a, /3, y les cosinus directeurs de la normale a la surface en 
un point M^ ou, d'une fapon plus precise, de la portion de normale comptee a 
partir de Jlf dans un sens determine. Si par le centre de la sphfere >S^on m&ne 
un rayon parallele ii cette normale, cette parallele rencontre la surface de la 
sphere en un point m dont les coordonnees rectangulaires sont a, /3, y et qu'on 
appelle image spMrique du point M, A chaque courbe tracee sur la surface 2 
correspondra sur la sphfere S une courbe qui sera appelee image spMrique de la 
premiere. 

Supposons ay 13, y reels: comme ces trois quantites v^rifient ^equation de 

la sphere S a' + (3' + f=l, 

on pourra exprimer ces trois quantites en fonction de deux parametres. Pour 
cela, nous considerons cette sphere comme une surface reglee admettant un 
double systeme de generatrices imaginaires et nous prendrons pour variables 
deux quantites demeurant constantes respectivement sur les generatrices de 
chaque systeme.* Pour cela remarquons'que Tequation 

pent s'ecrire (a + i(3){a — i/3) = (1 + y)(l — y) 

et posons Q + ^/^ _ ^ +r _ 

1 — r ~a— i/J — ^' 



a-t'/3_ 1 + r _^ 



(2) 



1 Y ^ + */5 

ou «o ^st la quantite imaginaire conjuguee de s puisque a, ^j y sont supposes 
reels. La signification geometrique des quantites imaginaires s et s^ est tr&s- 
simple : on la trouvera dans les Le^ns de M. G. Darboux : on pourra aussi 
consulter le M6moire de M. Goursat **Sur les surfaces qui admettent les plans de 
symetrie d'un polyfedre regulier," Annales de PEcole Normale superieure, 3**"* 
serie, T. IV, 1887, pages 42 et suivantes. 

En resolvant les Equations (2) par rapport S. a, /?, y on trouve 



a = 



l+«8b' 



/3 = if 



8 



SSo 1 



1^ (3) 



♦ Voyez Lemons sur la Thiorie Ghih-cde des Surfaces par G. Darboux (Gauthier Villars, 1887), Tome I, 
pages 22 et 245. 
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D'apr&s la raethode employee pour la premicire fois par M. BonneT,* avec des 
variables un peu diffe rentes, on pent definir la surface 2 en 6crivant I'equation 
du plan tangent en Mh cette surface sous la forme 

a (« + «o) + iy («o — s)+z {s8o — 1) = w, (4) 

et en regardant u comme une fonction de s et Sq^ 

u = ^{d, So). 

Lorsque cette fonction ^ sera connue la surface 2 sera I'enveloppe des plans (4) : 
elle sera done entiferement connue. Les coordonnees du point de contact 3f du 
plan (4) avec la surface 2 sont donnees par les equations suivantes 



3tfc 



X + ly z=i — ^ 



+ su 



s 



2 



du 

'd~s 



x — ii/=^ 



1 +Mo 

3u . g, du 
\-SoU — 4 — 



3«o 



du . du 



z = 



ds 



dsc 



(5) 



Dans ce systeme, les 6quations diflferentielles des lignes de courbure et des lignes 
asymptotiques sont les suivantes : 

lignes de courbure : -^^ d^ = -^-^ ds^ 

C/S (jSq 

lignes asymptotiques : 

I du du 



(6) 



8r 



3*0 =0- 



(7) 



ds^ ' 3«o ^" ' ^ ^" \ Qsdso ' 1 + «»0 

Enfin les formules donnant le rayon de courbure J?' et les coordonnees X', F', Z' 
du centre de courbure deviennent 



du 



d^ 



+ 



V 



88* 






0/7/ I ^^ I ^^1/1 \r 9^^ I / d^u d^u-i 



du p d^u j^ / d^u d^u -1 



\ (8) 



du r 3^u / 9^u d^u 



X^—Y'i=^—s^ 



18 



Ldsdi 



80 



d^ 3«i 



n- 



* Journal de Liouville, T. V, 1860. 
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Ces formules s'etablissent ais6ment : on les trouvera dans les Legons sur la Thiorie 
gSnSrale dee surfaces par M. G. Darboux, T. I, pages 245-246 : les variables que 
M. Darboux appelle a, /3 et ^ sont nos variables s, Sq et — u. Ces memes 
formules se trouvent reproduites dans le Memoire deja cit6 de M. Goursat 
(Annales de TEcole Normale, 1887, pages 46 et 47). 

3. Ces formules generales etant rappel6es, arrivons h Pobjet de ce M6moire, 
a savoir la determination des surfaces 2 telles que la projection de Vorigine sur 
U7ie normale quelconqve se trouve au milieu des centres de courbure prindpaux. Pour 
abr6ger le langage, nous appellerons ces surfaces les surfaces 2 . Voici comment 
on obtient leur Equation diflferentielle. Les Equations de la normale au point 
M{x^ y, z) d'une surface 2 sont 

X—x _ Y—y _ Z—z 
a ~ ft ~ r ' 

le plan projetant I'origine sur cette normale est 

Done la projection de Forigine sur la normale a pour coordonnee Z: 

Z=z — y{ax+^y + yz). 

D^apr&s les valeurs (3) de a, /8, y on a 

Z=z — —J—- l{s + So)x+i{so—s)y + (ss^— 1)2], 

1 -f- 88q 

ou enfin, puisque le point de contact M^x^ y, z) est dans le plan tangent (4) 



1 + 880' 

D'autre part, on verifie sans peine, d'apr&s les formules (3) et (5), que le Z' d'un 
centre de courbure est 116 au rayon R' correspondant par la formule (d'ailleurs 

6vidente) Z^ = z + yR'. 

En appelant J?" le second rayon de courbure et Z" sa hauteur au dessus du 
plan xOy^ on aura de meme 

Z" = z + yR'\ 

Done ' Z' + Z" , W + R'^ 
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La definition des surfaces S donne 

c'est S. dire, apr&s suppression du facteur y : 

^ H ^— = 0, 

Equation qui signifie que la distance du plan tangent a Forigine est 6gale a la 
demi-somme des rayons de courbure principaux, propriety resultant imm^diate- 
ment de la definition. En reinplapant la demi-somme des rayons de courbure 
principaux par son expression d6duite des formules (8), on a Pequation differen- 
tielle des surfaces cherchees • 

Pour int6grer cette Equation, posons 

V d6signant une nouvelle fonction inconnue qui n'est autre chose que la distance 
du plan tangent a I'origine. Par Tintroduction de cette nouvelle fonction, 
Tequation difi(§rentielle (9) prend la forme 

dh _ ^ 
dsdso ' 
qui donne immediatement 

V=/{8) +/o(«o), 

les fonctions / et /o 6tant conjuguees. On aura done 

1^ = (1 + ^^o)[/(^) + /o K)] . (10) 

D'apr&s les formules (5), les coordonn^es d'un point de la surface seront 



X 



x+ iy =/.'(«o)-*y(«) + r^iy(«)+/o(*o)]. 

z = sf {s) + ,J' K) - i^ [/(*) +/. (*o)] . J 



(11) 
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Ces formules resolues par rapport h x et y peuvent s'ecrire 

.=ij[4../w-4i=2/w], 



(12) 



le signe B designant la partie r6elle d'une quantite imaginaire quelconque et 
/{s) une fonction analytique de la variable imaginaire s . 

A toute fonction analytique /{s) d'une variable imaginaire s correspond 
done une de nos surfaces 2 qui est reelle. Lorsque Ton fait croitre /(s) d'une 
constante, les differentes surfaces 2 que Ton obtient sont paralDdes, comme il 
r6sulte imm6diatement de la signification geometrique de la quantity 

^^ =/(«)+ /o w= 4" ^c/w] 

qui exprime la distance du plan tangent &, I'origine. Lorsque la fonction 
analytique /(«) est algebrique, la surface 2 est elle meme algebrique. 

Voici quelques surfaces particuli^res rentrant dans la categoric des sur- 
faces 2. 

1°). Si Ton prend f{s) = C la surface 2 correspondante est une sphere 
ayant pour centre Torigine. 

2°). Si Ton prend /{s) = g. log s] 

a 6tant une constante r6elle, on trouve celle des surfaces 2 qui est de revolution 
autour de I'axe Oz. La meridienne de cette surface est une d6veloppante d'une 
parabole ayant pour axe Oz et ^out foyer Torigine 0. 
3°). En prenant, plus generalement 

f{s) = {a + ib)\ogs, 

a et 6 etant des constantes, on aura une surface 2 possedant la propriety d^etre 
paralKle a elle meme^ car si Targument de s augmente de 27t, /(«) augmente 

de la constante 2ni {a + ih) , 

et la nouvelle portion de surface 2 correspondante est parallele a I'ancienne. 
Le cas le plus simple serait le cas de a = 0. 
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4. Lignes de courbure. L'equation difFerentielle des lignes de courbure etant 

cette equation devieut dans le cas actuel 

U={li-8S,)[/{s)+M8o)'], 

d^ [(1 + sSo)r {s) + 2^0/' {s)] = dsl [(1 + s8o)/i^ K) + Vo K)] • (13) 
Cette equation est integrable si /'{s) est de la forme 

f{s) = as^, 

a et n etant des constantes dont la seconde n est reelle ; alors 

/o (^0) ^^^ ^0 1 

Gq 6tant conjugu6 de a. En eflfet, dans ce cas, on pent diviser les deux membres 

de I'equation (13) par 

n+ {n + 2) sSq 
et il reste P^quation 

as^'-'^ds^ = afjsj'-^d^, 

dont rint6gration est immediate. Si n est commensurable et diflferent de — 1 
les surfaces correspondantes sont algebriques. On peut encore effectuer TintSgra- 

tion si Ton a ^// \ ^ 



(s + bf 

a etb etant des constantes quelconques ayant pour conjuguees a^ et bQ, de sorte 
que ff(.\ — _^L— 

Dans ce cas r6quation (13) devient 



(6o« - l){s + bf (6«6 - 1)(«6 + 60)^^ ' 

oil les variables sont s6parees. 

Lignes asymptotiques. En vertu de I'equation differentielle (9) des surfaces 
2, le coeflBcient de 2cfecfoo dans I'equation (7) des lignes asymptotiques se 

reduit k 2u 

(T+^«' 

et r^quation diflferentielle des lignes asymptotiques devient 

^d^^^ds'^-^^^^—dsds -0 
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ou enfin, d'apr^s la valeur (10) de t^, 

[( 1 ■+ ...)/" («) + i,J' (.)] M+\.(\+ ««.)/." (..) + Hi K)] rf4 

^ 4[/(.)+/.M „^ • V (14) 

1+S86 J 

5. Pour terminer cette 6tude nous allons montrer comment ^ chaque surface 
2 se rattache une surface minima et r6ciproquement. L'6quation diff6rentielle 
des surfaces minima est 

et celle des surfaces 2 

/, , X d^U du du 1 88q ^ ,. 

(1 + SSq) :5-5 8 -zz 8q -^ T-| U=0. (9) 

En differentiant ^equation (15) par rapport a Tune quelconque des variables, on 
obtient les deux Equations 






(16) 



Oeci pose si Ton a une solution Ui de Tequation differentielle (15) des surfaces 
minima, on en deduira une solution u de I'equation (9) des surfaces 2 en faisant 

comme on le v6rifie immediatement a Taide des relations (15) et (16). 

Reciproquement, soit u une solution de r6quation (9), il existera une 
fonction u^ verifiant les 6quations (15) et (17). En effet I'equation (17) donne 
par la differentiation 

du d^Ui 9^t4i 

dso 3«9«b ^ 9^ ' 

et comme (15) donne 



M = — (1 + 88o) 



9«9»o' 
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on a, en definitive, 



dsdso 


(i+««b)' 






1 du So 

8 ds 8 


u 


d^ui 


1 du 8 
So 3^ ^ 


u 


34 ~ 


(l + «86)* 



dui 



La fonction u 6tant supposee verifier T^quation (9), la quantit6 

,3wi Wj r \ du 8q ^ '\ 1 

ds 1 + 88o L 8 ds «1+ «8o J 

est une diflf6rentielle exacte. L'int6gration de cette diflG§rentielle donnera 

dui . V , 

de meme u , r 1 du «^ u -i , 

(1 -f- ssi,) L «o 3so «6 1 + «8o J ^ 

est une differehtielle exacte dont rint6gration donnera 

-^ = -J/ (« , ^o) + Co 

et alors Tequation (17) donnera enfin 

^1 = ^ + «[<?>(«, «o) + c] + 5o [4^ («, «o) + Co] 

avec deux constantes arbitraires c et Cq imaginaires conjugu6es. A chaque 
fonction u correspondent done une infinite de fonctions Ui avec deux constantes 
c et Oq ; mais les surfaces minima que I'on obtient en faisant varier les constantes 
c et Co se d^duisent de Pune d'entre elles par une translation parallMe au 
planxOy. R6ciproquement on v6rifie imm6diatement que si Ton transporte 
une surface minima parall^lement au plan xOy en changeant la fonction Ui 
relative a cette surface en 

la fonction u donn6e par T^quation (17) ne change pas et par suite la surface 2 
correspondant £k. la surface minima ne change pas. 

Done, en regardant comme identiques lee surfaces minima qui se dSduisent Vune 
de V autre par une translation paralWe au plan des xy, d toute swrface minima 



9 
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jTiaque 



correspond point par point une seule surface 2 et r^ciproquement : les plans tangents 
aux deux surfaces awx points correspondants sent parallUes. 

Nos formules permettent encore de montrer que, si Ton transporte une 
surface minima parallMement ^ I'axe Oz, les surfaces 2 correspondantes sont 
parallMes; et reciproquement. Cela r6sulte de ce que, si I'on ajoute ^ t^ la 

quantity c (1 — ss^ 

la fonction u donnee par la formule (17) augmente de 

C(l + SSq). 

Ces resultats deviennent en partie 6vidents par Tinterpretation g6ometrique de 
la formule (17) 

Si I'on appelle % la coordonn^e z d'un point de la surface minima, on a d'apr^ (5) 

"» —TT^ • 

La formule de transformation (17) pent done s'6crire 

1^(1 +s^o) = — %» 
ou, en appelant, comme plus haut, v la distance au point O du plan tangent & la 
surface S : w = — Zi . 

On a done la construction suivante : Soit une surfojce /Si et un plan tangent 
Pi h cette surface au point Mi. Construisons wa plan parallUe P situS h une 
distance de Vorigine Sgale a la distance du point Mi au plan x Oy . Lorsque le 
point Ml dScrira Si , ce plan P enveloppera la surface transform^ 8% . 

En particulier, si le point Mi d6crit une surface minima le plan P envel- 
oppera une de nos surfaces 2 . Inversement, le calcul nous a montr6 qu'une 
surface 2 donn6e ne pent etre d6duite par ce proc6d6 que d'une surface minima. 

6. M. Bonnet a indiqu6* une transformation qui permet de d6duire de 
chaque surface minima une surface telle que le milieu des deux centres de courbure 
principaux sUuSs sur une normale se trouve dans un plan fixe x Oy . J'ai montr6, 

• CompteB rendus de rAcad6mie des Sciences de Paris, T. XLLL, page 486. Cette transformation est 
rappel6e dans TOuvrage d6jd cit6 de M. Darboux, d la page 266. 
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dans mon M^moire sur les DSblais et Remblais pr6c6demment cit6 qu'un pinceau 
de normales ^ une des surfaces de M. Bonnet d6coupe des aires 6quivalentes sur 
deux plans parallMes au plan xOy et 6quidistants de ce plan. 

Les surfaces 2 que nous venons d'6tudier se d6duisent d'une fapon fort 
simple des surfaces de M. Bonnet dont nous avons rappel6 & I'instant la defini- 
tion. En eflfet d'aprfes la seconde des Equations (8) qui determine les coordonn6es 
Z des deux centres de courbures principaux, I'^quation diff6rentielle des surfaces 
en question est 

Soit v^ une solution de cette Equation, la fonction 

v6rifie TSquation * ^v _ 

9«3fib ' 

comme on s'en assure immediatement en diff6rentiant l'6quation (18) successive- 
ment par rapport k ^ et ^ ^o- Done la fonction 

s 

v6rifie r^quation diflF6rentielle (9) de nos surfaces 2. 

La correspondance entre la surface 2 et la surface S% y6rifiant l'6quation 
(18) est la suivante. Appelons z^\e z d'un point M^ de la surface S^, 



3t4, drh 

— iH + s ^- + So 



zs = 



l+«8o 



' ^^;(6q.6). 



On a ^, _ ggp + l ^ 

«8o 1 

ce qui signifie que v est 6gal ^ la longueur de la normale ^ la surface S% comprise 
entre le pied if, de cette normale et le plan xOy. Comme v d6signe la distance 
& Torigine du plan tangent k la surface 2 , on a la construction suivante : 

Etant domtke une surface S^ de M. Bonnet^ on mhie en un point M^ de cette 
ev/rface U plan tangent P^ et la normale M^N^ jusqvUau plan xOy ; le plan P 
paraUele a P^et sitvJ^ h vne distance de Forigine 6gale h la normale M^N^ enveloppe 
v/ne su/rface 2 . 
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On pourrait montrer qu'a toute surface 2 repond inversement une surface S^ : 
il suffirait pour cela de refaire un calcul analogue a celui de la page 182. 

Cette correspondance entre les surfaces 2 et /Si montre que : 

De tout syst^e de routes servant h dSblayer une aire plane homoghie swr wne 
aire Squivalente sitvSe dans un plan parallele, on peut dMuire mi systeme de rovies 
servant a delayer une aire sphSrique homoghie sur une aire Squivalente situSe sur 
la meme sphere. 

Les routes servant au premier d6blai seront normales a une surface /Si, et 
les routes servant au second d^blai normales h, une surface 2 . 



Surfaces telles que la sornme des rayons de courbure 

principaux est proportionnelle a la distance 

d^un point fixe au plan tangent. 



Par E. Goursat. 



1. Dane un M6moire recent, publi6 dans V American Journal of MathemcUics, 
Vol. X, No. 2, p. 175, M. Appell a 6tudi6 les surfaces telles qu'un point fixe se 
projette sur chaque normale au milieu des centres de courbure principaux. 
J'6tudie dans ce travail des surfaces jouissant d'une propri6t6 un peu plus g6n6- 
rale ; la determination de ces surfaces depend de ^integration d'une equation 
lin^aire aux derivees partielles, qui pent etre integree sous forme explicite par la 
m6thode da Laplace dans un nombre illimite de cas, dont les plus simples four- 
nissent pr6cis6ment les surfaces minima et les surfaces 6tudieefi par M. Appell. 
De chaque surface de cette esp&ce on pent en deduire une nouvelle par une 
construction g6om6trique, qui comprend comme cas particulier la construction 
donn6e par M. Appell. 

Je montre en terminant comment on pent ramener a un problfeme resolu 
par Riemann la recherche des surfaces de cette nature tangentes k une d6vel- 
oppable donn6e le long d'une courbe donn6e. 

2. Consid6rons un systeme de trois axes rectangulaires Ox, Oy, Oz et une 
sphfere S de rayon 6gal a l'unit6 ayant pour centre I'origine. Soit S une surface 
non developpable, M un point de cette surface, a, b, c les cosinus directeurs 
d'une direction d6termin6e MN sur la normale k la surface 2 au point M. Si 
par Torigine on m^ne une parallfele k cette direction, cette droite rencontre la 
sphere en un point bien d6termin6 m , dont les coordonn6es rectangulaires sont 
a^ b, Cj qui est dit Vimage spherique du point M. A chaque courbe trac6e sur 
2 correspond ainsi une courbe trac6e sur la sphfere qui sera appelee image 
spMrique de la premiere. 
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Pour repr6senter la position du point m de la sphere, on exprime les coor- 
donnees a, i, c en fonction de deux param^tres. La sphere S 

pouvant etre consid6ree comme une surface regl6e, on sait que par chaque point 
passent deux g6neratrices rectilignes imaginaires. Nous prendrons comme 
variables independantes deux quantites restant constantes respectivement sur 
les generatrices de chaque systeme. L'equation de la sphere pouvant s'ecrire 

(a + ib){a - ib) = (1 + c)(l - c), (1) 

nous avons imm6diatement les deux systemes de generatrices 

a-{-ib l + <5 ^ 

(2) 



a — ib 1+0 

1 — a -\-ib 



^o> 



Sq d6signant la quantity imaginaire conjugu6e de s lorsque a,bf c sont r6els. La 
signification g6om6trique de ces quantit6s s, Sq est bien connue ; si a^h, c sont 
r6els et si on fait la projection st6r6ographique du point m de la sphere sur le 
plan des xy , le point de vue 6tant le point de la sphfere situe sur la partie posi- 
tive de Taxe Oz, la quantit6 imaginaire s est Vajffixe de la projection. Des 
Equations (2) on tire inversement 



a = 



1 -f-«»o * 
l+««o 

88q 1 



(3) 



1 +«8b ' 

L'6quation du plan tangent k la surface X au point M pourra s'6crire 

35 (« + «o) + iy K — «) + 2 {sSq — 1) = u, (4) 

en posant, pour abr6ger, ?« = (! +ssq)8, 5 d6signant la distance de I'origine h 
ce plan. Si dans cette 6quation on regarde u comme une fonction donn6e de s 
et de Sq, le plan repr6sent6 par cette 6quation enveloppe une certaine surface et 
on pent regarder la relation 



eat proportianneUe h la distance cCun point fixe au plan tangent. 
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comme I'^quation d'une surface dans le systeme de variables adopts. Les coor^ 
donn6es du point de contact if du plan (4) avec la surface X sont donn^es par les 
Equations suivantes 

9tt , ^ du 

-j- 8u — sr 



x-\-iy=z^ 



d8 



• 38 



+ 8qU — «S 



dso 



z=^ 



du , du 



dso 



(5) 



1+880 

Dans ce systeme, les Equations diS1§rentielles des lignes de courbure et des Ugnes 
asymptotiques sont les suivantes : 

lignee de courbure : 



^d^=^d4; 



d^ 



M 



(6) 



lignee asymptotig^ies : 



-^de'+^d4+2dsde,l^ + 



u 



8 



ds 



8r 



du 
3«b 



1 +«8o 



= 0. 



(7) 



Les for mules donnant le rayon de courbure principal B' et les coordonnfies 
-T', F', Z^ du centre de courbure deviennent : 

du . du ... \r^^ I /d^u d^wi 

3»u 



2/?'= —U + 8 



d» 



^^'=-"+•-+•.-+(1— .)[^+V 






9*tt 3*un 

as* ^J' 






(8) 



On trouvera ces formules dans les Legom 8ur la thhrie gSnSrale dee eur- 
faces de M. G. Darboux, t. I, pages 245-246; les variables 8, 8q, — u sont 
appelees par M. Darboux a, |3, ^. Ces formules se trouvent aussi reproduites au 
d6but du M6moire d6ji cit6 de M. Appell. 

Btant donn6es plusieurs surfaces S, 2', S", .... consid6rons les points 
m , m\ m", .... de ces surfaces oik les plans tangents sont parallfeles et la rSsul- 
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tante g6om6trique OM des droites om^ om\ (ym!\ .... Le point M d6crit une 
surface qui est dite la r6sultante g6om6trique des surfaces 2, 2', 2", ... Si 
t«, ii\ v!\ .... sont les fonctions de a et de ^o ^ui definissent respectivement les 
surfaces 2, 2', 2", .... la fonction [7 qui fournit la surface r^sultante sera 

TJ—u->r t^' + w"+ . . . . 

La somme des rayons de courbure principaux W + -B" etant une fonction 

lin6aire de u et de ses deriv6es -^ , -^ , ^ ^ , on voit imm^diatement que la 

somme des rayons de courbure principaux de la surface r6sultante est 6gale a la 
somme des rayons de courbure principaux de toutes les surfaces composantes 
aux points correspondants. En particulier, si on a comme surfaces composantes 
une sphere et une surface minima, la surface obtenue, qui sera parall&le ^ une 
surface minima, jouira de cette propriety que la somme des rayons de courbure 
principaux sera constante, et inversement toute surface possedant cette propri6t6 
sera parallfele a une surface minima. 

3. J'arrive maintenant a Tobjet de ce M6moire, qui est d'6tudier les 
surfaces telles que la somme des rayons de courbure j/i^ncipaux est proportionnelle 
h la distance d^un point fixe au plan tangent.' Supposons que nous ayons pris ce 
point fixe pour origine. La distance de Porigine au plan tangent est 6gale, nous 
I'avons vu, au signe pr^s, h 



u 



l+«8o' 



si nous appelons Xj, Fi, Zi les coordonn^es du point milieu des centres de cour- 
bure principaux, on a 

X 4.iY -^—s^- 



ds dsdso ' 

^ 1 — 88o d^u 1 / du du \ 

^^ = -T" a^ + T I* ar ■+■ *« a^ - "> 

et la distance de ce point au plan tangent est 6gale, au signe pr^s, k 

c'est-^dire a la demi-somme des rayons de courbure principaux, comme il 6tait 
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Evident a prwri. L'equation diflferentielle des surfaces cherch6es sera par conse- 
quent /I I \ ^^ ^^ ^^ I fi I ^jBT -I , . 

II est aisS de voir que la constante K represente le rapport des distances du point 
milieu des centres de courbure principaux et de I'origine au plan tangent, ce 
rapport 6tant pris positivement lorsque I'origine et le point milieu des centres 
de courbure principaux sont de c6t6s diflf6rents du plan tangent. 

Pour ^= 0, r6quation (9) se reduit S. l'equation des surfaces minima; pour 
^= — 1, on retro uve l'equation differentielle des surfaces 6tudiees par M. 
Appell. Dans ces deux cas, Tintegrale g6nerale de l'equation (9) pent etre 
obtenue sous forme explicite ; on pent I'obtenir en particulier par I'application 
de la m6thode de Laplace. Nous allons voir qu'il existe une infinite de valeurs 
de K pour lesquelles I'application de cette methode fournit sous forme explicite 
Tintegrale generale de ^equation (9). 

De la forme lineaire de l'equation (9) on conclut que, si I'on a plusieurs 
integrales, leur somme sera aussi une integrale. En d'autres termes, si on a 
plusieurs surfaces repondant ^ la question, leur surface resultante jouira de la 
meme propriete. C'est, comme on voit, I'extension ^ nos surfaces d'une pro- 
priete bien connue des surfaces minima. II serait d'ailleurs facile de I'etablir 
geometriquement d'apr^ ce qui a ete dit plus haut sur les surfaces resul'tantes. 

4. Dans l'equation (9) faisons le changement de variables 

_ _ 1 

s — a, 5o — ~Q 'i 

on aura du du du du r^ d^u 2^u rn 

et l'equation devient 

Posons ensuite t^ = -^ ; on trouve la nouvelle equation 

du reste, on obtiendrait immediatement cette equation en employant le premier 
systeme de variables a, /?, ^ employe par M. Darboux {Legons sur la th^orie 
ghih-ale des surfaces^ 1. 1, pages 244-245). Posons encore 
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l'6quation (10) devient 

4 

ChoisissoDs pour ^ une racine de l'6quation 

2?—S2.— 2K=0 (11) 

et posons ^ = 1 + m ; la nouvelle Equation prend la forme trSsHsimple 

En r6unissant les trois transformations pr6c6dentes, on voit qu'on passe de T^qua- 

tion (9) 5, r^quation (12) en posant: 

1 (a — SY 

e — a,8Q= — -j,u = ^ — - — t7, (13) 

oii % designe une racine de F^quation (11) et oii Jl = 1 + m; la constante iTest 
donn6e en fonction de m par la formule 

^^(m + l|n-2) ^j^j 

Inversement, si on connait une int6grale de I'equation (12), les formules (13) 
permettront d'en deduire une fonction t^ de « et de s^ v6rifiant I'^quation (9). 
En general cette fonction u ainsi obtenue ne prendra pas de valeurs r6elles 
lorsque les variables s et ^o prendront des valeurs imaginaires conjuguees et, par 
consequent, ne fournira pas une surface r6elle. Mais il est facile d'eviter cet 
inconvenient. Soit, en eflfet, 

W=/(«, 8q) 

une premiere int6grale de P^quation (9) ; comme cette Equation ne change pas 
quand on y ^change les variables 8^ Sq et que tons les coefficients sont r6els, la 
fonction /o(5o> *)> oil /o d6signe la fonction conjugu6e de/, sera aussi une int6- 
grale de la meme Equation. II en sera encore de me me de la somme 

/(^» «o)+/o(«o, «), 

et il est clair que cette dernifere fonction est reelle lorsque s et ^o prennent des 
valeurs imaginaires conjugu6es. 

5. L'6quation (12), a laquelle nous sommes conduits, s'est d6j^ prSsent^e, 
sous des formes un pen difiF6rentes, dans un grand nombre de recherchegi d'Analyse 
ou de Physique Mathematique. Etudi6e d'abord par Euler dans le tome III de 
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son Galcul intSgral, puis g6ii6ralis6e par Laplace,* elle a 6t6 Tobjet de travaux 
trfes importants de Poissoii,t de Riemann, J et plus r^cemment de M. Darboux,§ 
qui I'a etudi6e en detail, ainsi qu'une Equation plus gen6rale, dans ses lepons de la 
Faculty des Sciences de Paris pendant le ^emestre d'hiver 1887-1888. Je ne 
me servirai ici que des propri6t6s les plus simples de cette Equation, en indiquant 
comment on pent les 6tablir. 

Lorsque m est quelconque, on ne pent pas obtenir pour Tint^grale g6n6rale 
de l'6quation (12) une formule g6n6rale ou figurent explicitement les fonctions 
arbitraires et leurs derivees jusqu'Jl un ordre d6termin6; dans le M6moire d6jS, 
cite, Poisson a donn6 une forme g6nerale de Tint^grale qui contient deux fonc- 
tions arbitraires sous des signes d'int6gration definie. Mais on pent toujours 
obtenir, quelle que soit la constante ?n, une infinite d'int6grales particuliferes. 
Ainsi, en cherchant les solutions de Tequation (12) qui sont homogfenes en |3 et a, 
on est conduit a Tequation differentielle lineaire k laquelle satisfait la serie hyper- 
g6om6trique, et on trouve ainsi que les fonctions 

v=^a^F( — u, m, 1 — m — /u, — ), 

. v = a-'''^'^+^Ffm, 2m + [I, 1 -f m + /[^, -^), J 

oik i^designe la s6rie hypergeom6trique de Gauss, v6rifient, pour toute valeur de fi, 

r^quation (12). Pour avoir des solutions enti^res, il suflSra de prendre pour ft 

un nombre entier positif. De meme, en cherchant si T^quation (12) admet des 

int6grales qui soient le produit d'une fonction de a par une fonction de ^, on 

trouve que la fonction 

t? = (a — A)-~(/3 — 7i)- "* (16) 

satisfait, pour toute valeur de A, a Tequation (12). Enfin on v6rifie sans diflBcult6 
que, si ^(a, fi) est une integrale, il en sera encore de meme de la fonction 

(aa + »->^ + »-<g±|.|±|). <" ' 

*JRecherche8 sur le calcvl integral aux differences partieUes^ par M. Db La Place. Jlifimoires de MatJi^ 
matique et de Physique de VAcad/hnie des Sciences pour 1773, p. 841-408. 

t Poisson, Minwire sur VintigroHon des Equations liniaires aux dMv^ partielles, (Journal de VEcde 
Polytschnique, t. XII, XIX*™® Cahier, p. 215 ; 1823.) 

X RiBMANN, Ueber die Fortpflanzung ebener Luftwellen von endlicher Schunngungsweite, {Oesammelte 
Werke, p. 146.) 

I Dabboux, Sur une Equation lineaire aux d&riv^ partieUes. (Oomptes rendus, t. XCV, p. 69 ; juiUet 
1880.) 
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quelles que soient les constantes a, b, c, d. On voit done qu'on pourra toujours 
obtenir une infinite de surfaces r6elles repondant a la question, quelle que soit 
la valeur de la constante K, et meme de surfaces algebriques pourvu que la 
valeur de X fournie par P^quation (11) soit commensurable. 

Pour abreger je designerai dans la suite par E{m) Fequation (12) et par 
2« une quelconque de nos surfaces correspondant k cette valeur de m. Comme 
k chaque valeur de K I'^quation (14) fait correspondre deux valeurs de m dont 
la somme est 6gale a runit6, on voit que les surfaces S» et 2i_m sont identiques. 
D'ailleurs on passe imm6diatement de T^quation E{fn) k T^quation E{1 — m) en 
multipliant les integrales par 

(a — ^f'^-K 

Si on d6signe, d'une mani^re generale, par V^ une int6grale quelconque de 
rSquation E {m) , on pent ecrire 

V,^^=:{a-^r-'V^. (18) 

Je dirai que deux Equations E{m) et E{mf) sont contigues quand elles 
correspondent k des valeurs de m qui diflferent d'une unite; les surfaces 2 
correspondantes seront dites aussi contigues. A une serie de surfaces 2^ ou 
2i-» correspondent deux s6ries de surfaces contigues 2»4.i ou 2_«, et 2»_i ou 
22- »• Je supposerai dans ce qui suit que les valeurs de m, racines de T^quation 

9 

(14), sont reelles, c'est-a-dire que la constante K est superieure a — . On 

pourra meme supposer, si Ton veut, que la valeur de m est sup6rieure a — . 

6. Laissant de c6t6 ces gen6ralit6s, je considfere maintenant le cas oil 
r^quation (12) pent etre integr6e par la m6thode de Laplace ; pour qu'il en soit 
ainsi, il faut et il suffit que m spit un nombre entier. On a done une suite 
illimit6e de cas d'int6grabilit6. Puisque les valeurs m et 1 — m ne donnent pas 
des surfaces differentes. on pourrait se borner a prendre les valeurs positives 
de m ; mais il vaut mieux, pour la suite, consid6rer la suite des valeurs enti^res, 
tant negatives que positives, de m avec la suite des valeurs correspondantes de K 

m — 5, — 4, — 3, — 2, — 1, 0, 1,2,3,4,5, 6, , 

K 14, 9, 5, 2, 0,-1,-1,0,2,5,9,14, 

Chaque valeur de iTse pr6sente deux fois dans cette suite. Ainsi pour m = et 
m = 1 , on a 5^= — 1 , et on obtient les surfaces 6tudi6es par M. Appell dans le 
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travail cit6 plus haut. Pour m = 2, et m = — 1, on retrouve les surfaces 
minima. Pour m^S, et m = — 2, on a 5"= 2; les surfaces obtenues sont 
telles que la somme des rayons de courbure principaux est egale a quatre fois la 
distance de Torigine au plan tangent, et ainsi de suite. 

II nous reste a montrer comment on peut dans ce cas obtenir eflfectivement 
Pint^grale gen6rale de r6quation (12) et par suite de T^quation (9). On peut 
6videmment supposer pour cela que m est un entier positif. En diflferentiant le 
premier membre de Tequation (12) par rapport a a et S, /? successive ment, et en 

posant w— ^^ 

~ dad^ ' 
on trouve que W v6rifie Tequation 

qui n'est autre que T^quation E{m + 1). Si done F„» d6signe une int^grale de 
r6quation E (m) , la fonction 

sera une int6gi:ale de I'equation E{m+1). Mais il n'en resulte pas qu'en 
prenant pour F„» Tintegrale gen6rale de I'equation E{m) on obtienne de cette 
fapon I'integrale gen6rale de PSquation E{m-{-l). Pour examiner ce point 
essentiel, je considfere I'equation intermediaire qui est satisfaite par la fonction 

«^=|' («-^)|| — 1|+(- + ^)| = 0- (21) 

Soit Vi une integrale quelconque de I'equation (21) ; cherchons s'il existe une 
int6grale de T^quation (12) telle que Ton ait 

da 
L'6quation (12) peut alors s'ecrire 



= ^1 



et on en tirera ^, pourvu que m ne soit pas nul. Les valeurs de -^ et de ^ 

ainsi obtenues satisfont a la condition d'int6grabilite, d'apr&s TSquation (21). 
Par consequent, si m n'est pas nul, on obtient rint6grale gen6rale de T^quation 
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pi 
(21) en prenant ^1 = ^,1; d^signant Tintegrale g6nerale de Fequation (12). On 

d6montrera de la meme manifere que la formule 

oh Vi d&igne Tintegrale generale de Tequation (21), repr6sente TintSgrale 
gSnerale de T^quation (19), pourvu que m ne soit pas nul. Ainsi, tant que m 
est diflF6rent de z6ro, la formule (20) permet de deduire Tintegrale g6n6rale de 
Pequation E{m-\- 1) de Tintegrale generale de Pequation E{m). 

Si nous supposons que m soit un nombre entier positif, Papplication r6p6t6e 
de la formule (20) nous donne pour Tintegrale g6n6rale de V^quation E{m) 

^'^~ da^'-^d^"^' (22) 

Vi d6signant Tint^grale g6n6rale de P^quation E{1). Or cette Equation E{1) 
s'int6gre immSdiatement, car on pent T^crire 

on en tire pr _ /(a) — y (^9) 

^^- a-/9 ' 

/ (a) designant une fonction quelconque de a et ^ (/?) une fonction quelconque 
de /?, et par suite pi%m--%r f(^) — 9(P) l 

V = } "-^ ^ (23) 

Si dans cette formule on fait maintenant le changement de variables (13), on 
obtiendra, pour representer Tint^grale g6n6rale de r6quation (9), une formule 
oil les variables s, Sq n'entreront pas sym6triquement. Pour 6viter cet incon- 
v6nient, on pourra op6rer comme il suit. Dans la formule gen6rale (23) prenons 
la parti e qui contient la fonction arbitraire de a 

et faisons dans cette partie le changement de variables. Nous obtenons ainsi 
une integrate de T^quation (9) de la forme 

w=4r-H«)+5/— «(«)+.... +i/w. (24) 
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A, B, Gj . . . . L d6signant des fonctions d6termin6es de s et de Sq, f{s) une 
fonctiou arbitraire de s, et /'(«),... ./"""^(s) ses deriv6es. D6signons par 
^o> ^o> Co, .... io c® C[u® deviennent les fonctions A, B, G, . . . . L quand on 
y permute les lettres s et ^o* V^^/oi^) ^^^ fonction arbitraire de Sq. L'int6grale 
gen6rale de r6quation (9) sera alors 

u = Ar'-\s) +Br-'{s) +....+ L/{s) I ,25. 

+ AJ^-\so) + BJ:^-\so) + ....+ LJoMJ 

et, pour obtenir des surfaces reelles, il suflSra de prendre pour/et/o des fonc- 
tions conjugu6es. Si on porte ensuite cette valeur de u dans les formules (5), 
on aura les coordonn6es d'un point de la surface exprim6es en fonction des deux 
param^tres variables s, Sq. 

Appliquons cette methode aux cas les plus simples : 

K:= — l,7n=l,m = 0, Surfaces 2© ou 2i de M. Appell : 
u={l+ss,)[/{s)+Mso)']] 

jr= 0, ?n=2, ?n = — 1, Surfaces minima ou surfaces 2a et 2_i : 

w = (i + ss^u^s) +/o'(5o)] - 2^0/W- 2^/0 W; 

^z= 2, 7w = 3 , w = — 2, Surfaces Ss ou 2_2 : 

« = (1 + ss,)[f'{s) +/o"(«„)] - 6 [«/o'(«o) + sj'is)-] + 12^JM±^ . 

On pent remarquer que le coeflScie^nt A de la plus haute d6rivee de la fonction 
arbitraire est toujours 6gal al+^^o- H ne serait pas diflScile d'ailleurs de 
former Texpression g6n6rale des coeflScients J., 5, C, .... i, mais la formule 
g6n6rale ainsi obtenue parait compliquee. 

Supposons, par exemple, que dans la derni&re des formules prec6dentes on 
prenne/=/o ^ 1 ; on aura pour u, en n6gligeant un facteur constant, 

U = z-j . 

Les equations diflF6rentielles des lignes de courbure et des lignes asymptotiques 
de la surface obtenue seront respectivement 

{l + st)ds'={l+s')dsi. 

{1 + s^ds" + {1 + s')d4— ^{s" + 4)dsdso= 0) 

on voit que la recherche des lignes de courbure se ramfene k rint6gration de 
l'6quation d'Euler. Ces lignes seront par cons6quent alg6briques. 
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7. Dans le M6moire d6j^ cit6 plusieurs fois, M. Appell a rattache d'une 
fapon trfes reinarquable les surfaces 2© ou 2i aux surfaces minima. Etant donn6e 
en general une de nos surfaces 2, correspondant a une valeur quelconque de m, 
nous aliens voir qu'on pent en d6duire deux surfaces contigiies par une construc- 
tion geora6trique, qui comprend comme cas particulier la construction donnee 
par M. Appell. Voici comment on est conduit a ce r6sultat ; nous avons vu 
qu'en designant par V^ Pintegrale gen6rale de P^quation E{m)j Tintegrale 
gSnerale de r6quation E{m+1) etait donnee par la formule 

sauf le cas ou m 6tait nul ; mais si Ton 6crit la relation pr6c6dente 



m ^ ' m 



Tr da da (26) 

on reconnait immediatement qu'elle s'applique encore lorsque m=zO. On pent 
remarquer que les formules (18) et (26) permettent de ramener TintSgration de 
rSquation g6nerale E{m) au cas oil m est compris entre et 1 . 

Oela pose, soit v une integrale quelconque de T^quation (12) et u l'int6grale 
de I'equation (9) qui lui correspond par le changement de variables d6fini par les 
formules (13). Au moyen de la formule (26) on deduira de v une int6grale Vi 
de Tequation contigiie, puis une fonction % qui v6rifiera une nouvelle Equation 
analogue a Tequation (9). En transformant convenablement la relation qui 
permet de d6duire Uj de u par le procede qui nous a dejS, servi plusieurs fois, on 
arrive k definir une construction g6ometrique analogue k celle de M. Appell. 
Mais on pent supprimer ces intermediaires et partir directement de I'equation (9). 

De Fequation (9) 

on tire, en differentiant le premier membre par rapport a Tune quelconque des 
variables, 



(1 -h 880) g^g^ - *o a^ "f" 1 4- 88,Li + ««, "S^J* J 



(27) 



Posons TT du du g^— 1 ,q v 



(29) 
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JL d&ignant une constante quelconque. A Taide des relations (9) et (27) on 
v6rifie sans difficulte que la fonction U satisfait i T^quation suivante 

^ ^ dsdso OS 9«b lH-««6 

si on prend pour X une racine de l'6quation (11) d^jk obtenue 

X»— 3a — 2ir=0, 

on voit que la fonction U satisfait a une Equation de meme forme que l'6qua- 
tion (9) 

qui se d6duit de T^quation (9) en remplapant ^par K+2^ — 1. 

Soient V, X' les deux racines de TSquation (11), que je suppose r^elles et 
distinctes, et ^n', 7n" les valeurs correspondantes de m, 

7n' = V — 1, 7n" = X"— 1, ?w' + m"=l; 

changer K en K+ 2! — 1, cela revient, d'apr&s la relation (14), a remplacer m' 
par ?n' + 1, et de meme changer jff' en K+ X' — 1 revient a remplacer ?n" par 
?n" + 1 . Par consequent, si la fonction u d'ou Ton est parti d6finit une surface 
2m, les deux fonctions CTque Ton vient d'obtenir d6finiront respectivement une 
surface S^+i et une surface 2m~i« Pour avoir la signification g6om6trique de la 
formule (28) 6crivons la comme il suit : 

X ayant une des deux valeurs ?n + 1 , 2 — m , et reportons-nous aux formules 
(3), (4), (5). L'expression 

du . du 



l+«8b 

reprSsente la coordonn6e z du point de la surface oik le plan tangent coincide 
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avec le plan (4), :j-— — est egal au cosinus de Tangle que fait la normale en ce 

point avec Faxe Oz ; enfin 

tt U 



1 H-«so' 1 +««b 

Bont les distances de Torigine aux deux plans consid6r6s. On a done la construction 
suivante : Soit 2» une quelconque de nos surfaces^ P un plan tangent h cette surface 
et M le point de contact. Mencns un plan parallUe P^ h une distance de Vorigine 
Sgale h la distance du point M au plan x Oy , diminuee de la projection sur Vaxe Oz de 

3 / 1 \ 

la distance de Vorigine au plan P multipliie par le facteur constant — ±:(m —\ 

ce plan Pi enveloppera une su/rface S^+i, ou une surface 2w_i. 

Si on suppose m=2, ou 7n = — 1, une des valeurs de X sera nuUe, la 
construction se simplifie, et on retrouve la construction de M. Appell pour 
passer d'une surface minima k une surface So ou S^ . C'est d'ailleurs le seul cas 
oil la construction se simplifie. 

E^ciproquement, on obtient toutes les surfaces S^+i, ainsi que toutes les 
surfaces 2w_i, en appliquant la construction qui pr6c6de S, toutes les surfaces 2». 
II suffit 6videmment de le demontrer pour les surfaces 2m+i> par exemple. Soit 
CTune int6grale de Tequation (30) ; il nous faut examiner si on pent trouver une 
fonction u v6rifiant k la fois les Equations (9) et (28). Oes Equations peuvent 

s'6crire du du , ^ «86 — 1 tt 

8-^ +Sq-:^ =u + X z— I — u— u, 



/I . ^ ^^ X{88o—l)-2K ^ 



(31) 



3»9«o 1 + «8b 

De r^quation (28) on tire en diflF6rentiant 

du (fu d^u , ^ 88n — 1 du . 2^u 



d8~ d^ 'a«a«b^ i+«8b a« ^(i+««o)" 

et on d6duit de ces Equations les valeurs de -^ , -^ , ^-^ en fonction de 

TT ^ 

a'u I / TT du 
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et, en posant -^ = ^, u et ^ seront dSterminees par un systeme d'^quations aux 
diflR&rentielles totales 



( 



du = ^ds + ^ {u, U, «, Sq, ^) dsQ, 

d^=n{u, U,s,So,^)ds + '^{u, U, s, Sq, ^)dso, 



et, la fonction U 6tant supposee v6rifier F^quation (30), les conditions d'int6gra- 
bilit6 seront satisfaites. 

8. Si on applique aux surfaces 2,^4.1 les deux constructions prec^dentes, en 
remplapant m par m + 1 , on obtiendra les surfaces 2^ et les surfaces Sw+j. On 
pent done deduire les surfaces 2m des surfaces Sw+i, comme on d6duit les sur- 
faces Sm+i des surfaces 2^. Mais il est k remarquer qu'il n'y a pas reciprocity 
entre ces surfaces prises individuellement. Etant donn6e une surface particu- 
lifere 2m, la construction pr6c6dente appliquee a cette surface donne une surface 
bien determinee 2m+i» et une nouvelle construction appliqu6e a2m+i donnera 
une nouvelle surface 2m qui sera en g6n6ral diflferente de 2m. On le v6rifiera 
plus loin sur des exemples. 

On voit maintenant comment on pourra faire d6river, par des constructions 
geom6triques successives, toutes nos surfaces 2m des surfaces pour lesquelles 
rindice m est compris entre z6ro et Funite. On pourra meme, en remarquant 
que les surfaces 2m et 2i-m sont identiques, diminuer cet intervalle de moiti6. 

Consid6rons en particulier les surfaces dont Tindice est un nombre entier. 
Attribuons k la constante m toutes les valeurs entiferes, tant negatives que positives ; 
on a vu que chaque B&tie de surfaces se pr6sentait deux fois, pour les valeurs 1 — m 
et m de I'indice. On pent alors se borner a considerer les constructions qui 
permettent de passer d'une s6rie de surfaces a la serie suivante. Chaque s6rie 
de surfaces se deduira de la pr6c6dente par une construction bien d6termin6e et 
on pent faire deriver toutes ces surfaces d'une seule serie, par exemple des 
surfaces minima. 

Prenons en particulier les surfaces 2© ou 2i ; la valeur g6n6rale de u est, 
comme on I'a vu plus haut, 

u={l + sso)[/{s)+/o{so)]', 

r6quation (11) est ici 

;i* — 3XH-2 = 0. 



202 GouBSAT : Surfaces telles que la somme dea rayons de courbu/re principaux 

Si on prend X = 1 , on trouve 

Z7= - (1 + ^^o)[^/ {s) + sJi (^o)] . 
qui convient encore aux surfaces 2o; on s'explique ais6ment ce fait en remarquant 
que ces surfaces sont contigiies a elles-memes. Si on prend ensuite ^ = 2 , on 
trouve 

U= 2s^f{s) + 2ssJ, {s,) - (1 + ss,)[f{s) + sf {s) + sji {s,) +/o (^o)] 5 

c'est, avec un changement de notations, la valeur gen6rale de u qui convient aux 
surfaces minima. Prenons encore les surfaces minima ; la valeur g6n6rale de u 
est de la forme 

t.=: 2./o(^o) + 2^(/W - (1 + ^^o)[/'(^) +/o'(^o)]. 
L'6quation en X est ici X* — 3^ = 0. Pour ^ = 0, on a 

U= (1 + ss,)\sf'{s) -f{s) +«(/o"(«o) -/o' (*«)]; 
c'est la forme qui convient aux surfaces 2o . Pour ^ = 3 , on trouve 
U= (1 + ««o)[*/'(*) + 2/(«) + sji'is,) + 2/o'(.,)] - 6«o \sf{8) +/(*)] 

- 6« [«o/o'(*.) +/oK)] + 1^ [«o/(«) + «/o(*«)] . 
Oette valeur de ?7peut s'6crire, en posant sf{s) = ^ («), ^o/oK) = ^o K)« 

c'est pr6cis6raent la valeur g6n6rale de u trouvee plus haut qui convient aux 
surfaces ^s . 

9. Etant donn6es une courbe gauche analytique G et une d6veloppable A 
passant par cette courbe, il existe en g6n6ral une surface minima et une seule 
tangente k la d6veloppable A le long de la courbe G] les coordonn6es d'un point 
de cette surface peuvent etre exprim6es en fonction de deux param^tres par des 
formules ne renfermant que des quadratures.' Oette importante question a 6t6, 
comme on salt, pos6e et r6solue pour la premiere fois par E. G. Bjorling.* M. 
Appell a resolu le meme probl^me pour les surfaces 2© .f -^^ moyen d'un tr^s- 
beau r^sultat du h, Riemann, on pent traiter la meme question pour une surface 
quelconque satisfaisant ^ r6quation (9), quelle que soit la valeur de la con- 
stante K. 

Imaginons que par Torigine on m^ne des perpendiculaires h, tons les plans 

• Archives de Grunerty t. IV, p. 290 ; 1844. 

t M^moire 8ur les dSblcds et les rembUxis. Yoyez Mhnoires prisentis par divers savants d VAeadhnie 
des Sciences, t. XXIX, No. 8, p. 187. 
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tangents de la d6veloppable A ; ces droites forment un cone, qui coupe la sphere 

S de rayon 6gal k Tunit^ suivant une certaine courbe c, qui sera definie par une 

relation de la forme 

^{s, So) = 0; 

la d6veloppable A etant donn6e, la fonction cherchee u prendra des valeurs con- 
nues pour les systemes de valeurs de s et de ^o qui verifient la relation pr6c6dente. 
D'un autre cote, la courbe C etant donn6e, on connaltra aussi la valeur de z pour 
ces systemes de valeurs de s et de s^, c'est-a-dire qu'on connaltra, le long de la 
courbe c, la fonction du du 

Cette relation, jointe k la relation 

du= -TT—ds + -^— dsn, 
ds d«b 

nous fera connaitre les valeurs des d6riv6es partielles de la fonction inconnue 
-^ , -^— , le long de c, ^ moins que Ton ait 

sdsQ — s^ds = . 

Je laisse de cote ce cas singulier, qui ne se presentera pas si la courbe C et la 
developpable A sont reelles. Le probl&me de Geometric pose plus haut est 
done ramen6 au problfeme d'Analyse suivant : 

Dkerminer une fonction u satisfaisant a V equation (9) et prenant^ ainsi que see 

dSHvSes premidres -p— , ^— , des valeurs donnas h Vavance le long d\me courbe c 

representee par TSquation 

^{s, So)= 0. 

II suflBt d'ailleurs de se donner Tyne des derivees -^ , ^— , car la relation ecrite 

plus haut J du J , du J 

^ du=^ -.5- ds + -75— dsQ , 

O8 CSq 

appliquee a un d6placement le long de cette courbe, fera connaitre celle des deux 
d6riv6es partielles qui n'est pas donn6e a priori. Au moyen des formules (13), 
ce probl^me se ram^ne lui-meme au probl^me analogue relatif a Tequation (12), 
car la relation q>(s, s^ =^0 se change en une certaine relation 

^(a, /3) = 0; 

et, si la fonction u et ses d6riv6es partielles du premier ordre par rapport a s 

VOL. X. 
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et k 8q sont suppos6es connues pour tous les systemes de valeurs de s et de ^o 
verifiant F^quation 4>(«, ^o) = 0, il en sera 6videmraent de meme de la fonction 
V et de ses d^riv^es partielles prises par rapport a a et ^ /? pour tous les systemes 
de valeurs de a et de /? v6rifiant la relation nouvelle i^(a, /?) = 0. 

Ce dernier problfeme se trouve reeolu, sous une forme un peu differente, 
dans le M^moire dejsi cit6 de Riemann {Gesammelte Werkcy p. 145). Le grand 
g6om^tre 6tablit que Ton pent obtenir la fonction v, satisfaisant aux conditions 
pr6cedentes, par des quadratures seulement. 

Paris, Janvier 1888. 




Remarks on the Logarithmic Integrals of Regular 

Linear Differential Equations. 

By Karl Heun, Munich. 



Logarithms generally appear in the expressions for the solutions of regular 
linear diflFerential equations when two or more roots of the fundamental equation 
become equal to each other. But if the corresponding indices diflfer by integers 
(not including zero), these logarithms may disappear, provided that certain condi- 
tions be satisfied. Fuchs has expressed these conditions in the form of determi- 
nants (Journal fiir Mathematik, LXVIII, pag. 376). I noticed, however, some 
time ago, that the Fuchs equations are not independent of each other when the 
proposed diflFerential equation is of a higher order than the second. In the 
present paper the minimum number of conditions on which the existence of 
logarithms depends is deduced from very elementary principles. Besides this, 
several theorems concerning the pseudo-singular points (points a apparence 
singulifere) of linear diflferential equations of the second order are given in such 
an explicit form as to facilitate practical applications to concrete cases. 



1. 

Any regular linear diflFerential equation may be reduced to the form (cf. 
my paper **Zur Theorie der mehrwerthigen, mehrfach linear verkniipften Func- 
tionen" in Acta Mathematica, t. XI, pag. 97), 

i:^(»')3''-S + [^(»)?-'- A(^)-^+ • • • . + F,{x).y = 0, (A) 

F^{x) denoting an entire function of the degree 7t{i — 1). The i roots of the 
equation 

4. (x) = (x — ^i)(» - ^2) {x — ^i) = 0, 
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together with ^<^i= oo mark the "singular points" of the integral function y 
which satisfies the preceding differential equation. 

Let (^11, y2i> • • • • Vpx) be a system of fundamental integrals of equation 
(A), representing its complete solution in the neighborhood of the singular point 

^i(l=l,2, i, i + l), and suppose the point P, the geometrical representation 

of the argument x , to describe round the singular point ^t > a closed curve whose 
interior does not contain any other singular point ^, (t < t) , then the integrals 
yii> y«i> • • • • Vpi will not return to their initial values when the point P has 
completed its circuit, but will acquire the new values 

yn = t^?^-yii, y%\ = wf\y2i, ypi= w[^\y^^. (a) 

The coeflScients w^x\ w^^\ .... w[^^ are the roots of a certain algebraic equation 
which is generally termed the ** fundamental equation." 

Whenever two or more (tt) roots of this equation become equal to each 
other, the equations (a) will have to be replaced by the following system (cf. 
Puchs, Journal fur Mathemat, t. LXVI, pag. 136] : 

yii =^^'i.yit, 

y%i = ^i • y%\ + <^ny\\ » 

y%\ = ^t . 2/31 + ^%\y2\ + ^'^izyw » 



y^A =^^iyrlH-^5ir-l,l-yir-l, l + «>,r-«.«-yir-«.i + + tt^llir - 1 • J/lt » 



(I) 



In these formulas a/n, St^x, olu, . • . . a>i, ,_! are constant quantities and 

«j, = «j(" = wP> = = wl'>. (b) 

The equations (I) will be satisfied by the following expressions for 

yii. y%\ yv\'- 

!/u = >7ii. 

y»i = »7»i + Cn . rill . Ig (a; — ^i) , 

ysi = >7si + % • >7»i . Ig (« — ^t) + Cu • >7ii • Dg (» — f i)]*. 



y,. I = >7,, i+c,_i.i.>7,-i.i-lg(«— ^i)+ +Cu— i->7ii.Pg(»— ^i)]' \ 

y» + l.l = >7ir + l.l) 



(11) 
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The function >7pi(p= 1, 2, . . . .^) is defined by the expression 

'7p. = (x-^,)V.^p(x-^,), (C) 

^p {x — ^i) being the usual symbol for the convergent series 

aT +< (x-^i) + <(aJ-ii)'+ . • . .+ ininf., 
where aj'^ is always different from zero. 

The indices Jlpi (p = 1 , 2, .... ^) are the roots of the equation 

[^(^t)]'^(;i-i)....(;i-i> + i) 

P ==p- -i 

p=i 

Because ^pi and uf^^ are connected by the relation 



(B) 



the indices Xj^t.^a, i, • • • -^ir,! can only differ from one another by integers. 
The constant coeflBcients Cu, Cgi, Cjj, .... Ci^n-\ ^^ equations (II) are sub- 
jected to certain conditions, unless 7«= 2. In fact we derive from the system 

(!!)_ _ . _ _ 

yu — >7si + Cji'Tsi . [Ig (» — ^i) + 27tV— 1] + c„)7« [Ig (« — ^i) + 27tV— 1]». 

But from equation (c) we conclude 

»7pi=W<.>7pi|p=l, 2, . . . .?«, 

Hence y^x = w,)78i + c,itc, . vi%\ Pg (x — f i) + 27t V^^] 

+ CuW, .)7i, [Ig (x — ^,) + 27tV^^]» 

= WiJTsi + 27t-i/ — 1 wi I Cgi)7j, + 2cj,>7„ . Ig (x — ^i) } 
+ ( 2W^^1)'«;, . ,71, Pg (« - ^,)]l 

The last expression for y^ will only coincide with 

if the condition 2c,, = <^i.Cxi be fulfilled. By continuing this simple process we 
get the remaining relations 

The number of the coefficients Cxi, Cji, Cu, . . . . Cx,,_i is -j- ?« (jt — 1). As there 
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are -3 (^t — l){n — 2) conditions between them, onl^ n — 1 of them are inde- 
pendent of one another. 

Now it is evident that y^i will contain no logarithm if Cn = 0. Likewise y^i 
will be free of logarithms if Cn = c^i = . Generally the integral of the form 

yirt = >7iri + c,«i,i.>7,_i.i.lg(a — ^0 + +Ci,,_i.>7u.[lg(a; — ^i)]'"^ 

can be reduced to the form y^j = yj^^ if the preceding integrals y,-i,i, • • • . yj 
contain no logarithms and if the additional condition c^ -1.1 = be fulfilled. 

By combining this result with a well known theorem of Fuchs (Journal 
fiir Mathematik, t. LXVIII, pag. 367), we obtain the following theorem : 

I. *'If the indices >lii, ^ti • • • • '^irt belonging to the functions y^, y2t> • • • -yir 
differ from one another by integer numbers, the analytical expressions of those 
integrals will, as a rule, contain logarithms (t/n excepted). But unless two of 
the indices ^i, ^Igti • • • • '^iri are equal to one another, they may be freed from 
the logarithms by satisfying certain conditions. The number of these conditions 

iSTt— 1." 

We have not yet proved that the expressions given in equations (II) for 
yii» ysij • • • • t/pi form really a complete system of fundamental integrals of the 
differential equation (A). For that purpose, let us consider the following 
expressions : 

yit.(» — ^i)"X y2i-(« — ^i)^y yirf(« — ^i)"^*- 

If >lii>>Wi> • • • • > Ki, we may write 

'^ir -1, i ^irl = ^1 J '^ir — 8, I '^irl = ^ ) • • • • \i ^irl = ^ir — 1 J 

where rii, n:^, . . . . n,_i are certain positive integers subject to the conditions 

ni<t£?8, n,<W3, . . . . n»_2<Wir-i, 
or . Wi^l, nj|^2, ....n^.i^Tt — 1. 

For any index al < 7t we have by equation (c), 

y.i = (a^-^i)^H5>.(«^-fi) + c..i,i.(x-^t)-^^.-i(x-^t).ig(x-^^ 

+ c,.,.,.(x-^0'^'.g>,_,(a:-^0-Pg(«^-OT 
+ 

+ Oi,.-.i.(a:-^,)»^-i.^x(a:-fO.[lg(a^-OT"M- 
Hence we conclude that the expression y;^i.{x — ^t)~^< = ni will be a finite 
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continuous function in the neighborhood of the singular point ^i, for we have 
under the preceding conditions, 

[(x-0,)--Pg(«-OT-^.=n=o, 

(y= 1, 2, &). 

From the equation 

S^ii = (x — ^OHili 

we derive by differentiation 

fe = (.-J,)>'.-.{;i.,.fl. + (x-J,).^}- 

It will be easily seen that the expression enclosed in brackets has the same 
characteristic properties as the function D^ itself. On this account we may 

write ^ = (x-^.y«-.nL", 

and likewise 

%' = («- ^,r''-*.iii">, . . . . ^' = (x - ^,) >i-^ili^', 

D,^^\£l^^j .... fli^^ denoting a series of functions analogous to il^. Hence we 
prove in the usual manner that y^, y8ii....y»i, together with y^+i^ii 
y^4.2,i> • • • • %>!> satisfy a regular linear differential equation of the order ^ (cf. 
Fuchs' paper in Vol. 66 of the Journal fur Mathematik, pag. 142-144). 

The case n=p requires our special attention. If now y^i, ygi, .... y^j do 
not involve any logarithms, the point ^i will cease to be a singular point for the 

ratios yn'.ypi, y^t^ypii • • • • Vp-iA'-Vpi^ I* ^^7 ^® called a "pseudo-singular 
point" of the differential equation (A). Remembering that the indices Jin, 
Jlgi, . . . . Jlpi are now such as to satisfy the p — 1 conditions 

^p-iA '^pi^^ij '^— »,i — \i\ ^^ ^> .... Jill ^i = np_i; (C) 

ni, ?i2, . . . . Up^i being positive integers, we conclude from theorem I : 

II. ** In order that the point ^i be a pseudo-singular point of the linear 
equation (A), it is necessary and suflBcient to satisfy 2p — 2 conditions." 

We shall have now to establish p — 1 of these conditions " explicitly " so as 
to acquire a sufficient criterion, whether a certain point ^t he a pseudo-singular 
point of a regular differential equation or not, supposing that the p — 1 condi- 
tions (0) are fulfilled a priori. This problem will be solved gradually by begin- 
ning with equations of the second order. 
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2. 

In the particular case p-=-2 equation (A) takes the simple form 

[^(«)]'- 5" + ^(«)-i^i (x). -g- + F,{x).y = 0. 
Equation (B) becomes 

The analogous equation belonging to the point ^^^.i = oo is 



(1) 



(2) 



■F, {X) 



^2 {x)-\ _ 






(3) 



From this equation (whose roots are ^,<+i, ^,<+i) follows 






whilst we get from equation (2) 

^8(^i) = '^,i-^,i|i= 1, 2, .... t. 
The integer function F^ (x) will therefore be divisible by *>// {x) if 

Aji •— Ajjj ^^ • • • • — Aj I 1 — Aji — • 

But it is very easy to express the general integral of equation (1) by another 
function whose indices satisfy the latter condition. Indeed, denoting every 
general solution of a regular linear diflferential equation by the tables of its 
indices in this manner 

fJlii, Jli2, .... Jill, >^,<+l1 

we may verify immediately the following relation : 

lAji, A^j, .... A^if AjJ.i+iJ 



\=i 







, . . . a V 



'^l, i + l4" / ^^li 



x-l 



1 = 1 
l=i 



Aji — Jlji, . . . . Ajji — vlio Jlj, i+i + X ^^11 



t=l 
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If we put therefore 

y={x — ^i)\ {x — gg)^« (x — ^0^^ >7 , 

the function yj will satisfy the diflFerential equation 

'^(^)-5+;i:(^)--^ + ^(^).>7 = o, (la) 



[xi-) = M-h ^i-) = ^l 



w{x) is an integer function of the degree i — 2. On account of equation (3a) 
it has the form 

ttJ(a;)=Ii,<+i.t«.i+i.a4*"* + «ia;*"^+^a;*""*+ -{-Xi^^+Xi^^ (lb) 

if the function ri is denoted by 



fO, 0, . ..: 0, Il,<+l| 

Ul, Isf • • • • I<) H, < + !•' 



The function x (^) ^s determined by the equations 

«(^.)=-^'a.)I,. (2a) 

The constant coefficients xi, xj, . . . . xi^^ are independent of the indices I. 
According to the special values which are attributed to them, the character of 
the function n will be more or less complicated. For this reason we shall term 
them the characteristic parameters of the diflFerential equation (la). 

After this digression we return to the original diflFerential equation (1). Let 
j^, be any one of the points ^i , ^j , • . • • ^i and 

' yi. = («:-|.^'.^i(x-i) (4) 

be one of the fundamental integrals belonging to the point ^,. Then the second 
integral y^, may be represented by the expression 

/■Fi (a>) 

yit • yu 

Since the roots of the equation ti/(x) = are diflFerent from one another, we have 
But, on account of equation (2), we find directly 



"^=EM^-^-- («) 
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consequently 

e J i^(a;)-^* = n (a — ^iyii + ^81""^ 

Writing for brevity 

equation (5) can be put in the form 



y% 



. = yie ./P (a:) . (x — ^X'-'i'-'dx . 



But it is possible to develop P {x) into the convergent series 

Co + Ci (x — ^,) + Cjj (a — ^,y +....+ in inf. 
where the first constant c© diflfers necessarily from zero. Therefore we have 



v = oo 



Supposing ^1, — ?.2i = n {n being a positive integer) we obtain, by integration, 

— 1 



2/2 



+ c„ . Ig (x — ^,) + o„+i (a — g,) + -g- Cn+2(a: — i) + . . . . + in inf-j • 
Hence we get for y^, the final expression 

ys. = (a^ + i^.^2(^-e) + Cn(x-i)V^,(a:-^J.lg(x-^0. (8) 

From this formula it is evident that yjc will contain no logarithm if the equation 
c^ = be fulfilled. We have now to establish the connection of this equation 
with the coeflBcients of the dififerential equation (1) or, what is the same thing, 
with the indices Jl and the characteristic parameters x. 

We may always consider ^j {x — ^,) as a known function. Let it be given 
in the form 

^,{x-^,) = ao + a,{x-^:)+a,{x-^:)'+.... + mm{. 

^1 (^ — ^t) •^{x — ^t) will be likewise a convergent series of the form 

8 — ao-i ai{x — ^,) + a^{x — ^J* +.... + in inf 
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We have a© = o^Oq , ai = 2ai and generally 

The coeflBcients of the series 

-J = A^ — At^{x — Q + A^{x — Q^ — A^{x — !^,f + ± in inf. 

are connected with those of the series a by the formulas [a© = 1] , 

-4o = 1 ; J-i = tti ; -4, = aj — (X2 ; J-s = af — 2aia2 + otj , etc. 
The general expression for J.„ as a function of oi , cxg , . . . . a» is 





«!. 


a». 


tts, . . . . a„ 




1 , 


«!, 


cjCj, .... a^— 1 


n — 


0, 


1 , 


Oj, .... a^— 2 




0, 


0, 


1 y . . . . Ot^ 3 




0, 


, 


, . . . . ai 



The expression for -4„ as a function of the coeflBcients ai, a,, . . . . a„ is deduced 
from the latter one in the following manner. In the equation 



v=^n 



v=^n 



^-=I3p-'W'=Z)''»'w- 



1^=1 



^=1 



let [a]^ be the complex of all terms of the dimension v in respect to a and \a\ 
be the corresponding expression of the terms in a . Then the numerical coeflB- 
cients ^^^\ r^^^ are connected by the equation r^^^ = (i; + l).pi*'\ By this rule we 

find easily 

Ai = 2ai; -4, = SaJ — 202; -48 = ^a\ — Qa^a^ + 2a3, etc. 

Next we develop the expression ^-^ gxA j^x^ -1 into the series 

k + h{x-^) + l,{x + ^0' +....+ in inf. 

The product of this series into the series 

Aq — Ai{x — ^ J + J.2 (a — ^J* — . . . . db in inf. 
is equal to 

IqAq + {iiA^ — IqA^ . {x — Q + (4A*— iiAi + I0A2) :{x — ^,y + — 
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Hence we derive the general expression for c^ in equation (8), 

c^ = ?„ . ^ — /^_i . ^1 + + (— 1)% . A^ . (10) 

This result may be enunciated in the subsequent theorem : 

III. "Let ^^ be any of the i zeros of the integer function '^{x) in the 
regular differential equation 

and Xi,, %g, the roots of the quadratic 

[^ im'^ (Jl - 1) + ^' {Q . F, {Q .% + F, {^) = . 

Supposing the difference Xj, — ^ to be equal to a positive integer n, determine 
a function 

satisfying tjie proposed differential equation. Thereupon express the coeflScients 
J.o» -4i» • • • • -^n i^ the equation 

as functions of the coefiScients Oq, aj, . . . . a« and likewise the coefScients 
7o, ?i, . . . . Z« in the identity 

as functions of the indices 

'^U) '^W) • • • • ^Uf 

Ajjl * ^^ I . . . . Ajf . 

If the aggregate 

^* • -^0 ^n-l-^l 4" • • • • r ( l)%-^n 

happens to be equal to zero, the point ^, will be a pseudo-singular one of the 
given differential equation, and yi„ y,, will consequently not constitute a system 
of fundamental integrals." 

The present criterion is formally confined to finite values of ^^. But the 
case ^, = ^^^1= 00 may be easily reduced to the case ^,= by changing the 

independent variable x in the differential equation. Indeed, if we put x = 



t 
the point < = will correspond to the point a = oo . 
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3. 

The coeflBcients of the diflFerential equation (1) [No. 2] are completely 

determined by the indices ^j (p = 1, 2; 1=1, 2, i, i + 1) if *' be equal to 2. 

In this case we may put ^i = and ^i = 1 and obtain the diflFerential equation 

^{x-l)*^+x{x-l)F^{x).^ + F,{x).y = 0. (1) 

Introducing the function iq instead of y , by the substitution 

Yl will be an integral of the equation 

«'(«'-i)5 + ;K(»).-|-+i>.>7 = o, (2) 

where p denotes a constant quantity. Suppose 



I 



0, 0, a 

1 — y, y — oL — P, p\ 



to be the table of the indices ofyj^x (^) ^^^^ ^^ ^ linear function of x satisfying 
the conditions 

Therefore X («) = (a + /? + 1) a — y . 

From equation (lb) [No. 2] we conclude p^=:a(i. Consequently rj will be a 
solution of the equation 

x(x-l)-^ + [(a + i3+l)a:-y]^+a|3.>7 = 0. (3a) 

The complete integral-system of this well-known differential equation is 

ya=F[a,^,a+^-y+l,{l—x)], 

yi, = x— J?'[a, a — y-h 1, a — /3+ 1, ^], 

yn = a^-^-P'[a-y+l,i3-y+l, 2-y,x], 

y» = (l-»)*— "i^Cy-a.y-i^, y-a-|3-|-l,(l-x)], 

y„ = x-''F[(i,li-y+l,^-a+l,^], 
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F[a^ ^, y, jc] denoting the hypergeometrical series of Gauss. This series has 
no definite value as soon as y becomes a negative integer. Thus 

i^[a — y+1,^ — y+1, 2 — y,jc] has to be rejected if y — 1 = n ; 
likewise F\y — a, y — /^, y — a — /? + li (1 — a^)] ifa + i^ — y = w, 

and F[^, /? — y+1,/? — a+1,— ]ifa — /? = n, 

n denoting always a positive integer. In these cases we have the following 
expression for y^i , ygs > ^^^ ^23 • 

y»i = ^i(a:) + c'^\ F[a, /?, y, a:] . Igx (y - 1 =n), 

y«s = ^2(l-^) + ci^i^[a, /?,a + i3-y + l,(l-x)].lg(l-a:)(a + /?-y = n), 

y28 = ^3rv) +c^i^[a,a-y + l,a-/?+l,^].x-Mg^ (a-/? = n). 

The condition c^^ = denotes that a; = is a pseudo-singular point of the 
diflFerential equation (3a). Similarly c^f^ = 0, cjf^ = will respectively indicate 
that a; = 1 or a; = 00 are pseudo-singular points of the hypergeometrical differ- 
ential equation. 

We shall pursue only the case cJJ^ = 0, as the two remaining may be absolved 
by following exactly the same method. The point a = will be a pseudo- 
singular one if the condition 

is ratified. As the coeflBcients ?o> ^) • • • • ^n are in the present case given by 
the equation 

(1 — a;)~— ^ = k + hx + k7?+ + ?ni»* + , 

we find 

Zo= Ij ?i = — (w — a — /?); 4= \~^ ■' ®*^' 

Furthermore, since 

we get 

A-, A-M. A - «'^ a(a + 1)^(^ + 1) 

»~ • >~n + l' »~(n + l)» („ + l)(„ + 2) '•••• 



Regular Linear Differential Equations. 217 

Introducing these expressions for I^, li, .... In and Aq, Ai, . . . . A^ into the 
equation c^ = , we obtain the latter in the form 

c^ = (a— l)(a— 2) (a — n)(|3— 1)(/?— 2) (/? — w) = 0. 

Hence we conclude 

a=l,2,3,....n and /? arbitrary, 

or /^ = 1 , 2 , 3 , . . . . n and a arbitrary. 

This result justifies the theorem: 

IV. " If the third element y of the hypergeometrical series F[a, /?, y, x] 
which satisfies the differential equation 

x(x-l)^ + [(« + /? + l)a:-y]-|-+a^.n=0 

has the form y = n + 1 (^ being a positive integer), the expression 

^{x)+Fla, /?, y,x].lga 

together with jP [a , /? , y , x] will constitute a complete solution of this differ- 
ential equation in general. But supposing n ^ 1 and a to be equal to one of the 
numbers 1, 2, .... n, and /3 remaining an arbitrary quantity, or vice verm, the 
point a; = will cease to be a singular point of the proposed differential equa- 
tion." 

The **relationes inter functiones contiguas" [Gauss' Werke, t.III, pag. 130] 
may serve to express the series F[a, v, n+ 1, x"] rationally by ^[a, 1, 2, a] 
and jP[a, 1 , 3, a:] . By means of the formulas 

{v — l){l — x)F[ay V, n+ Ijx] 
+ [n — 2v — 1 — {a — V + l)x'} . jP[a, v — 1 , n + 1 , a] 

— {n—v+ 2)F[a, v—2,n+ 1, a;] = (form. (1) I.e.), 
{n — a) .x.F[a, v, n + 1 , a] 

+ n[7i — 1 — (2n — a — v — l)x'] . jP[a, v, n, a] 

— 71 {n — 1)(1 — x).F[a, V, n — 1, a] (form. (15) 1. c.) 

i^ [a , r , n + 1 , x] is expressible by 

F[a, 1, 2,x], F[a, 1, 3,x], F[a, 2, 2, x], F[a, 2, 3 , x] . 
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But between these four functions there exist two relations : 

[1— (2 — a)x].i^[a, 2, 3, a] + i^[a, 1, 3, x\ — 2{l—x).F[a, 2, 2, a] =0 

(cf. form. (14) 1. c), 
2[1 — (2 — a)a:].i^[a, 1, 2, a] — 2(1 — a). J^[a, 2, 2, x\ 

+ (2 — a)a;.jP[a, 1, 3, a] = (cf. form. (11) 1. c). 

Therefore jP[a, v, n + 1, x] can be reduced to F\a, 1, 2, x] and i'^[a, 1, 3, x]. 
We find easily 

J?[a,l,2,x] = j^.i.[l-(]-x)'-], 

J-[a, 1, 3,x]= ,4^. I.-;^-^H__.l.[i_(,_,).-.]. 

This is suflScient to show that -F[a, r, n+ 1 , x] is **a rational function of x and 
(1-x)*" [l<r<n]. 

4. 

The general theory of differential equations of the second order with more 
than two finite singular points is very little elaborated up to the present. 
Only a few special cases have been treated by Green and Lam6, whose 
researches have been completed and enlarged by Liouville, Heine, Hermite, 
Fuchsy and other mathematicians. 

Let us first consider differential equations with a single characteristic 
parameter. This will occur for i=3. Equation (l) [No. 2] assumes in the 
present case (^^ = , ^s = 1 , ^s = a) the form 

x«(x-l)«(x-a)»^ + x(x-l)(x-a).J^i(x)^ +F^{x).y^O. (1) 

This equation is satisfied by a function y with the indices 

• 2 . a • 00 . 

All, Ai2, Ai8, /i4, 
'Wli ^i '^Si '^^ 

If we put 

y = x^» (x — 1)^" (x — a)^». >7, 

the new function yi will be an integral of the equation 

x(«-l)(x-a)5+^(a:).-|- + <3(a;).^ = 0. (2) 
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Suppose the table of the indices of yi to be 

• 1 • a . 00 . 

0, 0, 0, a 

1-y, l-«, y-a + h-^, 13 

By equation (2a) [No. 2] we have therefore 

;c(0) = ^(0).y. ;k(1) = '4/(1).5, ;k(«)= -^' («)[/-« + «-/?- l] . 
or since '4^{x)=^x{x — l){x — a) , these equations are 

XiO) = ay, ;c(l) = (l-a)«, x{a)=- a{a-l)ly-a + 8- (i -1]. 

consequently 

^(x) = {a + (3+l)a?-{a + ^-8+l + a{y + 6)\.x + ay. 

Equation (lb) [No. 2] gives for i= 3, 

fi> (a;) = aj3 . X + ^1 . 

Writing — a^g instead of xi, the differential equation (2) will take the 
final form 



x{x—l){x — a)^ 

+ [{a + fi + l)a^ - \a + (3 -8 + I + a{y + 6)\x + ay-] ^ 
+ a^{x — g)ri = 0. 



(2a) 



The quantity g represents the characteristic parameter of this equation. Mod. 
(a) may be supposed to be ]> 1 . Should it be < 1 , then it will be easy to 
transform equation (2a) into a similar one for which the first hypothesis holds 
good. Now let us determine the coeflScients ai, Oj . . . . in the series 



1^=00 



V = 2^ a,.a;% (3) 



•^ = 



that >7 be a particular solution of the equation (2a). The latter equation will 
be identically satisfied by the series (3) if 



1^ = 00 



— ]r(v-l)(a+l) + v [a + /?—«+ 1 +a(y + 3)] +a/3flf}»' 
+ \v{v — 1) a + vay\ x'-^ = 0. 

VOL. X. 
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From this identity we derive formula 

(r+a-l)(r + /?-l)a_i-{i;[i^+a + i3-5 + a(r+y + 5-l)]+a/?i7}aJ,^. 

+ a(i/+l)(i/ + y)a,+i = 0. ^ ^ 

ai and a© are connected by the equation aya^ — a^ga^ = . Equation (4) gives 

a = I «-^ ^ .5) 

' 1.2 vXr + 1) (r+v— 1)* a' ^ ' 

where G'(^-, denotes a certain integer function of g of the degree v. If we put 
F\a{a, /3,y, h)g,x'\ 



G^S X» . (?(S) 7» 



+ 1. 2.3.4. r(r+i)(r+2)(r+3) • ^ +•••• + i° I'l^- 



(6) 



F\a{a, /?, y, 5)gr, ar] will be certainly an integral function of the differential 
equation (2a) if Mod. (a:) -< 1 . Substituting a^ from equation (5) into equation 
(4) we obtain for the successive determination of the functions Gf^>^, (7^^), . . . . , 
the formula 

— ar (a + r — 1) (/3 + r — 1 )(y + r — 1) . G%- « = , J ^ ' 
starting with the functions 

In the special case a = 1 , gr = 1 , we have 

(?[j> = (a + l)(a + 2) .... (a + i;_ l) . (/?+ l)(/3 + 2) ....(/? + y_ l), 

consequently 

F\l (a, /?, y, 5) 1 , <c] = F[a, /?, y, a:] . 

This relation is important, as it shows that Gauss' hypergeometrical series may 
be looked at as a ** degeneration" of our general series F[a{aL, /?, y, h)g, x\. 
Since the functions of Green* and Lam6t are solutions of the differential 



*^'0n the determination of the exterior and interior attractions,^' etc., in the Transactions of the 
Cambridge Phil. Soc., 1885 (read 6th May, 1883). This paper contains already the fundamental proper- 
ties of the fimctions which have been afterwards called by Hoine ^^ hohere Lam^sche Functionen.^' 

t Liouville^s Journal, t. IV (1839) and ^' Lemons sur les fonctions inverses,'' Paris, 1857. 
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equation 

x{x—\){x — a)'^^-^{Z7?—2{a+l)x + a^^—^n{n^-l){^^ 

n being a positive integer, we have the expression 



w 



= ^["(-T"'T(" + ^)'T't)^'"']; 



A second solution of the differential equation (2a) must necessarily have the 
form >73i = a;i- V . ^ (a;) . 

Now an elementary transformation of the indices gives the relation* 

f 0, 0, 0, a) 

^ll-y, 1-5, y-a + 5-/?, /? J 

^ i_ fy-1, 0, 0, a-y+n 

•"^1 0, 1-5, y-a + «-/?, i3-y+li 

= ^-. f 0, 0, 0, a-y+11 

•^ll-(2-y), 1-5, y-a + 5-/?, /?-y+li 

Hence follows immediately 

yn = a^-^i^[a(a-y+l, i^-y+l, 2 — y, h)g,x'\. (8) 

But if y = n + 1 (n being a positive integer), this second solution has to be 
rejected and substituted by 

y%i = %{x) + c^.F\a{a, /3, y, h)g, x'].\gx. 

The point a; = will be a pseudo-singular one if the condition c„ = be satisfied. 
It is evident that A^ contains no a^ whose index v is ]>n. Therefore A^ is an 
integer function of g of the degree n. The coefficients ?0) ^j • • • • ^n ^re in the 
present case determined by the equation 

(a— l)-*(a; — a)"— +*-^ = 2o + ZiaJ + 4a*+ + ?na;~ + 

They are of course independent of g. Consequently the condition c,^ = will 
become an algebraical equation of the n*^ degree in respect to the quantity g. 
Hence the theorem : 

* This maimer of denoting integral functions by their table of the indices is adopted from Riemann. 
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V. ** If, in the differential equation 

a,(a:_l)(x-a)g + [(a+/? + l)x«-{a+/?-5 + l+a(y+5)}x + ay]-^ 

+ a^{x — g).ri = 0, 

of which -F[a(a, j3, y, h)g, x\ is a solution, the third element y takes the value 
y = n + 1 (w being a positive integer), then it is always possible to determine 
the characteristic parameter g by an algebraical equation of the degree n , so that 
the point a;= degenerates into a pseudo-singular one. The elements a, /3, 5 
are not subjected to any algebraical condition." 

Theorems altogether analogous to the preceding one may be enunciated in 
reference to the points » = 1 , a , qo . 

5. 

Let us proceed to differential equations of the second order with any 
number of singular points. Suppose ^i, ^j, . . . . ^o of the series ^i, ^2, . . . . ^< 
to have degenerated into pseudo-singular points. This hypothesis implies the 
equation (cf Theorem III) 

Cn,= 0, c„^=0, c„^ = 0, (1) 

and subjects, therefore, the i — 2 characteristic parameters of the equation 

^(«)5 + ;t(«)^ + [n^;i-tai-«'-* + '^i«'-''+.. •• + «.-.]. '7 = (2) 

to V conditional equations. 

The original table of the indices of ri is 

fO, 0,....0,Iii4il 

As soon as 

Ii = — ^1, !» = — w,, ....U = — w^ ) 

only ^,^1, ^„+2, . . . . ^i remain proper singular points of equation (2), which 
we write now in the form 

4,(x).^,(^)S+;c(«)-5- + -(«).>7 = o, (3) 

9W 
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The last differential equation has not the regular form (A) [No. l], notwith- 
standing its general integral yi may be expressed by the general integral z of the 
auxiliary regular differential equation 

M^)^+XM%'^^{^)^^'=^^ (4) 

where ;ti(a) and 6ii{x) denote integer functions of the degrees i — v — 1, i — v — 2. 
The table of the indices of the new function z is supposed to be 

,0 ,....0, li^ii 



U + l, lo + 2i . . . . li, li + i / ^ 






1=1 



The general theory of linear differential equations requires the sum of all the 
indices in this table to be equal to i — 1 (cf. Fuchs, Joum. fiir Mathematik, t. 66, 
pag. 146). In fact we have 



t=i 



^t. + I?;a + U*|i = i-l. 



t = l 

but / Ii = / Wt , consequently / It + 1?+ 1 + li + 1 — / Wt = i — 2, q. e. d. 

1 = 1 1 = 1 l = Fi-l t = i 

The function X\ (^) is completely determined by the relations 

Xai)=-4/(^t)(tt-l)|l = t;+l, v+2,....i. 
wi (x) must necessarily be of the form 

^i(a:) = iai li'li-^nt .x*-'-»+«f.x* ' + .... +^U-s, 

xi, xj, . . . . ;Ci_t)-s being the characteristic parameters of the differential equa- 
tion (4). 

Now it is always possible to determine two integer functions Pq (x) and 
Pi{x) and to express xi, tc^j . . . . ^<-r— s by means of Xi, jc^, . . . . Xi^^ that 

the relation n / \ i r> / \ ^^ 

V=Po{x).z + Pi{x).-^ 

exists between the functions >? and z. The particulars of this method of reduc- 
tion are fully explained in my paper quoted in the beginning of No. 1 (Acta 
Mathem. t. 11, pag. 97). 
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The preceding remarkB lead to the subsequent theorem : 

VI. ** Whenever v of the i zeros (^i, ^g? • • • • ki) ^^ the integral function 
if/ {x) in the diflFerential equation 

degenerates into pseudo-singular points, the function vi will be expressible 
rationally by a function z satisfying the regular differential equation 

where the zeros of ^^i {x) are the proper singular points of vi and its first deriva- 

dz 
tive function—. The#i — v — 2 characteristic parameters of z are known 

functions of the i — 2 characteristic parameters of >?." 

Hence we conclude, if cc = is a pseudo-singular point of the differential 
equation (2a) [No. 4], the function jP[a (a, j8, n + 1, 5)^^, a:] will be expres- 
sible by the hypergeometrical series of Gauss. 

Fbanefubt a.m., 27 Deo., 1887. 



P. S. — M. Poincar6 has requested me to correct an error in his memoir, "Sur 
les groupes des Equations lineaires," Acta Math., Vol. IV, p. 217 : "Pour qu'un 

infini des coeflBcients ^^ soit un point h, apparence singulifere, il faut ^ 

conditions" — this should be **.... 2^ — 2 conditions." K. H. 



On some Applications of the Units of an n-fold Space. 



By C. H. Chapman. 



The following article originated in an attempt to obtain a proof of the rule 
for multiplying two determinants of the n*^ order by the principles of quater- 
nions. There is no difficulty, of course, in the case <Jf a determinant of the 
third order, but beyond that it seemed necessary to use a more general system 
of vector units than Hamilton's i, j\ Jc. The sjonmetry of an w-dimensional 
space, where n is odd, leads at once to the proper assumptions, as has been often 
shown. In working with n rectangular unit vectors the symbols S and V as 
defined by Hamilton were found not sufficiently exclusive, and, as a makeshift, 
a new symbol o^ was defined and found extremely useful. When applied to the 
product of two vectors o^ has the same selective power as F, but applied to the 
product of three vectors, it selects the same terms as S. Applied to a product 
of more than three vectors o)^ is equivalent neither to S nor V. 

Aided by this symbol, the rules for determinants of the n^^ order were 
found with ease and a method of inverting the linear and vector function ^ in 
space of n dimensions was generalized from that given by Hamilton for ordinary 
space. The fact that ^p effects a linear substitution upon the coefficients of p 
leads on to the interesting connection between the operator ^ and the theory of 
linear differential equations, and by means of its properties a number of theo- 
rems may be demonstrated with facility. 

I begin by showing the connection between ordinary quaternions and 
determinants of the third order. 

If a, /?, y and a', /?', / be two systems of non-coplanar vectors in space of 
three dimensions, it is easy to obtain the following equation, viz : 

/Sa'a, S^'a, Sya 
Sa^y . /S V/?y = S. Fa'/?' F/?'/ F/a' aSx'/? , /S/?'/? , Sy/S 

ASa'y, /S/?'y, S^y 
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But plainly, 



S. Va'p' V^y Vya! = S. Va'^' V. V^y F/a' 1 

= -S. Va'^'.ySa'^y = — s^a'^y. 1 



Hence 



jSafiy.Sa'fiy = — 



If now 



Sa'a , S^'a, S^a 

Sa'p, s^'^, sy^ 

Sa!y, S^'y, Sy>y 



(1) 



(2) 






then 



Sa^y = — 



, — Sa'^y = 



•*i > y* > *f» 

and /Six'a = — {xixi + y^y'i + ZiZ^) , 

Sya = — («ix^ + yiy's + Zx^s) . 
and so on for the other scalars. Hence 



«!. 2/1. «i 



./ 



/ 



,/ 



••^Sj 2^8 > ''8 



a^ii yi> 2i 




a^2» y«» ^ 


X 


^8» ys) 2:3 








iri«iH-yiyi+2JiZi, xiA+yiy%+^^^ ^\^t+y\y'^+^^ 
^s^i+ysyi+zzzif X9x%+yiy%+z^f x^i+yt&tt+zssi 

by eq. (2). Giving thus the rule for multiplying determinants of the third order. 
Noting that Va^ = (a^y, — oc^yi) y + . . • . = (xiy, — x^yi) A; + . . . . i eq- (1) gives 



«ii yi7 zi 
^1 y%f ^ 

^8 9 y 3 > ^8 



^iy% — yi^i ZiX% — xiz%, yiz% — z^^ 

a^8 — y%^Zy Zi^rs — ajZg, 2^828 — 222^8 

^syi — y^iy 2tfCi — arj^i, y^i — zsyi 



or the square of a determinant of the third order is equal to the determinant of 
its minors. 

To generalize these results I consider a system of n units like if j, k in 
a space of n dimensions, where n is an odd integer. Let these units be 
?!, ?,, Zs I • • • • ^11 and let SIJr=^ ; also IJr = — ^A* Also the complete cycle 
when multiplied together produces a scalar. Assume then 

7lZ| . . . . Zn- A = -4 (3) 

where j1 = zfc 1, as will be shown. 

Again, since ?*=?/= — 1 , it follows that 



— 7-1 



i^- -I 
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To determine the rule for the essential sign of A, note that, by eqs. (3) 
and (4), 7i?j .... ln-\ = — -^^n* 

Also by successive multiplications 

l^ = -a?^_ic^_3 . . . . ?!*" = ( 1)** AI^^tJ,^^^ . , . . ?i = Al^^-Jjf^^^ . . . . ^, 
since n is odd. By the continued use of eq. (4) this becomes 

'n -— ( — 1) ' A,lrJ^l^ .... In — 1» 

hence i / ^>.(n-i)(n-2) 1 

— -1 = (— 1) ^ ^ > 

^ = (-lfV^-l. (5) 

This is satisfied only if ji = ( — I)""". Prom the symmetry of the space it is 
safe to conclude that in general 

or if proof were needed, multiplying \ by the first member of eq. (3), then 
multiplying the result by 7i, we have, if the equation be preserved, 

t\t\l%'z • • • • 'n'\ —- -^n^ I 
or ^— fj^S • • • • ^'nr\ "■" ^"" -^ » 

or Vs • • . . yi=^» 

a process which may be carried on indefinitely. Thus both the sign and numer- 
ical value of A are consistently determined by eq. (5) for the whole series of 
cyclic products formed from the n units. 

To determine what the value of /i4 is, since Slil^ = , it may be assumed 
at once that 

Then Skkk = = — ^i + x^Slil^ + = — arj. 

Likewise a:, = and arj = — Sl^J^ » iC4 = — SlJ4i , . • . . 

Hence the product of two vectors is a linear function of the remaining n — 2 
of the system. 

Let it be required to express a vector p linearly in terms of the funda- 
mental units ^1 . . . . Z^ . 

Vol. X. 
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Assume the equation 

P = a:i?i + a^s^s + . . . . + «*?•• 

Then at once, multiplying by l^ and taking scalars, 

ar^ = — /S/^p , 

which determines the coeflBcients. If 

pi = y\h + yih+ + VfJn , 

since ?.?^ = — ?Xf 

%i=— l^pip» 
and plainly also, /Sjppi = /Spip. 

Let ai, Os, . . . . a,, be a system of n vectors such that 

tti = aru/j + ari,7, + x^l^ +.... + XiJ^, 



(6) 



(7) 



(A) 



Let d)^ be a symbol such that when applied to the product of any x vectors it 
shall select all those terms containing the product of any x distinct units and 
shall exclude all other terms, the selected terms being united into an aggregate 
by addition. 

Let (j^aiOj . . . . a^ , or briefly o, (ai) , when the cyclic order is perfect, be 
such an aggregate. Considering any two vectors ajo,, it is clear that only those 
terms of their product included in cjjaiai enter into d)^. Hence the symbol (»^ 
may be arbitrarily inserted in a product under o)^. And in general, if >l<Cx, to 
insert q^ under o^ before any group of X vectors is merely to bring into evidence 
an operation implied in o^ itself. Therefore 

d)^ being merely selective, is plainly commutative with all scalars and distribu- 
tive over a sum. 

6)^(ai) is the sum of all the determinants in the matrix 



Xii^ Xij, a:i8, . 

•*^l» •*^22> ^iZj ' 






•^kI > ^Ki » ^k2 » • • • • iC, 



en 



each multiplied by the group of units whose suflSxes are determined by the 
second suflSxes of the principal diagonal. So far as the letters in each product 
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are concerned, this is only another statement of the definition of d)^ ; and as to 
the signs, it need only be noticed that given any group of x units, 

where no two are identical, then any arrangement produced from (if) by X 
interchanges of consecutive vectors equals ( — iy{M) , so that the signs of the 
various terms are precisely those required. Hence, taking x = n, ^^{ai . . . . a^) 



^11 J ^^ , . . . . Xin 
•^1 1 •^S I • • • • 2^n 



^nli ^n%i .... 2? 



nn 



A. 



where J. = Zi . . . . Z^ . 

When dealing with only two vectors, (Og is the same as T, as a glance at the 
system (A) will show ; and o^^iai . . . . a„_i is a vector, since the product of any 
n — 1 units produces the remaining one multiplied. by zfc-4; but 

Also, while o^ai .... a^ is a scalar, it is not the same as /S^.ai . . . . a^. 
From eq. (7), then, cA^p^p = — Ogppi. Hence 

= — cj^ai .... (o^a^a^^i) . . . . a„ 

— ~~^ Of^OC^ .... OiffLf^ 2 * * * * ^n • 

Therefore, to interchange two rows (or columns) changes the sign of the deter- 
minant. 

Again, o^ai .... a,a^ .... cl^-x = ^n^^i • • • • iy^P^J^i) • • • • ^n-i- But {;^a^a^'=='Q 
evidently. Hence o„(a) = if it contains the same vector twice, and a deter- 
minant vanishes if two of its rows are identical. 

If one of the n vectors ai . . . . a^ . . . . a,» is a linear function of the others, 
we have 

(o^ax .... a^ .... a,i = a^fp.^^ .... (c^cxx 4" ^oi« "h • • • • "H ^rS^n) • • • • c^n "^ ^ > 
since every product will contain some vector twice. Also 

0;,aia, . . . . (a^ + c^o.^ + c^a, + ••••)•••• ^n = ^n^i • • • • ^m 

since the products formed with the added vectors all vanish. Hence a determi- 
nant is not changed by adding to the terms of any row the corresponding terms 
of any other row multiplied by a common multiplier. 
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Consider the system 

/?i = ynai + l/na^ + + yindn , 



From what has already been shown it is clear that 



u 



nPlPi ' • ' • Pn 






yin 

2/2n 



which again 



ynl» Vnt^ VnZ 



y 



nn 



Onttj 



• ttn* 



yn, Vn 



• • • t 



yi« 



Vnll yn% 



y 



nn 



^Uj ari2 • • • • ^In 



•^nl> ^n% • • • • 2/) 



nn 



4 



But 



^1 = (yii^ii + yvtXn + yi8«8i + — + yin««\) h 

+ (yu^^is + yii^M "T ^is^ffl "!"•••• + yin^ui) *! + •••• • 

/^^ = (y»ii«ii + y^v^i +....) ^1 + (y^i«i» + y^^n + — )k+ — 

Hence o)„/5ij3j . . . . /3„ 

2^11*11+ yua'8i+ . . . . + yinXnx, ynXM-k- 2/i»aM+ • • . . +yi„a;«», • • • • , • • • • 



y»l*ll~r yirt*Ji+ . . . . -j- ynn^nU ynl^n"^ yttP^n'T • • • • + ynifi^ntf • • • • i • • • • 



A. 



These results must be equal since On selects the same terms from a product 
whatever be the intermediate steps of the work, provided no reductions are 
made among the units. Thus we have the rule for multiplying determinants. 
I shall obtain it again in a moment. 

Assume a system of functions as follows : 

hi = 2llt0n-i(ai) + 2;i2"n-l(a2) + . . . . +2ln^n-l(an), 
^8 = 22lWn-l(ai) + Z22"n-2(a2) +....+ 2:2n^n-l(an)» 



*n=2nl"n-l(ai) + 2«2"«-2(«2)+ • • • • + ^nn^n-lCO » 

where On-i{o^^) = ^n-iO^ftO^M+i • • • • a»otiaj .... a^-g. 

Let oi-i/^i^j .... Ax designate the result obtained by taking out of the 
product hih^ . . . . h^ all those terms containing the product of X distinct cyclic 
groups of units such as IJ^^i .... IJih • • • • '^-i- ^n-i is distributive over a 
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sum, being merely selective ; hence the products obtained may be separately 
considered. The same reasoning which showed that 

o^aittg (o^asa4 ) a« = o^OiO, .... a. 

shows that (^n^Jhh% .... (col^iAA+i ....)•••• ^a> 

where u^^i operates on any 8 functions, 8<i^. 

In the first place, 

o*_i[a)„«i(ai)cj(„_i)(ai)] = 0. 

For "n-l(ai) = Onhh • • • • ^n-l + Ci?2^ . . . . Z^ + • • • • 

= -A[GJ^ + G,h + 0,1, + 0,k+ ... .] 
Sence 

toj.i [ai„-i(ai)(o„-i(ai)] = A^HO^O,- C,0:)lj^ + ....] = 0. 

Also wj_i[(0n_i(ax)o;,_i(aj] = — o*_i[cj,,_i K)"»-i(aA)] ; 

for both are linear in the n units. This gives the rule for the signs and shows 
that no function On-iCa^) can come in twice under oi__i in the same product. It 
follows just as in previous cases that 



^n — V^V^^ • • • • "n — ~ 



2^11 » 2Ji2 , Zi3 , . . . . Z\^ 
%! > 2^22 » 2523 , .... Zjn 

2'nl > ^n% » ^^nS > • • • • ^nn 



u"_i [a„-i(ai)(.)„_i(a,) .... o„_i(a„)] . (8) 



(B) 



As before shown, 

C^n-l(ai) = -^[^ln?n+ (7n7i+^u7s + . . . . + ^l.n-l?n-l], 
"n-l(an) = ^\,GnnK + ^'^1?!+ 0^,1, + .... + O^^ n-l4-l] > 

where Ci,» is the coeflScient of ?i4 • • • • ^n-i iii the product aia, .... a^-i; but 
this is plainly 



^21 » 






^18, 
2523, 



.... 



^l»n— 1 
^2, n— 1 



^n-l,l» ^n— 1.21 *«— 1.3 



... 



^n— l,n— 1 



and Oil is formed from this by dropping the left-hand column and adding on the 
right the next in cyclic order, and so on for the other C^b in a perfectly evident 
manner. That is, (7i» is the minor of the determinant 



3^111 ^1 ^> • 

•*^l > •^ > •^28 > • • • 



• • f ^\n 



•^»1> •^«2> -^^nS^ 



, X 



nn 



= i), 
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complementary to «„„, On to aj^ii C^s to a?^, and so on, but plainly the arrange- 
ment is such that 

«nn<^ln + ^nl^^ll + ^njOij + X^jC'lS + + ^n, n-l^l, n-1 = D, 

Also we have plainly in the case of o^«i(ax), 

^A-.l,»C'An + a5A-l,lC^Al + ^x^l,%Oj^ + Xx^i,zOxz+ . . . . + a5A-l,n-l^A,n-l = -0> 
X^nOxn + ^,.lOxi + X^C,^ + H-a^.n-lC^A,*-! =0, 

(I being different from X — 1 . 
We have also 

All these equations are immediate consequences of the definition of a determi- 
nant combined with the equation 



Now making 








2u ^^ Xnn 7 


2lS = aini 


2i8 =«:«•» J 


• • • • > 2Ji,| = ^n — l,n> 


«81 = «nl» 


«M = aiii 


2« = asi, 


• • • • » 2;2n -^^n — 1,1> 


2;81=»n»i 


282=a^l8, 


283=a^» 


• • • • > 2J3^ "^ ^n — 1 2> 


S^Ml^^ ^n,^-l» 


2Jm3= 2?i,^«1, 


2^*i8 = ^,fi- 


-!••••> 2J^n "~ •^n — 1,^ — 


there results 









or 



+ [»nn^U + XinCn + a^n <^81 + ] ^ + • 

A, = — ADZi, 
^8 = — ADli, 



• • I 



(C) 



h^ = — ADln^i. 

It is plain enough now that d^^i does not differ in meaning from o^ multiplied 
by (— Ay. From the group (B) we have 

Qiti Qii Qai Qg, .... Ci,n.-i 



«2-i [«it-i («i) «*-i («a) • • • ^n-i (««)] = {—AY 



Q»7 Qi> Q>> Qsi •••• ^.i»-i 

f^nn} f^nlf Qrti 0^, • • • • C4,i»-i 



Ww • • • • ^»— 1 (^) 



and from the group (C) 

c^tfiJh .... An = ( — Ayi/^lJi .... ?«-.i. 
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Substituting in equation (8) and replacing the Zn, % .... by their values, 



^U > ^81 > 






• ••*'n— 1,1 



•^n, n — If •^l,n— 1» ^,n— 1> • • • -^^n — 1, n— 1 



^11 1 ^12 » ^18 » • • • ^In 
^21 > ^22 > ^28 » • • • ^2n 

^nl > ^n2 > ^n8 j • • • • ^nn 



( -^;^nn • • • 'n-1* 



Hence 



^11 > ^12 > ^18 J • • • • f^ln 
^21 I ^22 I ^23 J • • • • t/8,» 



nn 



=Z)»-S 



^nl> ^n2» ^n8> • • • • ^n 

a well known theorem. 

Let it be required to determine Oi, x,, . . . . cc^ in the equation 

p = ai(.>„-i(ai) + a2"n-i(a2) +....+ x^ (d^-i (»«) • 
We have 

AScXnp = ari/S'. [o„»i(ai)] a„ + . . . . + x^S. [(«>«-. i (a J] ^n + 

We have seen that 

^n-i (ai) = — A [Cn?! + Cij?, + + (7in?n] , 

and also a„ = arm?! + x^^l^ +....+ x^J^ . 

Hence 

S. [(i)n-l(ai)] OLn = A [XniGn + X^^Gj^ + + X^nGm'] = AD = O^^.ttiO, 

Also 
S. [^n-i(aj] 0L^=A [x^iG^i+ x^^G^ + + x^^G^^'] = 0. 



• • • 



a 



»• 



Therefore 



a^i = Tn ^*«P' ^— Tn ^*iP' ^/^ == Tn ^^-ip- 



These results may be elegantly reached as follows, viz : The product of a^ into 
o^_i(ai) is made up of products of l^ into terms which do contain l^ and terms 
which do not contain l^ but contain the other n — 1 units. The former products 
are all vectors ; the latter are all scalars and when ;[/ = 1 , 2, . . . . n their aggre- 
gate equals o^.aio, . . . . a„ by definition. Hence /S'. [on_i(aJ] a^-i = cjn(aj, 
and aS. [o,^_i(aJ] ax= for o^^.a^a^+i . . . . a^ . . . . ax = as has been shown 

already. Hence S. a^ _ip = x^q^ (a^) = x^AD . 

Hence 

ADp = On-i(ai) ^«p + "»-i (02) ^aip + o^-iCag) Sa^p + • • • • 1 /iqx 

Let /?i, /^2> /^s> • • • • /3n be any n vectors, then 

AB/Si = ^n-l(ai). AScXniSi + "n-l(a2)-^lA + + W„_i (a«). ASoCn^i/?!, 



^^(3n = "n -1 (ai) • ^a«/?n + "n-1 (ttg) • ^Stti^n + + "n-1 («») • Sa^-l^n 'j 



234 Chapman : On some Applications of the Units of an n-fold Space. 



and applying o« , 

Sa^i , Sa^^i ,...., Sa^(3i 
A^D^G^^.fi^ . . . . /?n = A-D-.Aiy = A^^W-D Sa,P, , Sa,^, ,...., aSx„/?, 

= ^n-l[^n-l(ai).«n-l(a8) ^n-lW] 

But o:_i[on_i'(ai)^n-i(a,) .... (i>n-iK)] = (— IfA^-^^D^-^ by eq. (9); and 
this is — ^'*+^Z)""^ since n is odd. Therefore 

aSxi/?! , /Son/?! , . . . . ASOn/?! 



Dn= — 



which is the rule for multiplication in another form. If the scalars be written 
out it takes the ordinary form. 

Let ^p be a vector function into which p enters linearly ; there .will be 
terms of the form hSyiy^ .... y,.p and terms of the form zp, where 2 is a scalar. 
By aid of eq. (10), p in the terms of the form zp may be expressed in terms of 
an arbitrary system of n vectors, ai, o^, . . . . a,,, provided D does not vanish. 
The vectors 5 may be expressed in terms of the same system and ^p will take 
the form 

^p = (*)n-i(ai)[2AS.yuyi« yiMp] +^n-i(as)[2/S'.y,iy„ y^^] + . . . . 

But ^S.yiy^ .... y^p = S. [2/1^2 • • • • /m] P = ^Ap- Hence we have finally 

^p=CJn-l(ai)-ASl(?ip + 6)n-l(a2).5'/?2p+ . • • • + "n-lK) • ^/^np = / • (H) 

Eq. 11 being given, let it be required to express ^"•^y = p in terms of the 
known operator ^. For brevity, write ^p as follows, viz : 

^p = hSPi9 + KSPi9 +••••+ KSPn9^ 
and take 4)'pi = ^iShi^i + ^iSh^^i +....+ ^nSK^i . 

Then, pi being any vector whatever, 

/Sjpi^p = S^'91 , evidently. 

Following Hamilton, on whose work all this is based, the functions ^ and ^' 

may be called conjugate to each other. Now take n — 1 vectors, Xi, Jig, Jln-i 

such that c^n-i'^i^ • . . . '^n-i = y = ^p» it is clear that 

kjAt-^O ^^ O . ^}^n — 1 • '^I'lj • • • . ^n — 1 "^" ^n • ^l^l^2 • • • . ^n — 1 ^~ ^ , 

o A^^p ^— iS . Atjji^ 1 . Aj^A2 . • . • Ajj .... An \ — ^ 6)n . A,jAjA2 .... A,j • • • . A/i \ — — U , 
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where ^=1,2, ....n — 1. But 

giving n — 1 conditions which will all be fulfilled if 

TWO = ^n — 1-4^'W4^'^ .... ^'^n — ij 

m being a scalar whose value is to be found. 
But since 4>P^=^/i-i''^i'^ . . • . '^n-ij 

hence, 

Let X^ be a vector such that o^.^li^lj • • • • '^n 4^ ^5 then 

= O.Jl,^ [(0„_l.yll .... A,j_iJ = ^ . L^rt - 1 • '^1'^ .... J^'n — ij ^a ^ ^n'^V^ . . . . A„. 

Also 

Therefore, multiplying eq. (12) by ^'X^ and taking scalars, m is given by the 

equation ^n'^'\^'\ • • • • ^'^n, 

m = ^-^^ ^ . 

^n . A^Aj .... A,^ 

As m is a homogeneous function of degree in Jlj, Jlj, . . . . /l^, it is not altered by 
linear transformation ; its value is therefore independent of the particular 
auxiliary system chosen in any given case. This is easy to see, viz : taking 

Xl = Cull + CjjZg 4" • • • • T" (^infn » 



we have 



A^ — C^ld + C^2'» "h • • • • "l~ ^Ain'n » 



^» • ^1 .... A,| •^— 

I ^nl » ^*n2 > • • • . C,|„ 

Also, ^% = Cii^Vi + Ci8^'4 + ....+ Cin^7,j , 



^= GA 



and cin * <^'X|<^'yl2 . . . . ^ >l,| = C/Ci);i . ^'li^ Z^ . • . . ^7,) . 

Hence _ o^.f Ai<?)% 4)X _ 1 

»i — — ;7~Ti 5 — -J- '^n • 9 'i9 '» • • • • 9'»- 

Vol. X. 
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Making ^ = ^ + gr and therefore 4)' = 4)' + gr, and repeating the calculation of 
m for the new function, it comes out 

- ^n\^' + g)>^W + g)^ .... (^' + 9)K 

That is, 

mg=m-\- m^ + m^ + ....+ m^ + + jn^», 

the values of Wj , w, . . . . being evident, and in particular, »i„ = 1 . From 
eq. (12), 

'^9 (♦ + fl')~ '[«*»-! -^^ '^-i] 

= «i<?)-^[o„_i.Xi;i,...A„_i] + ^[-4]+s^[-B] + — +g''-^<^n-i-^>^'--'K-i- 

Operating on both sides with {^ + g), 

^ »Wgro„_j. ^X) .... >l„_i = »lCi)„_i. Xi/lj .... Jl„_i + ^ {^ L-il] 

Kow ^ being any scalar whatever, its coefficients on both sides are equal, and 
this is assured by noting that the coefficients of g' and ^ are identical, since 
»n„ = 1 . Hence 

*[^] + «J4)-^o„_i(Xi) = »ii<i)„_i(;ii). 
or [^] = «ii4)-'a„_i (A-i) — wi<^-»o„-i (^i) . 

that is, [J.] is a linear and vector function of o„_i.(^), and the same may be 
shown for [J5] , . . . . But we have 

^ [if] + [Z] = »J„_,«,_i(X,), 

V\.C] + [i] *= m^,'_l(xy, ' 

^ {E] 4- [^] = wJ,o„_i(Xi) , 

4) [ui] + w4>- 'u„ _ 1 (;ii) = »ii<i)„ _ 1 (Xi) . 



Chapman : On some Applications of the Units of an n-fold Space. 237 
Hence 

[if] = [7W„.i — ^]G>„.i(aa), 

[Z] =[m^-8 — m„_i4) + ^*]Wn«i(Xi), 

[K] = [m^^^ — in„_8^ + fn«_i^» — 4)3]o;»_i(;ii) , 



"n-i(^i) is an arbitrary vector; hence if it be omitted there will remain a 
symbolical equation in ^ true for any vector that may be inserted, therefore 

mqr^ = mi — m^^ + m^* — .... — Wn-i^**"* + 4>*"'^ (12) 

or ^'^ — ^n-i^"""^ + ^n-s^**"^ — . . . . + m^^ — m,^* + mj^ — w = . (13) 

The coefficients Wi, Tn,, . . . . m^^i are all independent of the vectors ^^ . . . . X^, 
for they can be expressed in terms of the units l^ . . . .1^ and the constant 
vectors of ^'. 

Equation (13) may be written 

(^ + fl^i)(<?> + 9%) {^ + 9n) = 0, 

which means that n vectors Sj, 5,, . . . . 5n can be found such that each of them 
satisfies a relation of the form 

(^ + fl'.)^.= 0, or ^K=—gX' 

But plainly gu g$, . - . . gn are the roots of m^ = 0. Of course there is a rela- 
tion of the same kind for ^', viz : 

(^' + hW + /^O . . . . (^' +K) = 0, 
where hi .... h^ are the roots of an equation 

fn^ being the quantity related to ^' as w^ is to ^. The operation (<^ + g)"^ has 
already been determined as follows, viz : 

^^(^ + fl^r^C^n-i.^ — ^n-i] ="«-!. l{l>'+g)^{l>'+g)^ — {1>'+g)K-i'] 

and for (^' + A)"^ we have therefore 

Wa(^'+A)~^K-1.^1 J^n-l]=6)n»i.[(<^+A)Aa(^ + A);i, (^ + A)Xn.i], 

ivhere 1 

Let 

2)»p + P,Z)"-»p + P.£>"-»p +....+ -P.P = 0, where ^ = -^ . (18) 
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be a linear differential equation of the n^^ order in p with uniform coefficients, 
and t be the independent scalar variable ; then, if 

be an integral of (18), Xi, ar,, . . . . a^j are a system of integrals of the scalar 
equation JD^x + PiW-^x + + PnX = , (19) 

provided cj^.o^o, .... an does not vanish. For substituting the value of p in 
eq. (18), the coefficients of ai, a2, - . . . a„ must separately vanish; but these 
coefficients are the results of substituting Xi, x,, . . . . x„ successively in eq. (19). 
Evidently, also, if aji, Xji • • • • ^n are a system of independent integrals of eq. 
(19), the equation in p will be satisfied by 

p 1= arittj + x%a^ + . . . . + x^jcLn , 

tti , . . . . ttn being any constant vectors whatever. 

If p be expressed in terms of any other set of independent vectors as 
/?i, /?2, . • • • /?ni the scalar coefficients will still be integrals of (19). For we 
have, changing the notation of eq. (10), 

oti = c„^i + c,2/?2 4- + Ci„/?n , 



whence 

If p be an integral of eq. (18), ^p will also be an integral. For, evidently, 

^[i)-p + PiZ)'»-^p +.... + P.p] = 0. 

But ^ is commutative with D as is well known, hence 

2?"^p + Piiy-'^p + + PnDp = 0. 

This is also clear from the fact that ^p is obtained from p by a linear substitu- 
tion. For, taking 

p = a-itti + a-^ttj + + a:„a„, 

and ^p = aiSi^ip + a^S^^p +.... + an^/?nP , 

we have 4)ai = aiA^/Jiai + a^S^^ai +..•..+ anS^nOt'U 

or <^i = anai + ai^a^ +....+ a^ttn , 

and in the same way, 

But ^p = ^I'pOil H" X^'^i 4" • • • • "t" ^fjp^n J 

hence 

^P = {(in^i + cfjiar, + + a^^Xn) ai + {ai^Xi + a^x^ + + a^jor^) a, 

+ + (ain^a + (hn^t + + a^n^Jan. (20) 
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So that p may be transformed by changing the vectors of reference or by apply- 
ing 4), and the coeflBcients will remain integrals of eq. (19). If 

p = arjai + oc^Ot +.... + »»»«»» 

is an integral of eq. (18), it follows that Sh^ = XiS^ai + Qc^SSa% +....+ a?»>S'5a« 
is a general integral of eq. (19) ; and the same is true of S.^^p. Now let it 
be required to determine 5 in such a manner that S.^^p^^hSSp^ h being a 
constant scalar; that is, to determine an integral of eq. (19) which is unaltered 
by a certain linear transformation, except as to a constant factor. We have 

S.b^p = hSSp] but /S.% = aSp^'5, 
hence hSbp = Sp^'b , or S.p{hS — ^'b) = 

whatever be p; but this requires that <^'5 = A5, hence h must be a root of the 
equation in 4)' corresponding to the equation (13) in ^, and 8 must be the 
corresponding vector. There are, therefore, n integrals of eq. (19) which are 
only multiplied by a constant by the transformation ^. If 

/S'. % = hSip , then S. i^^p = h^S^p . 
For S. 8^'p = /S. ^'% = S. ^'^^p = S. pi^'^S = S.ph'b = h'SpS . 

Hence the integrals S^ip, SS2PJ .... SSnp determined by the above process are 
independent, as may be seen in the usual way. 

The above simple process may be varied as follows, viz : We have 

S.6^p = (auXi + a^X2+ + ainXn) S8ai+ + {(hn^i + <^ifipc%+ cinn^n) S8an 

giving n equations in A, viz : 

(aji — h) /SStti + a^^SSa^ + • • • • + «in^^ = 0> 

a^iSSai 4- (^22 — ^) *S8a2 +....+ aj„58a„ = , 

a^iS^ai + a„2S8a^ +....+ a^^SSa^ = ; 

whence h must be a root of the equation 

Ojl ,0x2 A , Ojs > • • • • > ^n ^ Q ^21^ 

If hi be a root of ^q. (21), it may be substituted in the preceding equations, and 
the result is n conditions to determine 81; hence the statement that 5i, Sj, . . . . in 
are determinate vectors is fully justified. 
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We know that the roots of eq. (21) are identical with those of 

m»=0, 



(22) 



therefore the coefficients of the successive powers of h in eq. (21) are invariants. 
This fact is otherwise sufficiently clear, for those coefficients depend only upon 
certain constant vectors and not at all upon the variables in p . 

In case the eq. m^=zO 

has a pair of equal roots, the properties of the corresponding integrals may be 
obtained with great ease, viz : It is clear that 6i may be so taken as to satisfy 

the relation SSi<pp = Sp^'Si = JiiSpSi , 

— hi being one of the equal roots. Then taking y, so as to satisfy the equation 

?>V2 = ^i + %2, (23) 

we have ^p^V« ^^ ^Yi^P == 'SSip + JhSy^f • 

If more than two roots of eq. (22) are equal, let their number be X and let the 
vectors ys, ys* • • • • ^a be given by the following equations, viz : 

?>V« = ^1 + ^y2» 
?>V8 = ^i + y2 + %8» 
^'Yi = 5, + y, + yg + ^1^4, 

?>Va = ^1 + n + ys + + yx-i + %A. 

Then the integrals and their forms after the substitution ^ will be 

Shif ; Shi^pf = hiSSip , 

Sytp ; Sy^p = SSip + Sy^p + hSy^p, 



(24) 



^^Ap; Syx^p = S8ip + Sy^p + Sy^ + + KSy^jp] . 

all these are obtained by multiplying by p and taking the scalars, remembering 
that Sp^'y = Sy^p . 

It may be noted that y^ cannot be parallel to hi ; for, making y^ = zhi and sub- 
stituting in eq. (23), we find 

z^'hi = ^1 + hizhi , 
or hizhi = ^1 + Ai2^i, or ^1 = 0, 

which is not in general true. 
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We may obtain the integrals in a much simpler form by taking 

?>V8=*i(y3 + r2)» 

and the integrals before and after the substitution ^ will be as follows, viz : 

SSip ; SSi(pp = hiSSip , 

Syzp; Sy^p= h, [Sy^ + Sy,p] , f W 

Syxp ; Sy^^p = hi ISy^p + /^yx-ip] • 
The form of the system (25) is that obtained by Jordan (Cours d'Analyse, III, 
No. 144) by a somewhat complex analysis. 

It remains to prove that the integrals of the system (25), together with 
these determined by the remaining vectors 5a+i • • • • ^n which satisfy the equa- 
tion ^% — hX = , 

form an independent system. If they satisfy any linear relation, let it be the 
following : 

c^Ship + c^Sy^p + + Ci^Sy^p + c^+i/SSx+ip +....+ c^Shf^p = 0, 

which may be written 

8p. [ci^i + c^y, .+ .... + Cx^A + Cx^. A + i + + cj^^ = = /Sjp [>7], (26) 

\yi\ representing the bracketed vectors. Eq. (26) is satisfied if p is perpendicu- 
lar to [>7], which may happen only for certain directions; but, as t varies, p 
turns in an infinite number of directions ; and it follows that eq. (26) cannot be 
true for all values of p unless [>7] = . We must have then 

Cihi + c^y, H- . . . . + c^y^ + Cx + i^A + i + + cj^^ = 0. (27) 

Operating on eq. (27) with 

W — hW - Aa+i)(4^' — Ax+i) .-.•(?>'- ^n), 
the vectors ^i, ^a+i> • • • • ^n all disappear, leaving the equation 

{^' — hi){^' — h^^i) (<?>' — A„)[c,y, + +CAyA] = 0. (28) 

Eq. (26) may be satisfied in tw(^ ways: (1) if the vectors yj . . . . y« are 
parallel respectively to any vectors of the system 5i, 5a+i, . . . . 5^; or (2) if 
Cjya -|- . . . . + c/y^ ^ . But, referring back to the assumed values of y, » • • • • /a i 
we have (^' — hi) y, = 5i , ( 29) 
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and if y, — zSi, the first member vanishes leaving 5i = , which is false. If 
again y, = z^^ , we have 

or z{K — hi)S^==Sii 

but j« cannot be parallel to 8i unless the roots h^ and hi of eq. (22) are equal, as 
may be plainly seen from the remark immediately following eq. (21) ; and these 
roots are, by hypothesis, not equal. Hence y, cannot be parallel to any of the 
vectors 5i, 5a+i, . . . . 5^. Moreover, we have 

<?>Va — ^i/a = fhn-^i . (30) 

Making y^ = zS^ in eq. (30), it becomes 

z{h^ — hi)S^ = 7iiyi,^u 
that is, if any vector y^ is parallel to 5, , the next preceding it is also parallel 
to 8^ . This leads directly back to the assertion that y, is parallel to S^ , which 
we know to be false. Therefore, if eq. (29) is true we must have 

c,y2+ +CxyA=0. 

This reduces eq. (27) to the following, viz : 

cA + Ca4. A+i + + cA = 0. (31) 

Operating on eq. (31) with ^' successively n — X times, we have 

CA + Ca + A+l +....+ CnSn = 0, 

VA + Aa + iCa + A + 1 +....+ KCn^n = 0, 

Eliminating cAj Oa+iJa+ii • • • • Cn^nj it is found that the determinant 

hi , Aa^.!, . . . . , A-,1 

hi , /^A + ll • • • • f A« 
in— A J^n — A A»— A 

must vanish. But the value of this determinant is the product of all the differ- 
ences (Aa4-i — hi) .... f etc., and cannot vanish because no two of these roots 
are equal. Therefore there can be no linear relation among the integrals as 
determined above. 

The operator ^ represents the substitution which takes place among the 
independent integrals when t goes around a critical point and its constants neces- 
sarily change in passing from one critical point to another. 



A Problem suggested in the Geometry of Nets of Curves 
and applied* to the Theory of Six Points having 

multiply Perspective Relations. 

By Eliakim H. Moore, Jr., New Haven, Conn. 



1. A 1 . 1 correspondence between the curves of two nets of curves, one in a 
plane B, the other in a plane 11 , may be established by making four curves of one 
net no three of which are linearly related, correspond to four such curves of the 

H 
other net. Let two arbitrary curves of the net in Zi intersect, besides in the 

common base point system (if any), in a group of^ points; the 1.1 correspon- 
dence between the curves of the nets establishes b, p.q correspondence between 
the points of the two planes E , 11 . 

In particular, for ^ = 5 = 1 , there is a 1 . 1 correspondence between the 
points of the planes, i. e. a Cremona transformation changes one plane of points 
into the other. The geometry of the net of curves and the points* of H is 
transformed into a similar geometry of the net of curves and the points of 11. 
One and so simultaneously both of the nets of curves may be set in corre- 
spondence with the net of lines in a plane H, and hence also arises a Cremona 
transformation between the points of D, and E, and of D, and 11. Thus it is 
natural to speak of the geometry of the net of curves and the points of B or 11 
in the terms adopted in the (ordinary) geometry of the lines and points of a 
plane H. 

In the plane D, let a figure E be determined by certain points ; these deter- 
mining points of E are subject to certain conditions or limitations as to generality 
of position in order that the figure E may enjoy certain properties. Assuming 
as fixed the correspondence between the curves of 11 and the lines of 11, the 

* That is, geometric constructions and theorems which are or may be completely expressed in terms 
of points and curves of the net. 

VOL.X. 
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corresponding figure -F of 11 is determined by the corresponding points, which 
are subject to the corresponding conditions (which now involve the determining 
points of i^ separately and these points together with the base point system of 
the net in 11) in order that the figure F may enjoy the corresponding properties. 

However, after the general character of the net in 11 , that is, the order of 
the curves and the full nature of the base point, or say principal, system has 
been determined upon, this principal system depends still upon certain arbitrary 
constants or parameters connected with the determination of position in 11. 
Now considering these parameters of the principal system of 11 at our disposal, 
it will in general be possible, by the suitable determination of an equal number 
of parameters, to relieve the determining points of i^ from all the conditions which 
involve also the principal system ; this leaves the points of F subject to say 
internal conditions only. 

Then, when the points of F have been fixed subject to the remaining 
internal conditions, a principal system (definite or with certain parameters still 
remaining equal in number to the excess of the original number of parameters 
over the number of conditions from which the points of F have been relieved) 
may be found ; that is, a net of curves in n of the required nature may be 
found, so that in the geometry of that net of curves the points of F shall deter- 
mine a figure F having the required properties corresponding to the properties 
of the figure E in the plane SI . 

It is possible that the points of F^ in particular positions, satisfy not only 
the required internal conditions, but also others likewise internal, and such as 
to give to the principal system an equal number of parameters. (See §3.) 

Especially noteworthy {e. g., § 3, end, §4 fg.) are the cases in which in this 
way the points of F are released entirely from conditions. This will be pos- 
sible only when the number of conditions imposed upon them for a fixed principal 
system in 11 is equal to or less than the number of po^rameters of the principal 
system. (The converse is not true ; see §3, the principal system has six param- 
eters, for n = 7 there are only five conditions, but of these two are strictly 
internal and cannot be relieved by suitable choice of principal system.) 

2. In the following paper I wish, when the net of curves under considera- 
tion in n is the net of conies through three points, to make this determination 
of the principal system for two figures F; in the second case the figure will 
receive further consideration on its own account. 
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Consider between the points of the two planes H, 11 a quadratic trans- 
formation with as principal system in each plane three distinct non-collinear 
points, say in 11, HiH^H^. Then with well-understood exceptions relating to 
the principal system in 11, in the plane 11 to a point in D, corresponds a point, 
to a line in II, a conic passing through the three points H,, and to the net of 
lines in II, the net of conies through the three points JI,. The (ordinary) 
geometry of the points and lines of H is transformed into the geometry of the 
points and this net of conies in the plane 11, say for brevity into the geometry 
of the plane n^(/^^jy^jy^), where the subscript indicates the net of curves in 11 
corresponding to the net of lines in H; or, where no ambiguity will arise, 
the geometry of the plane Hb^h^h^ (indicating merely the principal points of the 
net) or even of the plane n^. The principal system consisting of three points 
has six parameters. 

Case I. 3. The simplest possible case will be taken as a good illustration. 

In H let the figure E consist of n points (n ]> 2) subject to the n — 2 con- 
ditions that they shall lie in the same straight line. 

In n^ likewise the n points of F will be subject to the n — 2 conditions 
that they shall all lie on a conic passing through HiH^H^. 

First, n>6. Then these n — 2 conditions are equivalent to the n — 5 
internal conditions that they shall all lie on the conic determined by any five of 
them, and the three conditions that this conic shall pass through J3i, JJj, and H^. 
Let n points P^(«=i....n) be subject merely to the n — 6 internal conditions 
that they shall be conconical* on say conic (7*. We expect to find a prin- 
cipal system H with (6 — 3 =) 3 remaining parameters, so that the n points 
shall be conconical with the points H, ; and in fact each point H^ must lie on 
(7*, but has on it one degree of freedom or its determination on it involves one 
parametric constant. Here the three conditions imposed upon the principal 
system are three independent conditions, one on each point ; and so the three 
parameters remaining are independent, one for each point. We cannot, for 
instance, take J^i arbitrarily (using two parameters) and afterwards determine 
JBTj-ETg (with still one parameter).f 

{ft lino ) 

the ci^cumferenc^'oV a 'circle } ^'^ ^^ 
^^ v^ ( coUinear \ 

t Ck>mpare {IS, where the principal system has four remaining parameters, which may be used in 
determing H1H2 at wiU, where JETs is determined as one of a finite number (two) of points. 
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Exceptional cases arise when no five of the n points fully determine a 
conic : 

(a) If n — 1 of the n points say P^ (t=i....n-i) are collinear, say on the 
line p , the conic is p together with any line of the pencil through the remaining 
point P^. 

(6) If the n points are collinear on jp, the conic is p together with any 
line of the net of lines in the plane 11 . 

These afford illustrations of the remark near the close of §1. That is, in 

(a) n — 3 internal conditions are satisfied by the n points, two more than 
the required n — 5, which may be interpreted as the conditions that the conic 
(7* should decompose into two lines and then that it should be any conic of a 
certain pencil, that is, should have one parameter ; of these two additional internal 
conditions only the latter relieves the principal system H so that it has 
(3 + 1 =) 4 parameters ; say take Hi arbitrarily, and H^H^ ^^ch arbitrarily on 
the line-pair {PnSi, p) : while in 

(6) n — 2 internal conditions are satisfied by the n points, three additional, 
of which only the two that the (degenerate-) conic should be any conic of a net, 
t. e. should have two parameters, relieve the principal system jBT, so that it has 
(3 -|- 2 =) 5 parameters ; say take -ffj, -ff, arbitrarily, then H^ arbitrarily on the 
line-pair {Hiffi, p). 

Second, 7i<5. Here the n points are subject to no internal conditions, but 
may be taken at random. There are then the n — 2 conditions on the prin- 
cipal system H that the three points H, shall be conconical with the n points 
P^; the principal system subject to these conditions has (6 — (n — 2) =:)8 — n 
parameters remaining. 

Case II. §§4-11. 

4. Let the figure j& in 11 be two triangles in perspective from a certain 
centre, i. e. for a certain correspondence between the vertices of the triangles, 
the three lines joining corresponding vertices are concurrent in a point, the 
centre of perspective. . The points of the figure satisfy one condition. 

In n^ the corresponding figure i^ consists of two triangles A^A^A^, B^B^B^^ 
such that the conies (7* for e = 1 , 2 , 3 pass through a fourth common point /, 
where C\ is the conic through the five points HiH^H^A.B^. We say, in the 
plane n^ the two triangles are in perspective from the centre /. Stated other- 
wise, there are three conies (7* of the pencil circumscribing the 4-gon HiH^H^I 
such that G^ passes through the points J.,jB, (1=1,2.3). 
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Taking the two triangles, however, at random, the principal system H is 
subject to one condition and has five parameters remaining; that is, taking 
JSjJjTj ftt random, H^ must lie on a certain locus, and for a definite position of 
-ffj on this locus the centre / will be determined uniquely; the second way of 
looking at the figure shows that / lies on the same locus and has H^ ^r its corre- 
sponding centre. The two points JTg, /play entirely the same role and so may 
better be written (ti, (7,. 

Then given Hi, -Sj, At A0=i»».3) at random, we are required to deter- 
mine Gi, Qi so that certain three conies GJ {HiH^A.B) shall pass through 
(ti, G?j forming a pencil with the base-points HiH^GiG^. 

5, Two quadrangles have circumscribing them two pencils of conies, any 
two of which meet in a group of points. Thus is determined an involution of the 
points of the plane, i. e. every point belongs to one and only one such group. 
The points of a group are said to be conjugate to one another, or, to specify the 
involution, conjugate with respect to the two quadrangles. Every group 
consists of 4 , 3 , 2 , 1 points (the last case is nugatory) according as the two 
quadrangles have 0,1,2,3 vertices in common. 

In this way the two quadrangles {ffi3iA,^iB,_^i){Hiff2A+2J^,+%)'^ deter- 
mine a quadratic involution of the points of the plane 11; to any point X 
corresponds a point ^,4.1^^+,, the fourth point of intersection of the two 

conies (7a*, X = <^* (-^i^g A^x^) , (A=t4-i.t4-0-* The points JT, 7,4.1., ^_, are 
conjugate with respect to the two quadrangles or say with respect to A,^iB,^i, 

Clearly the points <?iG^j are conjugate with respect to A,^iB,^i, A,^2^l'^% 
for e=l, 2, 3, because Cx, ^, passes through G?8(a=i,».3); conversely, two 
points in these three ways conjugate are points GiG^ (except points XY such 
that (7i, xf (^i» xf ^8. X having HiR^XY in common yet do not form a pencil ; 
that is, have 00 points in common and so break up into a common line and three 
non-concurrent lines; this case arises for any two points XY on J3iff, unless 
AiBi, A^B^j AqB^ are concurrent). 

If two points XY are in two of these three ways conjugate, since then 
(7x.x for ;i= 1, 2, 3 must pass through F, they are also in the third way con- 
jugate. 

6. We find the locus of the points GiG^, that is, of the points XY at the 
_ 

* Throughout the paper the subscripts depending on i are to be taken moduio 8. 
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same time conjugate with respect to AiBy^^ A^B^ and to A^B^, ^sB^, or say of 
the points JT for which F^ and Y13 coincide, Fi2= ^13= ^• 

As X describes the range of points lying on a line I passing through JTj, 
the conic C?. x= (^^ {SiH^A,B,X) describes a pencil of conies circumscribing the 
quadrangle HiH^A.B^^ which (since I passes through jH^, a base-point of the 
pencil) is projective with the range Z; and hence for t = 1 , 2, 3 the three pencils 
of conies are projective with one another. 

Any two corresponding conies Gl^xi (^1, x intersect in {ffi, H^ and) two 
points X, F12 conjugate with respect to A^Bi^ -^2^3. The locus of the (variable) 
points of intersection of corresponding conies of the two projective pencils 
Ci^xi^i ^2^1^1)1 (^%, x^SiH^A^B^, is a curve of the fourth order having double 
points at HiH^ and passing through A^^ Bi, A^, B^] which here consists of 
the line ?, the locus of the point of intersection X and a certain cubic 
Cia^i {RiH^AiBiA^B^) having a double point at Hi and passing through the other 
five points as indicated by the parenthesis, the locus of the other point of inter- 
section Y12. In like manner there is a cubic Gl^i^niH^AiBiA^B^ the locus of 
points F13 conjugate to the points X oil. 

Let the ray I describe the pencil about H^] its corresponding G^^ i will then 
describe a pencil of cubics whose nine base points are evident, Hi counting for 
four ; a line through H^ has one corresponding cubic of this pencil ; conversely, 
a cubic has one corresponding line, since any point on it ZJqua F,, by its conju- 
gate point X determines a line H^X^l, and the cubic Gf^^^^x corresponding to 
this line ff^^ must be (the) one of the pencil passing through U, that is, the 
original cubic on which U lay. Thus the pencil of rays I through jHj is projec- 
tive with the pencil of cubics G\^{niH2AiBiA^B^ ^ and likewise with the pencil 
G!,{EIH,A,B,A,B,). 

If for a point X, Yi^= Yi^= Yj setting ff^X = l, Y qua F12 lies on Gi^^u 
Fqua Fi3 lies on C/g^n and so Fis a point of intersection of two corresponding 
cubics of the pencils Cja, Gi^. Hence the locus of points XF conjugate at once 
with respect to AiB^, A^B^ and to A^Bi, A^B^ is contained in the locus of points 
of intersection of corresponding cubics of the two projective pencils (7^, (7^3 . 

7. This latter locus is a curve of the sixth order, G^ {H^B^AlByA^B^A^B^ . 
It contains the two lines i?i^i, -Si^. For let X describe the line H^A^. Then 
for X not flj or A^, Glx^^H^A^.n^B^ and Glx= G^{ffiH^A^B^X), which 
intersect at X on H^Ai and at F12 on -Si^i. Thus as ^ describes H^Aij Fjg 
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describes HiB^ projectively. In fact the cubic of pencil Gi^{HiII^AiB^A^B^ 
which contains one other point of HiB^ breaks up into this line HyB^ and the 
conic 01^^^ = (7* {HiH^A^B^Ai) ', (this conic is locus of points Fj, conjugate to the 
00^ points X&,djacent to and surrounding the base-point A^). 
Thus for ?(i) = H^Ai , 

^12, (1) = -"1-^1 • ^2,il,» 

and likewise C^^. id = A A • ^1, a^ ] 
and also for l^^) = B^Bi , 

^12 , (2) -"1-^1 • ^2. 5i > 

The equation of this locug is then by suitable choice of constant factors, writing 
C^= for equation of a curve (7^ 

^12,(1) ^13.(1) . 

^12,(2) ^13,(8) 



that is, H,B, . CI ^. _ H,B,.Cl^, 

HiAi . Cj ^ 5, -"1^1 • ^3, ^1 



say the locus is 



(7i« {HiHiAlBlA,B,AsB,) = H,A^ . H,B, . Ct {HlHiA^B,A^B,A,B,) 

where C} = CI ^, Gl ^, - Gl ,^ Gl ^. . 

The locus of points XF conjugate in the three ways is contained in each of 
the three loci of the points of intersection of corresponding cubics for the three 
pairs of projective pencils {G^^, Cfg), {C^^, Gi^), {C^^, Gi^). The first as just 
proved contains the two lines H^A^.HiBi and the other two in like manner 
contain [H^A^.H^B^^ {HiA^.HyB^ respectively. These lines being in general 
distinct, do not belong to the locus of points XY conjugate in the three ways, 
which latter is hence a quartic G^ {HIH^A^B^A^B^A^B^ , whose equation may be 
written in three ways, 

G^= Gf^l^^^Gf^2,B, Cf^i^B,(^^-hi»A,=^0 (t = 1.2.8), 

putting in evidence that it passes also through the six points 2)^, E,, defined as 
the fourth points of intersection of the two conies 

(<^.+i.A' <^.+8.a)' (^'+1.^.. <?.'+». fl.) respectively. 
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Here it has, however, been assumed that 01 contains no extraneous factors 
besides the lines H^Ai , H^B^ . This appears as follows : Let F' be a point of 

intersection of two corresponding cubics <7^,n Cm,i- To Y' qua.] y" ^ f^t^ 
corresponds a point ] J^ common to ] ,' ^^V ^'* A' ^' • N'ow C? y^ {^i^i'^i^iY') 

1-^18 1^7 ^l,r'> ^8,7' 

has already H^ in common with Z, and hence either (1) C^^ y, intersects I in only 
one other point Xi2 = -3ri8, in which case the point of intersection F' of two 
corresponding cubics is really one of a pair of points F', Xy^^Xi^ conjugate at 
once with respect to AiBi^ A^B^ and to A^Bi, A^B^', or (2) (7f, y/ contains the 
ray I completely (i. e. G}^ jt degenerates into a line-pair), in which case we do 
do not at all know that X^^ common to I and C^^ y, coincides with Xjg common 
to 1 and Gl^ y/, and in fact in general it does not. 

Hence if the two corresponding cubics do intersect in a point Y' not one 
of a pair of points in the two ways conjugate, they must correspond to a line I 
which a conic of pencil Gl contains entirely, i. e. l=B^Ai, S^B^ or H^Hi. The 
cubics corresponding to H^Ai{Hj^B^ have been shown to have in common 
the extraneous factor H^Bi {H^A^ . The cubics corresponding to i^-Sg must pass 
through the intersection of A^B-^^ A^B^ and of J-i^i, A^B^ respectively ; they do 
not coincide and so have in common no extraneous factor. The assumption 
referred to is thus justified. 

8. Thus the locus of the points GiG^ such that the conies (7* ^^ (t = 1 , 2, 3) 
form a pencil with the base-points HiH^QiG% is a binodal quartic 

C* = C^ {H^HlAfi^D^E) (.=1. ,, s) , 

on which the point-pairs G^G^ form a quadratic involution. 

In case HiH^AiB^A^B^ are conconical, i. e. Gl^^^ = Gi^Bii ^^^ the locus 
quartic C* contains this conic say Cut which is divided in an involution of points 
GiG^ by the pencil of conies G^. 

If further HiH^AiB^A^B^ are conconical on Cjs, this is likewise a factor of the 
locus quartic C^ and C* = C12C13 • 

If still further H^H^A^B^A^B^ are conconical on C121 this is in like manner a 
factor of C*; this can be if Cis = Cli = Cfjg = say Cim 1 i- ^. if the eight points 
iTijBiil,jB,(t= 1,2,8) are conconical, or if in any way by the breaking up of the 
conies C12C18 contains CI3 as a factor ; unless this is so, C* must be indeterminate. 

These special cases may well be considered independently and more fully. 
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9. In the plane 11 let three (non-coincident) conies 

cr+i,c+3(^iJ5.A'+iAVi^:+,5:+8) 0=1.^.3) 

have a common chord fliJ?,, then their three other chords A[B[ {1=1,^,3) are 
concurrent* say at Gi. 

Transform the plane into itself by a quadratic transformation with HiH^Oi 
(where Oi is chosen at random in the plane) as principal points. The resulting 
theorem may be expressed thus : Let three (non-coincident) conies 

Cf+i.c+2(^i^2AH-iA+iA+s^c+2) (^=1.3.3) 

exist. Then taking any point Gi of the plane, the three conies G?^ q^ are con- 
current at G% forming a pencil. 

Thus is established a quadratic involution of the points QiG^ of the plane, 
which must be identical with the quadratic involution of points conjugate with 
regard to A^B^^ A^B^ conconical with EiH^ on CL* (C* is indeterminate.) 

If HiH^ are the two circular points at infinity, the quadratic involution is 
that of inverse points with reference to the radical centre and the orthogonal 
circle of the three circles. The known generalization of this inversion or trans- 
formation by reciprocal radii vectores is then to be considered, since by it these 
special cases become clear. 

10. Given a point G and a conic Gq. Two points R'Bf* are said to be 
inverse with respect to the centre G and the conic Gq (or briefly, with respect to 
G and Gq) when iZ' and i2" are collinear with G and are conjugate with respect 
to Gcf i c, the segment BfR" is divided harmonically by (7*. 

Let ffiH% be the chord of contact of tangents through G to Gl, The points 
Wi = H^R. n^R', Fg = H^R". n^R' are called the anti-points of R! and i2" with 
respect to HiH^] R and R' being inverse with respect to G and (7*, the anti- 
points lie on GcA Hence the inverse of a line Hi W where W is on Gl is the 
line H^W. Any line through (7 of course inverts into itself. Points on -Hi-Si, 
GIIy, GH^ invert into (7, -Si, -0^ respectively, or really into elements of direction 

* Salmon's Conic Sections, 6th ed., {266. 

t Let the line CRR' intersect jBTiH, in U and Ci in Fi F, . Tlien on this line CUVi F, and RR'V^ F, 
are two harmonic ranges. The harmonic pencil Hi (CUViV^) gives on the conic the harmonic range 
H1H2V1V2J HiC being tangent at Hi. Let HiR intersect CI in (Hi and also) W, The pencil 
W(HiH2ViV2) is harmonic and cuts CRR' in the harmonic range R (WHi.RR'WiV^ , where since 
RR'Vi\\ is harmonic, TFff, . RR = R\ i. e. WH^R' are collinear ; .-. in fact HiR and HiR' intersect 
at (TF or) Wi on the come, and likewise for TF, . 

VOL.X. 
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at those points. This inversion is then a quadratic transformation of the plane 
with CIIiH^j CJI%IIi as corresponding principal points. A conic through ffiH^ 
inverts into a conic through 3x11%. In particular, a conic through two inverse 
points BR' intersecting C^ in T and U, G^ {H^H^R E' TU) inverts into a 
G^iH^H^R'RTU), i. e. into itself; any two points S'S" on it collinear with G 
are inverse ; in particular, GT is tangent to the conic at T, which may be 
expressed by the theorem that Gl is the locus of the points of tangency of tangents 
through G to all conies (which invert into themselves) of a pencil through a 
pair of inverse points and H^H^ . Any two pairs of inverse points are conconical 
with H^H^. 

Conversely, given any six conconical points n^H^AiBiA^B^ on Ci2» take 
G=AiBi.AiB^ and Gq that conic of pencil tangent to GHi, GB^ at H^^ H^ 
which divides AiBi harmonically ; then AiBi are inverse with respect to G and 
Gc and, by what precedes, also A^B^ are inverse. 

Two conies C?, CJ each through -fliJET, and a pair of inverse points J-i^x, 
A^B^ intersect in two points XiY^, and since each conic inverts into itself, these 
points are a pair of inverse points.* That is, any two points XY^ conjugate 
with respect to -4i^i, A^B^ in the sense of §5, wfiere HiH^A^B^A^B^ are conconical 
on Cis, are inverse points in the inversion determined by HiH^ as base-points and 
by ^iJ?i, A^Bj^ as two pairs of inverse points; and conversely. Notice, however, 
as exception, that any point on CL is with respect to A^B^^ A^B^ conjugate to 
every other one. 

11. Let HiH^AiBiAf^B^ be conconical on Cij, thus determining a certain centre 
G and conic G^ of an inversion. Then the binodal quartic C* degenerates into 
Cis and a conic of pencil Gi {HiH^A^B^) . The points conjugate with respect to 
AiBi, A^Bj^ are by §10 (except the point-pairs lying on CL) inverse. This conic 
of pencil CJ qua locus of point-pairs GiG^ conjugate in three ways must invert 
into itself; that is, it is that conic of pencil which joins the two pairs of inverse 
points A^A!,, B^Bi say G' {H^B^AsB^AiBi) .f 

This conic is determinate unless A^B^ are themselves inverse points. In 
fact in this case C^ is indeterminate, for A,B,{^=^i,%,s) being inverse points, 

* Whence easily a proof of the theorem referred to in {9. 

t Observe that i of may be defined as fourth intersection of | ^i'^*' ^f'^»; that is, ^i , Bi = D,, JST,, 

in agreement with theory of J7. Here since CJ , ^, = Cf , j| = C'l , ^ =0},m = Cf j , D1E1D2E2 are inde- 
terminate. 
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any pair of inverse points XY is conconical with E[iff^A,B,{i=i,9,s)j and so 
is a pair of points Gi G^ . There are two cases of this kind ; (a) the six points A,B, 
are conconical with fii-ET, on one conic Cm» ^^d the chords A,B, are concurrent 
at C'y (6) the six points are the points of intersection by pairs of three conies 
Cisi Cisi Cla having the common chord ffiR^. 

If A^B^ are not inverse but yet conconical with HiH^A^B^ on C131 then Cis 
qua C? inverts into itself and so coincides with G^ {H^H^A^B^A'^B'^ , and the 

quartic C* breaks up into the two conies CL* C13. On] JjJ* the point-pairs G^G^ 

( VIS 

J^ . Observe that 

HiH^A^B^A^B^ cannot be conconical, or A^B^ would be inverse, unless the eight 
points are conconical on C123 and the chords A,B, are not concurrent ; in this 
latter case C* = Ci2sCi23 and any point of Cm is in three ways conjugate with 
every other point. 

Application oftlw results of Case 11. §§12-18. 

12. Given six points K^. . . .K^ grouped in two ways (l)(2) into triples 
of pairs, A,^^)B,^^), A,^^^B,^^){,=\,%,z). Taking HiH^ at random, two definite 
quartics C(i)> C%) of the net* of quartics G^{H\H\K^ .... K^ are the loci of point 
pairs 6ri(|)(?,(i), Gi^^^G^^) for the two correspondences or groupings (1), (2). These 
two quartics intersect in the base-points and also in (4* — (2.2* + 6)=) two 
other points /1/3. Let the point-pairs GiG^ for the correspondence 

1(1) be onf ^'^> ^i^^<i> ^^^ ^»*^»(i> . 

Then the six points K^. . . . K^ have the perspective relations (1) and (2) in the 
plane TIh.h^i, from the centres /mj, Jnxi\ that is, the conies 

1/7* (HHTA n \ ^^^ ^— ^' 2' ^ ^^^^ ^ P®^^^^ throughi ^ 4 • 

^ ^t(2jV^i-"»M-^t(»)"^t(2); ^<'i») on 1/(3) 

They have the same perspective relations in the plane Ilff^„^j^ from the centres 

Thus, taking iJ^jBi at random, two and only two points I^I^ can be found 
such that in each of the planes ^h.h^i, > ^n.Htu ^^^ six points K^. . . .K^ shall 

*Net ; for a quartic is fully determined by 14 conditions, and here there are 2.8 + 6 = 18. 
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have the two perspective relations according to the given correspondences 

(1), (2). 

13. In particular, separating the six points into two triangles KiK^Ku 

K^K^K^, there are three say cyclic correspondences, 

(K,K,K,\ (K,K,K,\ (K,K,K,\ 
\K,K,K,J' \K,K,kJ' \K,K,kJ' 

say correspondences (l)(2)(3). 

In a plane the theorem holds ; if two triangles are perspective according to 
two correspondences of a cyclic set of three, then they are also perspective 
according to the third correspondence of that set.* By a quadratic transfor- 
mation this is shown to hold also in a plane 11^^^^^^. 

Now these two triangles are in perspective in the two ways (1)(2) in each 
of the planes n^^ff^j^, ^H^H^iai hence in each plane they must be in perspective 
also in the third way (3), and hence the corresponding locus quartic Cfg, must 
pass through Ii, I^. 

The three locus quartics Ca)C(2;Cf3) of point-pairs GiG^ for three cyclic cor- 
respondences (1)(2)(3) of the vertices of two arbitrary triangles K^K^K^^ K^K^K^ 
form a pencil in the net of quartics G^ {H}H^Ki .... K^) . 

14. The six points Ki. . . . K^ may be divided in 10 ways into a pair of 
triangles ; the vertices of two triangles may be arranged in triples of pairs of 
corresponding vertices in 6 ways (arising from the six permutations of the three 
vertices of one of the triangles) ; any grouping of the six points into triples of 
pairs, A^B^f (§12) gives a correspondence between the vertices of 4 pairs of 

triangles (^;^»;^\ ^^^*^\ ^fj^^>^, ^^^^J)- Thus the six points may be 

10 6 

grouped in —^ =15 ways into triples of pairs of points. Every such grouping 

has a corresponding locus quartic C^ belonging to the net G^ {H^HiKi .... K^) . 

From §13 and the remark above it is clear that every such locus quartic 

belongs in four ways to a pencil of three such quartics. I hope at another time 

to discuss more fully this system of 15 quartics in the net C^{HfH^Ki .... -ff^). 

15. Suppose that for a grouping A,B, of the six given points Ki . . . . K^ the 
lines ^^5^(t= 1, 2, 3) are concurrent say at Z; that is, that the corresponding 

* Von Staudt, Geometrie der Lage, p. 125 ; Rosanes, p. 550, and Schrdter, p. 555 of the Math. 
Annalon, II. 
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perspective relation exists in the simple plane 11 . Then clearly taking Hiff^ ^^ 
random and any point Xon fii^n the perspective relation exists identically in 
the plane Tls^s^x or ne«(^,^,x) from the centre Z, for a line C^{HiH^X) in the 
plane TIc^ih^hx) consists of H^H^X itself and a line of the simple plane 11, and in 
particular the conies GJ^ x from a pencil consisting of the common line HiH^X 
and the pencil of lines A,B, through L. Thus, if for a grouping of the 
points Ki. . . , K^ into a triple of pairs, the perspective relation holds in the 
simple plane 11 , then the locus quartic consists of the line HiH% itself and the 
cubic (7* (HiH^Ki .... K^L) , i. e. that cubic of the pencil through the eight 
points HiIT^Ki . . . . K^ which passes also through the centre of perspective ; this 
cubic is the real locus of point-pairs G^G^ for this grouping (the point L alone 
corresponding to all points on HiH^, and conversely), and one may speak in this 
case of the locus cubic. 

If several perspective relations of the points -ff' exist in the simple plane 11 
(that is, if for several groupings the lines A,B, are concurrent), since the locus 
cubics for these groupings all pass through a point say fi^, the ninth base-point 
of the pencil of cubics through HiH^Ki . . . . -ffi, the same perspective relations 
exist in the plane Tljj^jj^g^. Or more compactly, whatever perspective relations 
among the six points K exist in tlie simple plane TI eodst likewise in the plane liH^u^Ht 
or Tlc9(HjH^Ht)9 y^here HiH^H^ tvith Ki. . . . K^ make up the nine ba^e-points of a 
pencil of cubics. 

The converse is true ; for if a perspective relation exist in 11^^^^/^^ , the corre- 
sponding locus quartic must pass through H^ ; now the pencil of quartics of the 
net C^ {H^H^Ki .... K^) passing through -5^ consists of the common line HiB% 
and the pencil of cubics through the nine base-points ; thus this particular locus 
quartic must contain the line HiIT^, and the perspective relation must hold in the 
plane TIj^^^^x {^ being any point on /^liT,) , or, what is identically the same, in 
the simple plane TI . 

16. I give two illustrative cases in which the theorems of §§15, 18 have 
application: (a) Two triangles maybe in 1, 2, 3, 4 or 6 ways in perspective; this 
last case does not occur when both triangles are real, the simplest illustration 
being an equilateral triangle and the triangle with vertices at the two circular 
points at infinity and at the centre of the circle circumscribing the first triangle.* 

* Multiply perspective triangles were first discussed by Rosanes, Schrdter, Math. Annalen n ; later 
by Kantor, Ueber die Gonfiguratiouen (3, 8) mit den Indices 8, 9, etc.; Sitzungsber. d. Wien. Akad. 
II Abtheilung, 1881, LXXXIV, 915-932 ; and by Hess, Beitr&ge zur Theorie der mehrfach perspectiven 
Dreiecken und Tetraeder, Math. Ann. 1886, XXVIII, 167-260. 
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(b) Six points may form a ClehscKs six-gon with the property that two triangles 
formed in any way with these six points as vertices are four-ply perspective.* 
The simplest illustration is the six-gon whose six vertices are the five vertices of 
a regular pentagon and its centre as sixth vertex. 

17. If we transform the plane 11 into itself by a quadratic transformation 
with any three points G^), <?(,), G^^ as self-corresponding principal points, the 
net of conies G*{HiH^H^) transforms into the net of trinodal quartics 
C^ {GliyiG^i)iG^a)9^m^iO)t(^m) (where H, transforms into G^(O)c); we may say 
that the plane llot(H,) transforms into the plane Tlci^a^^^o ,)- 

The theorem of §15 was, whatever perspective relations hold for the six 
points Ki. . . . K^in the simple plane 11 hold also in the plane ne«(^j, where the 
nine points H^K^^ are the nine base-points of a pencil of cubics 0"; and 
conversely. 

By a quadratic transformation with the arbitrary principal points G^d,,, this 
theorem becomes: Whatever perspective relations hold for the six points 
K[ . — JfJ in the plane Hf^^a^^^;^ hold likewise in the plane 11^4 (o»„ ,(7(0, j where 
the nine points G^fi^,K[ are the 9 base-points of a pencil of C*((t(i,J; and con- 
versely. 

By mathematical induction, using successive quadratic transformations, the 
general theorem is proved : 

Given six points K^ . . . . K^ and 3(7i -f- 1) points G^(A)i(f=i;8;i**) ^^ which 
all are arbitrary except G^(o)3, which is determined (in general uniquely) 
by the condition that the nine points G^fi^,K^ shall be the 9 base-points of a 

pencil of C**(G^fA)*^" );J then whatever perspective relations among the six 
points K hold in the plane 

A=ti....l 

hold also in the plane 

no»"*"«.«(o,.)=n/"(«?^.). 

A — fi . • • • 1 X = n • . • • 

and conversely. 

*This six-gon discovered by Clebsch, Math. Ann. 1871, IV, 284, was further discussed, from the 
standpoiut of ikosaedron investigations, by Klein and by Hess, under the name ^^ Das zehnfach Brian- 
chon^sche Sechseck," and more fully by Schrdter, ^^Das Glebsch^sche Sechseck," Math. Ann. 1887, 
XXVIII, 457-482, to whom the latter probably permanent name is due. 

t Throughout this number and the following ones <=:1,2,8, '( = 1,2....6. 

A = n 

t8 2 (8.2^-"M' + »=(3.2")«. 

A = l 
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18. Given Ki . . . . K^ with certain perspective relations in the simple plane 
n. Define any number of successive triples of points ^(x)i as follows: 

Let K^H^Q), be the nine base-points of a pencil of C^ 

and then X^iZa). " " " " " G'W))^ 

and then K^H^^, - - - - - C'^H^.^.H^,), 

and so on ; that is, in general, let 

J^K^(m)t be the nine base-points of a pencil of (7''*~(fi^)*~"^""^). 

A = 0.1< .. .m — 1 

Each triple depends upon all the preceding triples ; these being known, two 
points of each triple determine (in general uniquely) the third point. 

The preceding general proposition, successively applied, shows that : What- 
ever perspective relations among the six points Ki . . . . K^ hold in the simple 
plane 11 hold likewise in the plane Ilci^jj^^^^, and hence in the plane 11c*ih* ,h o 
and hence in the plane neB(jyjj,^jj,^^^,), and so on and in general in the plane 

Conversely, if a perspective relation among the six points Ki . . . . K^ holds in 
the plane with any one of these nets of curves ne»~"^V^**""^) then it holds in 

all, and so also in the simple plane TI . 

Yale, New Haven, CJonn., March 20, 1888. 

*In general case, for comparieon of the theorems, set fi'(x) ^ = C7(m— A)i* 



Sur Vorientation des systemes de droites. 



Par M. G. Humbert. 



I. — TJiSoremes fcmdamentaux. 

1. Laguerre a fait connaitre, dans le Bulletin de la Societe philomatique, 
plusieurs propositions geometriques tr^s simples, relatives aux directions des 
systemes de droites dans le plan, et il en a deduit des consequences nombreuses 
et importantes : nous avons eu nous meme I'occasion, dans un memoire sur le 
theoreme d'Abel, de retrouver analytiquement ces propositions et de leur donner 
une certaine extension ; notre but est maintenant de demontrer un principe tr^ 
general, auquel pen vent se rattacher toutes les propri6tes 6nonc6es jusqu'ici sur 
les directions des sjstfemes de droites, et qui se prete ais6ment sL des applications 
nouvelles. 

A cet efFet, nous commencerons par presenter sous une forme nouvelle une 
notion importante, introduite dans la Geom6trie par Laguerre, celle de Vorienta- 
tion d'un systfeme de droites. La definition donnee par Laguerre est la suivante. 

Soient, dans un plan, deux syst&mes de n droites, A ^t A! ] prenons arbi- 
trairement un axe fixe, jBT, dans ce plan : si la somme des angles que font avec 
Paxe fixe les droites du systfeme A est 6gale, sL un multiple de n pr^, a la somme 
analogue pour les droites du syst&me A'^ on dit que les syst&mes A et A! ont 
meme orientation: cette propriete est 6videmment independante du choix de 
Paxe fixe H dans le plan : elle ne depend que des directions des droites con- 
siderees. 

2. Cette definition pent etre transformee et precisee, au point de vue 
analytique, comme il suit. 
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Menons par I'origine des parallMes : 

y — OjX z=0, y — ObZ = , . . . . y — a„cc = 
et y — aiX=: 0, .... y~aix= 0, 

aux n droites de chacun des systfemes A et A'; soient oj .... a„; oj .... ai, lea 
angles de ces droites avec Ox, les axes 6tant suppose rectangulaires. On a 

a, ^arctga,, ai = arctgai, 
d'oi : ^'' = cos (2 arc tg a.) + i sin (2 arc tg a,) , 

c. ad. ju _ 1 — q' 1 • 2q« _ (1 + tg.)' _ i — a. 

^ ' ~ 1 + a* "•" * 1 + a; ~ 1 +a; " i + a, ' 

et par suite j((-.+«.+---. + «.)— (t — ai)(* — Qi) ; . ■ . (i— a.) 

Soit pos^ maintenant 

(a — %»:)(* — <V) {» — a.«) =/(»!, y) . 

(y — ajx) (j/ — (iix) = (»(a;,y), 

"^ -/(-i,0 

" ^■■.•,4-....t-^= fC;') ■ 

fC— 1, •) 

Si done les deux syst^mes ^ et A' oat meme orientation, c. k d. si I'on a, d'apr^ 
la definition 

Oi + . . . . + a, = ai 4- + ai + hn, 

on aura /(I, ») _ y (1 , a) 

/(-l,.-)-y(-l,i)- 

On peut done consid^rer comme d6fini8sant i'orientation d'un syst&me de droites 
issues de I'ori^ne, repr^ent^ par I'^quation homogfene /(x, y)^0, le rapport 

/ . - '. '- ^ • Si les droites ne passent pas toutes par rorigine, et si /(a, y, z) ^ 

est i'^quation de leur ensemble, rorientation sera d4finie par le rapport / ', '■ is 
et, plus gSn^ralement encore, si /(a;, y, e^= est I'^uation d'une courbe alg^ 
brique quelconque, le rapport f,^', '. i ; dSfinira I'orientation du systSme des 
directions asymptotiques de cette courbe. 



? 
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3. Cela pos6, considerons dans un plan un syst^me variable de n droites, 
dont l'6quation depend rationnellement d'un param^tre X^ et soit 

X^A + X^-^B + +XL + M— 0, (1) 

cette Equation. L'orientation du syst^me est d6finie par le quotient : 

^M(M, 0) + >l''-^5(l, », 0) + + Jf(l, », 0) 



>IM(— 1, «, 0) + >l'-'5(— 1, i, 0) + h-WH 1, », 0) • 

Four que o soit ind6pendant de A, c. a d. pour que le syst^me variable ait une 
orientation fixe, il faut et il suffit que Ton ait : 

.l(l,t,0) _^(l,i,0) _ _ Jf(l,t,0) 



.1(-1, t, 0) 5(-l, t, 0) • • • • Jf(- 1, t, 0) • 

Ces conditions peuvent s'interpreter g^ometriquement d'une mani^re tr&s 

Elegante : les racines de F^quation V^A (1 , i, 0) + + if (1 , i, 0) = sont en 

effet les valeurs de A qui correspondent aux syst^mes compris dans I'^quation 
(1) et contenant une droite qui passe par le point cyclique /(a; = 1 , y = i, 2p= 0) ; 
de meme les racines de I'^quation TfA ( — 1 , i, 0) + . • . • + M{ — 1 , i, 0) = 
sont les valeurs de X qui correspondent aux systfemes contenant une droite 
qui passe par le point cyclique c7(a; = — 1 , y = t, z = 0); les conditions (2) 
expriment que ces Equations ont les memes racines, c. a d. que tout syst^me 
contenant une droite (et g6neralement x droites) passant par /, contient aussi 
une droite (et generalement x droites) passant par J. De la cette conclusion 
foudamentale : 

Thhreme. — Pour quHun systhne variable de n droites^ dont VSquation contient 
rationnellement un paramhtre, conserve dans le plan une orientation Jixe, il faut et il 
suffii que lorsqu^wne ou plusieurs des droites du systeme viennent h passer par un des 
points cycliques, d'autres droites du systeme en meme nombre, passent au meme instant 
par Vautre point cyclique. 

Plus g6n6ralement, si I'equation (1) est celle d'une famille de courbes alg6- 
briques, on peut 6noncer la proposition suivante : 

Soit une famille de courbes alg^riques, dont V equation contient rationnellement 
un paramUre: powr que T orientation du systhne des directions asymptotiques de 
chacwne de ces courbes soit constante^ il faut et il suffii que toutes les courbes de 
la famille qui passent par un des points cycliques du plan, passent en meme temps 
par Vardre. 
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4. On peut faire de ces principes des applications nombreuses. Oonsiderons 
d'abord le cas ou le pararaStre X figure au premier degre dans Tequation d^une 
famille de courbes ; ces courbes appartiennent alors a un meme faisceau ponctuel, 

L'orientation du systfeme des directions asjmptotiques d'une des courbes prece- 
dentes depend du coeflBcient 

,,_ /(i,i,o)+;^p(i,i,o) 



/(-l,i,0) + ;^p(-l,t,0) 

et de cette expression resulte immediatement ce theorerae : 

Si deux courbes algehriques de degre n sont telles qtie leurs syst^mes respecti/s 
d^asymptotes aient meme orientation, le systhme des asymptotes de toute autre courhe 
de degre n, passant par les points dintersection des detix premieres, aura meme orien- 
tation que chacun des deux systhnes primitifs. 

Si la courbe f = passe par les points cycliques du plan, f>(l, t, 0) et 
if ( — 1 , i, 0) sont nuls ; par suite : 

Si deux courbes de meme degrS rencontrent aux memes points une courbe algS" 
briqu^ quehonqv^ passant par les points cycliques du plan, les deux syst^mes formSs 
par leurs directions asymptotiques ont meme orientation. 

Comme cas particulier de cette proposition, on retrouve un theoreme impor- 
tant, du sL Laguerre, et qu'on obtient en supposant que la courbe algebrique 
considerSe devienne un cercle : 

Si Von groupe deux a deux, dwie manikre quelconque, sur n droites, les 2n 
points communs h un cercle et h une courbe algebrique d^ordre n, V orientation de 
chacun des syst^mes de n droites ainsi obtenus est la meme que celle des asymptotes 
de la courbe. 

II. — Orientation de certains systemes de tangentes. 

5. En transformant par polaires r^ciproques quelques unes des propositions 
qui precedent, on arrive S. des theoremes int6ressants sur I'orientation du systfeme 
des tangentes qu'on peut mener d'un point a une courbe ; ainsi, la proposition 
qui termine le n** 3 donne lieu k la suivante : 

Soit une famille de courbes dont V6quati(M tangentielle contient rationneUement un 
paramhtre : pour que Vorientation du syst^me des tangentes qu^on peut mener dun 
point fixe, 0, h chacune de ces courbes demeure constante, ilfavJt el il suffii que touies 
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lea courhes de la famiUe qui touchent una des droitea isotrojpes issues de touchent 
V autre droiie isotrope issue de ce point 

En particulier, si les courbes considerSes appartiennent a un meme faisceau 
tangentiel, une seule de ces courbes touchera une droite isotrope issue de ; si 
elle touche en meme temps Tautre droite isotrope, le point sera un foyer de 
cette courbe. Done : 

Soit un faisceau tangentiel de courhes algebriques de classe n ; par un foyer 
f de Tune Welles menons les n tangentes h Tune quelconque des autres: tous les 
systhnes ainsi ohtenus h partir du point f ont meme orientation. Reciproque- 
ment, si un point f jouit de cette j^roprietcj c^est le foyer de Vurve des courhes du 
faisceau. 

Si deux des courbes du faisceau sont homofocales, toutes les courbes du 
faisceau ont les memes foyers ; Tune d'elles se decompose en une courbe de 
classe n — 2 et en deux points, qui sont les points cycliques du plan. Un point 
quelconque du plan pent etre considere comme un foyer de ce syst&me de deux 
points, il r&ulte de 1&, par Tapplication du th6oreme precedent, que : 

Les deux systhmts formes par les tangentes que Von peut mener dJun point 
quelconque a deux courhes homofocales de meme clause ont meme orientation; ou 
encore : 

Le systhne des tangentes menies d^un point quelconque h une courhe algehrique 
de classe n, et le systefme des droites qui Joignent le meme point auac n foyers r6els de 
la courhe ont meme orientation. [Laguerre.] 

En combinant ce resultat avec le precedent, on arrive a une proposition 
simple relative au lieu des foyers des courbes d'un meme faisceau tangentiel. 

Le lieu des foyers des courhes dJun faisceau tangentiel diterminS par deux cov/rhes 
A et B^ de classe n , est une courhe telle que si Von Joint un de ses points aux n foyers 
riels de A et aux n foyers reels de B, les deux systemes de droites ainsi ohtenus aient 
meme orientation. 

6. Nous reviendrons plus loin, avec quelques details sur les cons6quences 
geometriques de ce theoreme ; auparavant, nous ferons une application des prin- 
cipes prec6dents a la solution d'un probleme qui parait presenter un certain 
interet. 

Ce probleme est le suivant : 

Trouver toutes les cowrhes algebiiques telles que le sysi^me des tangentes qu^on 
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pent mener d^un point h Tune d^elles ait une orientation fixe independante de la posi' 
(ion de ce point dans le plan. 

Si Ton se reporte au theoreme de Laguerre demontre plus haut, on voit que 
ces courbes ne peuvent etre que celles qui ont tous leurs foyers a Tinfini ; mais 
avant d'aflSrmer inversement que les courbes qui ont tous leurs foyers h, I'infini 
jouissent de la propriete 6noncee, on doit faire une discussion, trSs simple 
d'ailleurs. 

Soit en efFet G une courbe de classe n dont tous les foyers sont a I'infini : il 
est necessaire pour cela que la droite de Tinfini soit une tangente multiple d'ordre 
n — 1 , et que la courbe passe par les points cycliques du plan. Si ces conditions 
sont remplies, toutes les tangentes qu'on pent mener a G par les points cycliques 
coincident avec la droite de Pinfini, et tous les foyers de la courbe sont sur cette 
droite, mais leur position n'est pas d6terminee, de sorte que le theoreme de 
Laguerre ne parait pas imm6diatement applicable. 

On pent voir neanmoins, d'une autre maniSre, que I'orientation du systSme 
des n tangentes menses a G^ d^un point quelconque du plan, ne depend pas de 
la position de ce point. Imaginons en effet que decrive une droite ; Tequation 
du syst&me des n tangentes issues de contient rationnellement un paramfetre, et 
le theoreme general du n** 3 est applicable. Par suite, Torientation de ce 
syst^me est fixe, si, toutes les fois qu'une ou plusieurs des tangentes issues de 
passent par le point cyclique /, d^autres tangentes en meme nombre passent par 
le point cyclique J. C'est precisement ce qui se pr6sente ici; une tangente 
men6e de sL (7 ne pent passer par / que si est sL Tinfini, et elle passe alors 
par J, Nous pouvons done 6noncer ce theoreme : 

Vorientation du systhme des n tangentes menSes d\in point h nne courbe 
algfibrique de classe w, n — 1 fois tangente h la droite de Tinfini et passant par 
les points cycliques^ est independante de la position du point considers dans le 
plan. 

Les courbes dont il s'agit sont n6cessairement tangentes k la droite de 
Tinfini aux points cycliques, sinon on pourrait mener n + 1 tangentes de I'un de 
ces points. 

II est facile de donner I'equation generale de ces courbes en coordonn^es 
tangentielles rectangulaires ; cette equation est : 

K + vVn-» {UfV) = F^ {u, v) , 
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/ 6tant un polynome quelconque de degr6 n — 2 en t^ et v , et F uu polynome 
6galement quelconque de degre n, mais homog&ne. 

7. Parmi les courbes qui ont tons leurs foyers a Tinfini, on pent citer, avec 
Laguerre, celles qui sont envelopp6es par une droite dont deux points donnes 
decrivent respQctivement deux courbes algebriques, quelconques d^ailleurs. 

Un autre exemple interessant est fourni par la famille des epicycloides 
algebriques. 

Si une courbe a tons ses foyers k Tinfini, c. sL d. si les tangentes qu'on pent 
lui mener par les points cycliques coincident toutes avec la droite de Tinfini, la 
r6ciproque de cette courbe par rapport a un cercle de centre sera telle que les 
droites isotropes issues de ne la couperont qu'au point . 

Or la reciproque d'une 6picycloide par rapport au cercle fixe a pour equa- 
tion, en coordonnees polaires 

n designant le rapport du rayon du cercle mobile k celui du cercle fixe ; de plus 

n est positif pour Tepicycloide, et negatif pour Thypocycloide. 

M. Halphen a 6tudie d'une manifere complete les points multiples des courbes 

(3), dont il ecrit Tequation 

1 » 

— = kC0B^d, (4) 

r q ^ ^ 

p et q 6tant positifs et premiers entre eux. II r6sulte de ses belles recherches 
que les courbes pr6c6dentes n'ont un point singulier a I'origine, , que si p est 
plus grand que g; en ce cas, la courbe pr6sente en deux cycles, dont les tan- 
gentes sont respective ment les droites isotropes ; Pordre de ces cycles est ^ — q 

ou , selon que p et g ne sont pas ou sont tons deux impairs ; la classe des 

cycles est 25f ou^. D'ailleurs le degre de la courbe est 2^ ou ^. L'une des 
droites isotropes issues de a en ce point avec la courbe un nombre d'intersec- 
tions egal h. la somme de I'ordre et de la classe du cycle correspondant, et de 
I'ordre de Tautre cycle, c. a d. 6gal k 2p ou 2(,p, ou, si Ton veut, 6gal dans tons 
les cas au degr6 de la courbe. EUe ne coupe done la courbe qu'au point 0. 

II r6sulte de 1^ qu'une epicycloide ou hypocycloide alg^brique aura tons ses 
foyers a Tinfini si sa reciproque a une Equation de la forme (4), p et q etant 
positifs, premiers entre eux, et^^ 6tant superieur a q. 
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Soit alors n = — j X et (i etant premiers entre eux ; on aura 



q 2n+l 2k + fji' 

81 (I et X sont positife, c. a d. si la courbe est une ^picjcloide, p sera toujours 
inferieur k q. 

Si la courbe est une hypocycloide, on devra supposer X negatif, et Ton aura, 

BiX = — X: P — \- ^ 

q ~ fjL — 2X'' 

II faut, pour que p soit superieur a j, que (i soit, en valeur absolue, sup6rieur k 
(I — 2;i', c. a d. que X soit plus petit que fi] n est alors, en valeur absolue, 
inferieur a 1. Done: 

Les hypocy chides algSbriqiies ohtenues en faisant rouler un cercle U VintSrieur 
d^un cercle plus grand ont tous leura foyers a Vinfini ; et par suite Vorientation du 
sysl^me des tangentes men^ d'un point du plan h Vune de ces courbes est indSpen* 
dante de la position du point. 

Les autres courbes de la famille des ^picycloides ou hjpocycloides algebriques 
ne possedent pas la meme propriete. 

III. — Application h Vhypocycloide h trois rehroussevients. 

8. La plus simple des hjpocycloiides qu'on vient de rencontrer est, aprfes la 
droite qui correspond au cas de n = g- , Fhypocycloide S. trois rebroussements, 

qui correspond a celui de n = g- ; le theoreme precedent donne une propriete 

des tangentes a cette courbe qui parait nouvelle, et qu'on peut enoncer ainsi : 

L^orientation du systhne des trois tangentes menees d^un point quelconqve h une 
hypocycloide h trois rebroussements est la meme que celle des trois ojxes de symHrie de 
la courbe. 

Ce th6oreme permet, lorsqu'on connait deux tangentes de rhypocyclo'ide, de 
construire imm6diatement et sans ambiguite la troisi^me tangente qu'on peut 
mener par le point d'intersection des deux premieres. On peut le regarder 
comme Finterpretation geometrique, dans le cas de Thypocycloide, de la propri6te 
analytique fondamentale des courbes de troisi&me classe, propri6t6 bien connue 
qu'on peut enoncer ainsi : il est possible de faire correspondre a chaque tangente 
d'une courbe de troisifeme classe un argument, de telle sorte que les arguments 
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des trois tangentes issues d'un point quelconque aient une somme constante. 
En general, on ne connait pas la signification geomStrique de ces arguments, qui 
s'introduisent par la consideration des fonctions elliptiques ; dans le cas de Thypo- 
cycloide, on voit que cette signification est trfes simple, Targument etant Tangle 
que fait la tangente avec un des axes de sym6trie de la courbe. 

II importe, pour ce qui va suivre, de preciser cette notion : soit t une tan- 
gente de Uhypocycloide ; si par un point fixe nous menons une parallMe ktet 
une parall&le Ox a Tun des axes de la courbe, choisi une fois pour toutes, nous 
designerons par a Tangle que font ces deux droites, en le comptant k partir de 
Ox , dans le sens trigonometrique. Get angle n'est d6fini qu'a un multiple pr^ 
de Tt, cequi n'a aucun inconvenient, puisque les orientations sont definies dans les 
memes conditions. 

9. Cela pos6, on deduit ais^ment du theoreme fondamental les consequences 
suivantes. 

Soit t une tangente €7i un point A de^ Vhypocycldide : les hissectrices de V angle des 
dettx tangentes, autres que f, que Von peut mener h la courbe par un point de cette 
droite, sont paraJlUes h deux directions Jixes. 

Ces directions sont celles des tangentes aux points B et (7, ou la tangente t 
rencontre de nouveau Thypocycloide. 

On voit ainsi qu'une tangente a la courbe la rencontre de nouveau en deux 
points, oi les tangentes sont perpendiculaires Tune k Tautre : proposition bien 
connue, qui sert de base au beau m6moire de M. Cremona sur Thypocycloide. 

Par deux jxdnts quelconques d^v/ne tangente t a VhypocycJolde menons a la courbe 
les quatre tangentes autres que t: ces quatre droites forment un quadrilathre inscrip- 
tible dans un cercle. 

RSciproqu^mentj si le quadrilathre complet formS par quatre tangentes de Vhypo- 
cycldide a quatre de ses sommets sur un cercle^ la droite qui joint les deux autres 
sommets est une tangente de la courbe. 

Dans tout triangle isoc^le circcnscrit h u/ne hypocycldide, la droite qui joint le 
sommet au point de contact de la base est une tangente de la courbe. 

Par chaque sommet d^un triangle circonscrit h une hypocyclolde passe une 
nouvelle tangente, distincte des coth du triangle : les trois droites ainsi di/inies /ormcnt 
un nouveau triangle semblable au premier. 
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10. Oe dernier th6oreme merite d'etre 6tudi6 avec quelques details; il 
donne lieu a des consequences int6ressantes. 

D'un triangle ABC, circonscrit k rhypocjcloide, on deduit, en menant les 
tangentes, distinctes des c6t6s, qui passent par les trois sommets, un nouveau 
triangle ^.i^jCi semblable au premier; en appliquant la meme construction k 
AiBiCij on obtient un troisi^me triangle semblable aux deux premiers, et ainsi 
de suite. Cette s6rie de triangles est-elle illimitee ? Retombe-t-on n^cessaire- 
ment sur un des triangles d&jsL trouves, ou Tun des triangles finit-il par se r^duire 
a un point ? Ce sont Ik des questions auxquelles il est facile de r6pondre par 
I'application du th^oreme fondamental. 

Designons par a, ^, y les angles que font avec un des axes de sym6trie de 
la courbe les c6t6s du triangle ABG] soit yi Tangle que fait avec ce meme axe 
la troisifeme tangente issue du point C. On a, d'apr^s le th6oreme fondamental : 

d'oii yi = y — (o^ + i^.+ y) modTt. 

Par suite les angles ai , ^i , yi , que font avec I'axe con8id6r6 les trois c6t6s 
du triangle AiBi Ci sont : 

tti = a — {oL + ^ + y) ^od n , 
i3a = /?-(a + i3 + y), 
yi = y— (a + ^ + y). 

Ce sont ces relations qui montrent la similitude des triangles J.-B (7 et j4i-Bi (7i , 
puisque Ton en tire 6videmment 

oi — ^i = a— /?, tti — yi = a — y, /?i — yi=^ — y. 

Rien n'est plus ais6 que de determiner le rapport de similitude. 

Remarquons en eSet que les c6t6s homologues des deux triangles se coupent 
sous des angles 6gaux si* (a + /? + y) ; or, d'apr^ un th6oreme connu de geom6trie 
ei6mentaire, si, par les sommets d'un triangle, on mene des droites faisant avec 
les cot^s opposes, dans un meme sens de rotation, des angles ^gaux cj, on forme 
avec ces droites un nouveau triangle semblable au premier, avec un rapport de 
similitude 6gal i^ 2 cos o . 

Les triangles A^B^Gi et ABG sont done semblables avec un rapport de 
similitude 6gal a 2 cos (a + i3 + y) . 

VOL. X. 
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11. De 1& se deduisent de suite quelques r6siiltats simplea 
En premier lieu, si a + ^ + y = ± -^ , cos (a + ^ + y) est 6gal sL — , et 
les triangles ABC, AiBiCi sont ^gaux. On a d'ailleurs 

ai + fii + yi = —2{a + fi + y)=dt— mod n 

et le triangle A^B^G^ d6duit de AiBiGi sera 6gal aux deux precedents. On a 
pour ce triangle : 

02 = 01 =F -r- = a =fc — mod 7t. 



De meme pour le triangle A^B^C^ dSduit de A^B^G^j on aura : 

08 = 02 — (oj + /?3 + y«) = o mod 7t. 



Le triangle A^B^G^ coincide done avec ABG^ puisqu'on ne peut mener a I'hypo- 
cyclo'ide qu'une seule tangente parall&le & une droite donnee. 

On peut done 6noncer la proposition suivante : 

Pour simplifier, appelons premier triangle derivS, ou, plus simplement, triangle 
dhivS d'lm triangle T, circonscrit sL Fhypocycloide, le triangle 7\ forme par les 
tangentes men6es k la courbe des sommets de T, et distinctes des cotes de T] 
appelons second triangle derive de T le premier triangle derive de 3] , et ainsi de 
suite. On a en premier lieu la proposition gen6rale : 

Toils les triangles d^riv6s d^un meme triangle lui sont semhlables. La propri6t6 

TV 

d6montr6e plus haut dans le cas oillo + jtJ + y==t -^ s'^nonce ainsi : 

Si les cdt6s d^un triangle T, circonscrit h Vhypocych'ide^ font avec tm des a^es 

de symkrie de la courbe des angles dorU la somme est ±: — f h un multiple pr^ de 

Tij les deux premiers triangles dSrivSs de T sont egaux h ce triangle^ et le troisihne 
coincide avec T. 

En second lieu, si a + ^ + y = -2-, le rapport de similitude est nul ; le 
triangle AiB^Gi se r6duit done sL un point. De plus on a : 

oi = o ^ mod 7t, 
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ce qui montre que les c6t6s de AiBiCi sont perpendiculaires k ceux de ABC. 
Done: 

Si les cotes d^un triangle drconscrit h Vhypocycldide^ font avec un des axes de 

symHrie de la courhe des angles dmit la somme est— , a un multiple prls de n, les 

hauteurs de ce triangle sont des tangentes de Vhypocycldide^ et le triangle deriv& se 
rSduit par suite h un point. 

m 

12. ReprenoDs main tenant les relations 

ai = a — (a + /? + y) mod 7t , 

entre les angles qui correspondent a un triangle ABG et au triangle derive 
AiBiCi. On a de meme, en passant au derive de AyBiGi : 

a, = ai — (ai+i3i + yi) = a+ (a + /3 + y) modTt, 



En general, pour le n**"® triangle derive de ABC, on aura des expressions de la 
forme a^ = a + An (a + i^ + y) i^o<i ^i 

Pour le (n + 1)**°*® triangle, il viendra : 

an+i = a, — (a« + /?« + yj^a— [2A„ + l](a + i3 + y), 

d'oil, la loi de recurrence : 
On en tire, puisque ^ = — 1 : 

(_2r_i 

et par suite, les angles a^, /?„ , y, que font avec I'axe les cot&s du n'*"* triangle 
d6riv§ de ABG sont donn^, en fonction des angles analogues a, ^, y qui corres- 
pondent i. ce triangle, par les formules : 



yn = y+ ^ X ^ (« + i3 + y)- 
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ObservoDS enfin que le rapport de similitude des triangles . 

est 6gal, d'apr^ un r^sultat rappele plus haut, h 

2 cos (-2)" -(-2)'-^ („ +^ + y)^ 

c. Jld.Jl 2co8 2"^»(a + /3 + y). 

13, Ces formules permettent de repondre aux questions que Ton s'^tait 
pos6es. 

D'abord, dans quels cas la suite des triangles d6riv6s I'un de Tautre se termi- 
nera-t-elle h un point ? 

Pour que le triangle A^B^G^ se reduire a un point, il faut que le rapport de 
similitude de ce triangle avec le triangle -4^- A-i^n-i soit nul, c. a d. que : 

2»-^(a + /? + y) = -|-' modTt, 

On aurait pu arriver de suite k ce resultat en 6crivant que a„ + /?^ + y^ est nul 
h im multiple prfes de n. 

De la ce theoreme, qui est la generalisation d'un resultat donn6 plus haut. 

Si les cot^s d^un triangle circonscrit h Vhypocycloide font avec via des axes de 

2jfe-|- 1 
symetrie de la courbe des angles dont la somme est de la forme — ^— n , la shie des 

triangles dJerivh du premier se terminera h un point, au boui de n constructions. 

Ce point sera le point de concours des hauteurs du (n — ij^^e triangle 
derive du triangle primitif. 

Cherchons maintenant dans quels cas on retombera, aprfes un certain nombre 
de constructions sur le triangle primitif. 

II faut pour cela que Ton ait an = a, |3^ = |3, Yn = Y ™od 7t, c, i d. : 

Si n est le plus petit nombre pour lequel une relation de cette forme ait lieu, le 
^i*me triangle deriv6 du triangle primitif coincidera avec ce triangle, et si Ton 
continue les constructions, on retrouve tons les triangles d6j^ formes. 
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Mais ici se pr^sente une particularit6 curieuse : c'est qu'en construisant les 
triangles successifs i partir du premier, il peut arriver que Tun d'eux coincide 
avec Tun des precedents sans que Ton ait retrouve de nouveau le premier triangle. 

En efiFet, le jp**"® et le j**™* triangles d6riv6s {q ^jp) coincideront si Ton a : 

c. ^ d. t (— 2) V + i3 + y) [(— 2)^-^ — 1] = 3fot, 

a + ^ + y - (_ 2)p[;(_2)^-i>- 1] ^- 

Si cette condition est remplie, Tc 6tant premier a 2, le 5**°*® triangle d6riv6 
coYncidera avec le ^**™®, et, en continuant les constructions, on retrouvera inde- 
finiment les triangles derives dont I'ordre est compris entre jp et q — 1 , sans 
retomber jamais sur le triangle primitif et les jp — 1 premiers triangles d6riv6s, 
Ainsi : 

Si les cot^ d^un triangle drconscrit h Vhypocyddide font avec via des axes de 

3Jfe 
symkrie de la courbe des angles dont la somme est de la forme ^^ — ^— ^ — — n , 

fe 5*^"* triangle dhiv6 de ce triangle coinddera avec le p 



time 



14. II est ais6 d'expliquer a priori pourquoi, dans le cas qui nous occupe, 
le triangle primitif ne se reproduit pas necessairement : cela tient a ce que la 
suite des triangles derives n'est pas reversible sans ambiguity, ou, en termes plus 
precis, a ce qu'un meme triangle circonscrit h Thypocycloide peut etre consider^ 
comme le d6riv6 de deux autres triangles circonscrits, et non pas d'un seul. 

Eeprenons en effet les relations 

0Li = a — {a + 13+y) + kn, 

^i = ^-{a + l3 + y) + ln, 
yi = y — {a + ^ + y) + mn. 

On en tire: 1 , , /> , x . l + m — k 

a = oi — Y («! + Pi + yi) H 2 — ^' 

y = yi — -9-(^i + ^i + yi)+ o""^ ^- 
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La definition du lieu F ne depend que de la position des foyers des courbes 
A et B'y on pent en particulier supposer que chacune de ces courbes se reduise a 
ses n foyers reels, et Ton a ce theoreme : 

Si une cov/rhe est telle gu^en joignant tm quelconque de ses points a deux series 
de n poles fixes ^ h distance finie ou infinie^ on dbtienne deux systhnes de meme orient 
tatioUj cette courhe est le lieu des foyers des courhes de classe n qui Umchertt les n* 
droites joignant les poles de Vv/ne des series aux poles de V autre sSrie. 

17. L'ensemble des n foyers reels d'une courbe appartenant ^ un faisceau 
tangentiel donn6 jouit de quelques proprietes simples, qui d6rivent aisement des 
principes precedents. 

Soient en effet -4^, -4,, ... 4, les n foyers r6els de la courbe A] B-^ . . . . B^ 
ceux de la courbe 5 ; if le foyer d'une courbe du faisceau tangentiel determine 
par J. et i? ; if' le point infiniment voisin de if sur le lieu F. 




Menons par if un axe quelconque MX\ designons par o Tangle WMX^ par 
a. Tangle AJUfX; par /?. Tangle B^MX. On a, d'apr^ la propriety fondamentale 
du lieu F: 

oi + a, + + an = /?i + ^2 + + /3n 

et, en passant de if S, M', 

dcLi + dai +.... = d^i + d^^ + • • • • 

Or da^ est Tangle M'A^M, et Ton a, dans le triangle MAJI\ 

MM! 
^* ~ MA ®^^ (" ~ ^^* 

Par suite : V^ sin (o — a,) _ V^ sin (o — /?,) . 

Z^ HI, — Z^ llB, • ^^^ 
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18. Ce r&iiltat est susceptible d'une interpretation g6om6trique 616gante, si 
Ton introduit une notion due h Laguerre. 

Cette notion est celle du centre harmonique d'un systfeme de points par rap- 
port h un point. 

Etant donnes dans un plan im point M et un groupe de n points, -4^ . . . . J.^ , 
portons sur chaque droite MA^^ a partir de if, une longueur 6gale a Tinverse de 
MA^ : composons ces longueurs comme des forces ; sur la direction de leur resul- 
tante, portons, h, partir de if, une longueur 6gale h, Pinverse de la n"™^ partie de 
cette r^sultante ; rextr6mit6, a , du segment obtenu sera dit le centre harmonique 
des points Ai. . . . A^ relativement au point M. 

D'aprfes cette definition, si Ton imagine par M deux axes rectangulaires, 
MX et MY, et si a^ est Tangle de MA^ avec MX, les coordonn6es du centre 
harmonique a seront : 

etant pos6 y ^ cos a. ^ sin a^ 

On peut aussi 6crire : 



On aura des formules analogues pour les coordonn^es des centre harmonique, h ; 
des points B^. . . . B^ par rapport h, M : 

6tant pos6 

^~^~mb:' "^-^hs;' 

Or la relation (6) donne : 

^ sin G) — >7 cos o = ^' sin G) — rj' cos o, 

remplapons dans cette Equation ^ et r^, ^' et y/ par leurs valeurs en X et F, 
X^ et T, il vient : 

Xsino — Fcoso X' sin o — T' cos cj 

X»+ F» ~ ^'» + F'» • 

En d'autres termes, un meme cercle : 

x' + y + 'iCxsinf*) — y cos o) = 

VOI*. X. 
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passe par a et 6: ce cercle est d'ailleurs tangent en if ^ la direction MM\ c. k d. 
^ la courbe F. Done, les centres harmoniques des points A^ .... A^ et B^ .... B^ 
par rapport a un meme point M du lieu F^ sont sur un cercle tangent i i^ au 
point M, et, comme on pent remplacer les points A^. . . . A^^ om B^. . . . B^ par 
les n foyers r6els d'une quelconque des courbes du faisceau tangentiel determine 
par les courbes J. et -S, on a ce r^sultat : 

Soit F le lieu des foyers des courbes de classe n appaiienant h un faisceau tan- 
gentiel donnS : le centre harmonique des n foyers r6els de Vu/ne quelconque de ces 
counrhes par rapport h un point cTioisi arbitrairement sur F reste sur un cercle^ 
tangent en ce point h la courbe F. 

19. Un cas particulier remarquable est celui ou le point M est un point 
double de la courbe F] Tequation 

^ sin G) — Yi cos o = ^ sin G) — rf cos o 

est alors v6rifi6e pour les deux valeurs de o qui correspondent aux deux branches 
de la courbe passant en M, et, par suite, on a n6cessairement ^ = ^', >? = >?'. 
Done: 

Si la courbe F awn point douhle, le centre harmonique des n foyers rSels dune 
quelconque des courbes du faisceau tangentiel par rapport h ce poirU^ est xm point 
fixe. 

Si if est ^ I'infini, et ne coincide pas avec un des points cycliques du plan, 
il est ais6 de voir que le centre harmonique d'un groupe de points par rapport ^ if 
coincide avec le centre des moyennes distances de ces points ; or on prouve facile- 
ment que, si aucune des courbes -4 et -B n'a de foyer a I'infini, la courbe F a une 
asymptote r6elle, et par suite, il r&ulte du th6oreme demontre plus haut, que le 
centre des moyennes distances des n foyers reels d'un courbe variable, appar- 
tenant a un faisceau tangentiel determine, decrit une droite. 

L'application de ces th6oremes g6n6raux au cas d'un faisceau tangentiel de 
coniques pr6sente quelque int6ret. 

V. — lAeu des foyers dun faisceau tangentiel de coniques. 

20. Soient deux coniques, J. et -B, ayant respectivement pour foyers r6els 
les points /et/', g et g' : le lieu, F, des foyers des coniques inscrites dans le 
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meme quadrilat^re que les coniques A et B est, d'aprfes la theorie generale, le 
lieu des points M tels que les systfemes de droites M/et Mf, Mg et Mg[ aient 
memes bissectrices. 

Rien n'est plus facile que d'obtenir, en partant de la, Tequation du lieu : on 
trouverait une cubique, passant par les points cycliques du plan, et ayant une 
asymptote parallMe i la droite qui joint les milieux des segments ff et ggl^ 
c. S. d. les centres des coniques A Qt B. 

Cette cubique pent etre d6termin6e par points d'une mani^re trfes simple. 

La conique A a deux foyers imaginaires, qui s'obtiennent en joignant/et/' 
aux points cycliques / et J, et en prenant les intersections des droites ainsi 
obtenues ; ces deux nouveaux points, /i et// , sont aussi sur le lieu des foyers F. 

De meme, si Conjoint les points/ et/' aux points g et gf', les droites /gr et 
f^^ f^ ^^ f9 s® coupent respectivement en deux nouveaux points, h et A/, qui 
sont sur F^ d'aprfes la propriete fondamentale de ce lieu. 

II y a plus : les couples de points / et// , Ic et fc' jouent le meme role que 
les couples /et/^ ou g et ^. La proposition est 6vidente pour les points /^ et// 
qui sont des foyers d'une des coniques du faisceau ; on pent montrer de meme 
que Jc etld sont aussi les foyers d'une de ces coniques : en effet, une conique du 
faisceau a un foyer en k^ puisque h est sur F] le second foyer reel de cette 
conique est n6cessairement en fc', puisque les couples de droites fh^ fid et 
fh^ fH ont memes bissectrices que les couples fg^f^ ^^fdifdfj avec lesquels 
ils coincident. 

En d'autres termes, le lieu F pent etre d6fini, au moyen des 3 couples de 
points /et/', g et g^, I et J, de la mani^re suivante : on joint deux a deux les 
points de deux de ces couples, on obtient, par les intersections des droites ainsi 
construites, un nouveau couple ; en operant de la meme mani^re sur ce nouveau 
couple et sm" le troisi^me, on obtient un cinqui^me couple, et on continue ainsi 
ind6finiment en combinant deux quelconques des couples obtenus; tons ces 
couples sont sur F. On reconnait la construction discontinue donn6e par 
Schroter pour les courbes du troisi&me ordre ; les couples de points consider6s 
sont des couples de poles conjugnh; ils jouissent de la propriete que les tangentes 

menses a la cubique aux deux points d'un couple se rencontrent sur la courbe. 

• 

21. On pent dire d'apr^ cela que le lieu des foyers des coniques inscrifes dans 
un quadrilcUbre est une cuhique circulaire, dont les tangentes aux points cycliques se 
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couperU sur la caurbe ; ou, plus simplement, une cubique circtdaire qui passe par son 
foyer singuiier. 

R6ciproquemeiit, toute cubique circulaire passant par son foyer singulier 
pent etre consider^ comme le lieu des foyers de coniques inscrites dans un quad- 
rilat^re : 11 suflSt de prendre sur cette cubique deux couples de poles conjugu^s 
quelconques, /et/', g et gf', du meme systfeme que le couple form6 par les points 
cycliques, et la cubique est le lieu des foyers des coniques du faisceau tangentiel 
determine par deux coniques, quelconques d'ailleurs, ayant respectivement pour 
foyers les points fetf^g et gf'. 

La propri6t6 caracteristique du lieu F pent, par une transformation homo- 
graphique, etre mise sous la forme suivante : 

Les deux couples de droites qui joignent un point quelconque d'une cubique 
h deux couples de poles conjugu6s d'un meme syst^me, situes sur cette cubique, 
sont en involution. 

Ce theoreme est du h M. Cremona. 

22. Les propositions d6montr6es plus haut relativement aux centres har- 
moniques prennent ime forme assez simple si Ton observe, avec Laguerre, que le 
centre harmonique, a, de deux points, / et Z', par rapport h un point M est sur 
la circonference passant par if, / et /', et que les points if, a , /, Z' divisent har- 
moniquement cette circonference. 

Par un point M, du lieu F des coniques inscrites dans un qttadrilath^, et les 
foyers f et f de Vune quelcaiique de ces coniques^ faisons passer un cercle^ et prenons^ 
sur ce cercle, le point a, qui, avec les points if, /, f divise Tiarmoniquement la 
circonference: d'apres un theoreme 6tabli plus haut, le point a dicrit un cercle 
tangent en Mcila courbe F. 

On voit ais6ment que ce cercle passe par le point obtenu en prolongeant 
d'une longueur egale k elle-meme la droite qui va de M au foyer singulier de la 
cubique. 

Si la courbe ^ a un point double, le centre harmonique des deux points 
d'un meme couple, / et Z', par rapport a ce point double est un point fixe : il est 
tr&s facile d^etablir que la courbe F n'aura de point double que si le faisceau de 
coniques qui sert k la d6finir contient un cercle ; le point double est alors le 
foyer du cercle. Done : 
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/Si, par lea foyers f etf de Tune quelconque des coniques inscrites dans un 
qtuzdrilathre circonscrit h un cercle de centre o, et par le point o on fait parser une 
circonference, cette circonfSrence passe par un second point fixe, o', qui, avec les points 
0, fet f\ la div^ise Jiarmoniquement. Le segment oof a pour milieu le foyer singu- 
lier de la cubique lieu des foyers /, f. 

La courbe F est alors ce que Quetelet appelle une focah h nceud; une 
focale k noeud est, d'apr&s ce qui pr6c&de, une cubique imicursale passant par 
les points cycliques et par son foyer singulier. 

23. On rencontre cette courbe dans un probl&me assez int6ressant de la 
Geom6trie de Tespace. 

Chasles a fait voir que le lieu des pieds des normales k un syst&me de quad- 
riques homofocales, contenues dans un plan donn6 P, est une focale k noeud, et 
nous avons demontr6 que le lieu des foyers des sections faites par le plan P 
dans les quadriques homofocales coincide avec le lieu de Chasles. On pent 
etablir directement que le lieu des foyers est une focale k noeud, en s'appuyant 
sur les principes generaux enonces au commencement de ce travail, et en deduire 
quelques proprietes g6ometriques simples. 

24. Cherchons en effet F^quation tangentielle, dans le plan P, des coniques 
communes h ce plan et aux surfaces homofocales. 

II y a deux quadriques du syst^me homofocal qui touchent une droite donnee ; 
done deux des coniques, dans le plan P, touchent une droite de ce plan, et 
Tequation g^nerale cherchee contiendra un param^tre, 0, au second degr6. EUe 

sera de la forme : AG^ + Bd + 0= 0, 

et Ton pourra supposer que les coniques J. = et (7=0 sont deux quelconques 
des coniques du syst^me. 

Or parmi ces coniques figure celle qui se compose des deux points cycliques 
du plan P, puisque le cercle a Tinfini fait partie du systfeme homofocal ; on pent 
done supposer que Ton a : 

^ = t^* -f. V*, 

et r^quation devient 

{u^ + v')e' + Be+ C=0. 
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Les coniques ainsi represeDtees sont homofocales aux coniques 

qui appartiennent a un meme faisceau tangentieL 

Cette remarque suflBt pour 6tablir que le lieu des foyers des coniques est 
une cubique circulaire, passant par son foyer singulier ; observons maintenant 
qu'une des quadriques du syst^me homofocal touche le plan P, et par suite une 
des coniques se reduit (au point de vue tangentiel) au point de contact compt^ 
deux fois ; ce point est done un point double de la cubique, qui est d^ lors une 
focale a noeud. 

Si maintenant on designe par/et/', g et gr', les foyers de deux des coniques, 
la focale h noeud pent etre consideree, comme le lieu des foyers des coniques tan- 
gentes aux droites fg^f^^fg^f^, et, puisqu'elle a un point double, ces quatre 
droites doivent necessairement toucher un cercle decrit du point double comme 
centre. 



25. On pent done 6noncer les propositions suivantes. 

Le lieu des foyers des sections faites dans une serve de quadriques homofocales 
j>ar un -plan P est v/rve focale h nceud, dont le point double est le point de contact, o , 
du plan P avec la quadrique du systhne qui toucJie ce plan. 

Si par le point o et les foyers f et f de Vune des coniques d" intersection on fait 
passer un cercle, ce cercle passe par un second point fixe, d, qui, avec les points o , f 
et f divise harmoniquement la circonference. 

Le segment od a pour milieu le foyer singulier, ^ , de la focale ; ce point ^ est le 
foyer de laparabole qui figure parmi les coniques dHntersection. 

Les quatre dimtes qui joignent les foyers reels de Vune des coniques dHntersection 
avx foyers reels dJurw autre de ces coniques touchent un meme cercle qui a pour centre 
le point 0. 

En particulier: 

Les droites qui joignent deux h deux les points dHntersection de deux coniques, 
focales Vune de V autre, par un meme plan, forment un quadrilatbre circonscriptible 
h un cercle. 
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VI. — PropriMe des foyers des courhes appartenant ct v/n/aisoeau tangentiel. 

26. Nous avons d6montr6 au n° 18, comme consequence d'une proposition 
fondamentale, que le centre harmonique des n foyers r6els d'une courbe appar- 
tenant a un faisceau tangentiel de classe n, par rapport a un point du lieu F 
correspondant, reste sur un cercle, tangent en ce point h la courbe F. 

Par des considerations d'un autre ordre, sur lesquelles nous aurons k revenir, 
h, un point de vue plus g6n6ral, dans un travail ult6rieur, on arrive h un r6sultat 
qui complete le pr6c6dent, et que nous nous bornerons a 6noncer : 

Le centre harmonique, par rapport h un point du plan, des foyers r6els de 
chacune des cou/rbes d^un faisceau tangentiel, decrit v/n cercle. 

Ce th6oreme pent recevoir une forme plus Elegante si Ton observe avec 
Laguerre que le centre harmonique des foyers r6els d'une courbe par rapport h 
un point coincide avec le centre harmonique des points de contact des tangentes 
qu'on pent mener de ce point a la courbe. Ainsi : 

Le centre harmonique, par rapport h un point du plan, des points de contact des 
tangentes quHon pevi mener de ce point h chacune des combes d^v/a meme faisceau 
tangentiel dScrit un cercle. 



THE BENEKE PHILOSOPHICAL PRIZE. 



The Philosophical Faculty of the University of Gottingen proposes the 
following subject for discussion by the competitors for the above named prize 
for the year 1891 : 

Of late years it has become more and more evident that the law of Entropy is of fonda- 
mental importance for the theory of all those physical and chemical phenomena which are 
connected with the production or absorption of heat. In the treatises on the law of energy 
written for the Beneke prize of 1884, it was especially recognized that the law of energy requires 
the law of entropy as an essential supplement. At the same time, much progress has recently 
been made in the endeavor to base the law of entropy on tiie general principles of mechanics. 
For these reasons a comprehensive discussion of all problems connected toith the law of entropy 
seems to be particularly desirable at the present time. 

Such a discussion should embrace the following: 

(1). The development of the empirical demonstrations of the law of entropy, together with 
a thorough digest of Carnot's works. 

(2). An historical and critical discussion of the investigations bearing on the connection of 
the law of entropy with the general principles of mechanics. 

(3). A complete report on all the applications of the law of entropy to the theory of 
physical and chemical processes. 

The theses may be written in the German, Latin, French, or English language. They are 
to be sent to the Philosophical Faculty at Grottingen, together with a sealed letter which shall 
contain the name, profession and residence of the author, and be designated by the same motto 
as the thesis. The theses must be presented before August 31, 1890. 

The award of the prizes will take place on March 11, 1891, the birthday of the founder, in 
a public session of the Philosophical Faculty. 

The first prize amounts to 1700 M., the second to 680 M. 

The prize-essays will remain the unrestricted property of their authors. 

The title-page should contain an address to which the thesis may be returned in case it 
does not receive a prize. 

The subjects for the prizes for the years 1888 and 1889 are announced in the Nachrichten 
der Koniglichen Gesellschaft der Wissenschaften of Gottingen, 1886, No. 8, and 1887, No. 5. 
OamNOBir, April 1, ISSS. 



Sur les lignes geodesiques des surfaces a courbure 

constante. 

Par R. Liouville. 



L'objet de ce m^moire est d'indiquer la signification g6om6trique des Equa- 
tions differentielles du second ordre ayant leur int6grale g6n6rale lin6aire par 
rapport aux constantes arbitraires et de former leurs invariants pour toutes les 
substitutions qui ne changent point, soit I'inconnue, soit la variable ind^pen- 
dante. 

I. Les lignes g6odesiques d'une surface k courbure constante peuvent etre 
transform^es toutes ensemble en un syst^me plan de lignes droites, car, apr&s 
application sur une sphere, les plans qui passent par le centre de cette derniSre 
tracent sur celui qu'on a choisi toutes les lignes droites qui y sont contenues. 

J'ajoute que chaque Equation diffErentielle du second ordre, capable de 
reprEsenter les droites d'un plan, c'est a dire ayant son intEgrale gEnErale linEaire 
par rapport aux constantes arbitraires, pent etre regardEe comme dEfinissant les 
lignes gEodesiques d'une surface h courbure constante. Soit en eflFet donn6e ainsi 

ai2i + a«2» + aj2;,= 0, (1) 

rintegrale dont il s'agit ; ai, ot,, 03 designent des constantes arbitraires, Zj, Z21 ^s* 
des fonctions connues des variables x et y, entre lesquelles a lieu I'Equation 
differentielle : le premier membre de (1) est la solution generale d'un syst^me 
d'Equations linEaires aux dErivEes partielles du second ordre. 






> 



dse* dx dy 
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et Ton peut, dans celui-ci, multiplier rinconnue 2, par un facteur fi, sans que la 
relation (1) soit essentiellement modifi6e. Si done on fait en sorte que le 
produit 

ii*{4 + 4 + 4), (3) 

Boit une constante c*, les expressions Ziii, z^, . . . . , 6tant celles qui d6terminent 
les points d'une sphere en coordonn6es cartesiennes, et I'^quation 6tablie entre 
a: et ^ n'ayant pas chang6, il est mis en Evidence qu'elle appartient aux lignes 
g6od6siques d'une surface h courbure constante. 

Ainsi la recherche de ces lignes 6quivaut pr6cis6ment a Tetude d'une Equa- 
tion diff6rentielle, dont Tint^grale ne contient qu'au premier degr6 les constantes 
arbitraires ; comme on le montrerait sans peine, tout revient en ce cas a Tinte- 
gration d'une equation diflF6rentielle lin6aire, du troisi^me ordre. 

Lorsqu'on donne Tel^ment lineaire, 

ds = ^/edi^ + 2fdxdy + gda?^ 

d'une surface, I'^quation des lignes g^odesiques s'en d6duit par des formules 
d6termin6es et connues, mais la question inverse, notamment pour les surfaces ^ 
courbure constante, m^rite quelques explications. Soit done 

y" + (hy'^ + So^'* + 3082/ + a, = 0, (4) 

Inequation des lignes g6od6siques pour une surface de cette esp^ce ; ai, a^, . . . . ^ a^ 
sont fonctions d'x et d'y et verifient des relations faciles S. former. Pour trouver 
les expressions correspondantes de e,/, gr, il convient d'obtenir d'abord le 
sjst^me, analogue ^ (2), corr61atif de l'6quation (4) et dont trois int^grales satis- 
font ^ la condition 

Je supposerai que ce soit le systSme (2) lui-meme et il en rSsultera 6videmment 

c'est a dire d^ = T'da? + 2 Tdxdy + Tdy^ ; (6) 

comme on connait Tun des syst^mes qui peuvent etre pris pour corr61atifs de 
Pequation (4), par exemple le suivant 

d^z , 3z dz . /dO'B d<h 



, dz dz . /da^ d<h I \ r. am \ 

^^ • 2^ dz /da^ 9^ I o o 2^ n, A/f/ \ 



(7) 
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le point est de trouver le facteur ^, par lequel il faut multiplier ses integrales 
pour justifier Pequation (5), ou, ce qui est la meme chose, de determiner, pour le 
eyst&me enti^rement donne (7), Texpression de la somme 

^1 + 4 + ^ = 0; 

or un calcul tr&s simple fournit les quatre Equations, aux d6riv6es partielles du 
troisiSme ordre satisfaites par la fonction 6: 

etc., 

elles sont lin6aires et admettent six integrales communes ; de Tune d'elles, on 
conclut un syst^me d'expressions pour T, T, T' o\x e^f, g. 

Ainsi, quand Inequation (4) est donn6e, les coefficients e, f, g du carre de 
r^lement lin6aire ne sont pas complfetement determines ; leurs expressions ren- 
ferment six constantes arbitraires, qui y entrent d'une mani&re homogfene. 
Soient (ei,/i,flri), (ejj,/^,^^,), deux syst^mes distincts d'expressions pour les 
coefficients e,/, gr et soient (arj, yi), (xg, ^g), respectivement, les variables corres- 
pondantes: la substitution (xi^ yi]Q^, y^ est visiblement Tune de celles, en 
nombre infini, qui transforment I'^quation (4) en elle-meme. 

II. D'apr^s ce qui pr6cMe, il est clair que les Equations semblables a (4) 
sont toutes r6ductibles S. celle-ci 

et par consequent les unes aux autres ; elles ne peuvent done avoir d'invariants 
pour I'ensemble des transformations g6n6rales 

Xi = ^{x,y), yi = '^{x,y)] 
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mais il n'en est pas de meme si Ton se borne ^ changer, soit la variable, soit 
rinconnue et, pour fixer les idees, c'est de ce dernier changement qu'il sera ques- 
tion, Tautre 6tant d'ailleurs exactement pareil. 

II convient d'appeler invariants rdaiifs^ ^ Tegard des transformations 

Xi = x, yi = '^{x,y), (8) 

dont il s'agit, les fonctions des coefficients Oi, o^, • . . . , 04 et de leurs dSriv^, 
qui se divisent par une puissance de 

Zy 

aprfes la substitution (8) ; Fexposant de cette puissance est le poids de I'invariant 
consid6r6 ; s'il est nul. Tin variant est dit absolu. D'aprfes ces deux formules, 

y^-y dy ^ dx' 
le coefficient de y^, dans T^quation transform^e de (4), est 



ai(- 



ay/' 

Oi est done un premier invariant relatif, de poids 6gal h 2 . 

Une forme invariante ou canonique de P^quation propos^e en rSsulte sans 
difficult^; car la fonction t^/ definie par cette relation 

— (^) = constante, 
ai \cy J 

ou, avec plus de g6n6ralit6, par la suivante 

est manifestement un invariant absolu ; lorsqu'on la prend pour inconnue dans 
r^quation (4), la transform6e est canonique ; ses coefficients jouent le role 
d'invariants absolus, mais ils dependent d'une quadrature et ne sont point 
en consequence des invariants proprement dits. Or certaines questions exigent 
que I'on distingue les invariants de cette esp^ \ il convient done de chercher 
un systfeme de fonctions, form^es uniquement par combinaisons alg6briques des 
coefficients et de leurs d6riv6es, donn6es en outre de la propri6t6 d'invariance. 
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C'est h, quoi Ton peut parvenir en g6n6ral comme je devais expliquer. 

z, -^ , -^ , sont des fonctions d^x et d'y, d6termin6es par les relations (2); elles 

deviennent des fonctions d'une seule variable satisfaisant aux Equations diff6r- 
entielles 

dfes qu'on y remplace y par Tune des expressions qui v6rifient I'equation (4). Je 
consid^re en particulier la combinaison 

oil j'ai d6sign6 par X une fonction arbitraire d^x et d^y. Aucune des transforma- 

dz 
tions (8) ne peut introduire -^ dans le premier membre de (10) et il r^sulte du 

syst^me (9), 

d^ = ^[Xdx-{Pdx + Pdy)] + {^-Xz)l2dy — {gdx+(^^^^ 

+ zldX — {rdx+ Tdy)]. (11) 

dz 
Par un choix convenable de X, je puis rendre nul le coeflScient de -^ , dans cette 

relation, ce qui exige 

A. = P' + Py'; (12) 

cela fait, les transformations (8) laisseront toutes b. l'6quation (11) le caract^re 
d'une relation entre 2 et f seulement; f est done, en vertu de (12), I'expression 

oz 

d'un invariant ; il est visible de plus que z est un invariant absolu, -^ un inva- 
riant relatif, de poids 1 ; il en est done de meme de X. Ainsi, le premier 
membre de I'equation (12) et par suite la combinaison 

P' + Pl/ 

jouent le role d'invariant relatif, de poids 6gal ^ 1 . Une autre combinaison de 

meme esp^ce est connue avant toute recherche, c'est le determinant fonctionnel 

dh dz^ 
^ dx dy 



=E 
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des trois solutions du sjst^me (2) et I'on sait que d'ailleurs on a 

d log A= - HP + Q)dy + {P' + g)cfo], 

outre les relations, A^yk signal6es dans un M^moire ant^rieur (Journal de I'Ecole 
Polytechnique, LVIP Cahier), 

P = ai, 2P—Q=Zc^, P'— 2g'=3a3, Q' = — a^. 
On en d6duit d'abord yy 19 log A 

mais A pent etre pris k volont6 parmi les invariants relatife de poids 1 , sans que 

la correspondance 6tablie entre I'^quation donn6e (4) et le sjst^me (2) soit 

troubl^e. 

J'en profite pour poser 

A* = ai; 

Fexpression (12) se change alors en la suivante 

et, si I'on divise par a{ ce covariant de T^quation (4), le quotient n'est modifi^ 
en aucune mani^re par les transformations indiqu6es ; pour obtenir une condi- 
tion invariante, il suffira d'exprimer que ce quotient, multipli6 par dx^ 



est une diff^rentielle exacte. Je trouve ainsi la relation 

•"I^ + ^|r(t-««-)-»t(t-'^)=''' <"> 

dont le premier membre ne pent etre autre chose qu'un invariant relatif, et la 
substitution simple, cy^ = y 

en montre imm6diatement le poids, pourvu que c soit une constante. La con- 
clusion est jq[ue cette combinaison 

des coefficients de I'Squation (4) et de leurs derivSes, est un invariant de poids 
6gal & 6 . 
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J'ai remarqu6, dans un autre travail, une Equation du second ordre, cova- 
riante de (4), pour toutes les transformations qui n'en changent pas la variable ; 
voici cette Equation 

a laquelle on pent donner le nom d^adjoirUe de la propos6e, car il y a entre elle 
et le systfeme adjoint a (2) la meme correspondance qu'entre T^quation et le 
systfeme (2). II est clair qu'un nouveau co variant des 6quations (4) et (16) est 
leur diflference, qui se r6duit au premier ordre ; on aura done une condition inva- 
riante k satisfaire, si la valeur dy qui fait 6vanouir Uexpression (13) doit annuler 
aussi cette difference, ce qui implique 

(^ - 6aia,)(^ - 3aia,) - 6ai (^ - ^ + a,a,) = 0. (17) 

On en conclut que le premier membre v^ de la relation pr6c6dente est un inva- 
riant relatif, de poids 5 . 

Enfin, Ton en trouve un troisi^me, en cherchant sous quelle condition 

I'equation diflf6rentielle 

1 31ogai_ 

et une int6grale premiere de la propos6e. L'expression qui doit alors etre nuUe 
et qui se repr^sente ainsi 

r, = 36af -|- (^ - 6«,a.) + 6a, (^ - 6a,a,) •^(^- 6a,a,) 

- 12 (^ - 6aia,)(^ ^ Qo^^ - 9a^«) + 6»,ala„ (18) 

est un invariant, de poids 9 . 

Je suppose d'abord que I'un au moins des invariants absolus 

v«aT', r|ar*, '^^a^* (19) 
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contienne la variable y ; en le prenant pour inconnue, on met TSquation (4) sous 
forme invariante, sans qu'aucune quadrature ait 6t6 n6cessaire. Ses coefficients 
sont alors des invariants absolus proprement dits, entre lesquels r61imination 
d'^ 6tablit trois relations caractSrisques. 

Je suppose au contraire les trois expressions (19) fonctions de x seulement ; 
en ce cas, il faut recourir a la transformee canonique d^j^ signal6e, dans laquelle 
le coefficient d^y^ ne depend que de x ; je I'ecris de cette manifere 

/ + OL^"^ + Sojy'* + Saa^ + a4= (20) 

et je remarque d'abord que la relation 

jointe a celles-ci 3ai 3ai , 

dy -^' "a^-"*^' 

entraine ^ dtu , ai , . 

Si done on a d6termin6 ai, comme cela est permis, par la formule 

6ai — OLi'pi{x) = 0f 

on voit que Of ne contient pas y . 

Ay ant de plus VjaJ" * = ^ (a) , 

ou, ce qui est la meme chose, 

af ^1 {^) + 6^ {a^ai — aiO,' + 2a| — SajOjia, + aja4) = , (21) 

on connait, entre ot, et a4, une relation lin^aire oil n'entre que la variable x. 
Par suite, T^quation n^T* = ^ (a?) 

qui a lieu aussi suivant Phypoth^se et qui s'^crit encore de cette fapon 

6af (-p- + ttia^ — ai) + 6aia,(a( — Saia,) + af^(a) = , (22) 

d^finit pour a^ une fonction lin6aire de y. 

Soient A> A l^s expressions, signal^es ailleurs (C. R. de TAcad. des Sc. de 
Paris, 28 no v. 1887), qui s'^vanouissent quand r6quation (20) a son int^grale 
g6n6rale lin6aire par rapport aux constantes arbitraires ; ai , a, ne renfermant 
pas y, la combinaison 
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peut etre representee sous la forme 

— "o-^ [<h^i — o^iOts + 2a| — SaiOfflLs + oi\ai\ (23) 

comme on le prouverait sans peine. Or I'ensemble des termes compris dans la 
dernifere parenth&se est une fonction de sc; d'aprfes Tequation (21), le premier 
membre de r6quation (23) est nul; les termes qui j figurent dans la premiere 
parenthfese constituent done une fonction lin6aire de y et cela ne se peut 6videm- 

ment, si I'on n'a pas -^ = . 

Cette equation ayant lieu, a^ et par suite a^, c'est a dire tous les coeflScients 
de requation (20) sont fonctions de la seule variable x, ce qui donne un cas 
dejk etudie et ramen^ aux quadratures. C'est le seul dans lequel la methode 
indiquee ne conduise point k une transform^e canonique a Paide des invariants 
proprement dits, quand ai n'est pas nul, et il est clair qu'il devait echapper en 
effet k toute consideration fond6e sur Temploi unique de ces invariants. 

Si Oi est nul, rint6gration d6pend d'une Equation diflferentielle, lineaire et du 
troisifeme ordre, ne contenant aucun paramUre : la formation de cette dernifere est 
le moyen le plus commode d'^tudier r6quation propos^e ; mais, ayant d^jk trait6 
ce sujet, je n'ai point k en parler ici. 

Dans le cas general, j'ai montr^ comment Fintegration de F^quation (4) se 
ram^ne aux operations suivantes : 

V, Chercher une solution du systfeme lineaire 

dv 



^ —PV—PZ =0, 

dy 

^^—T'V—TZ =0, 



(24) 



dy 

dans lequel la variable x est regardee comme une constante ; 

2°. Integrer une equation diflferentielle, lineaire et du 3° ordre, oh vHeatre 
aucv/n paramUre, 

Or, on peut etablir que la fonction Z joue le role d'un invariant relatif, 
de poids 1, pour toutes les transformations (8) et il en resulte que, si Ton consi- 
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dfere r^quation deduite du systfeme (24), k laquelle satisferait rinconnue 

i8ol6e des deux autres, ses invariants absolus, sont, au sens meme qui a 6te donn6 
k ce mot par Mr, Halphen, des invariants de ^equation propos6e (4), tels que 
nous les avons definis. 

Deux cas surtout sont dignes de remarque. 

Le premier se pr^sente quand toutes les relations entre ces invariants 
demeurent ind6pendantes d'y ; les solutions du syst^me (24) s'obtiennent alors 
par des quadratures ; 

Le second a lieu, quand toutes ces relations sont au contraire independantes 
de X ; le syst&me (24), dont il faut avoir une int6grale, pent se r6duire alors a 
une Equation diflf6rentielle, du troisi^me ordre et lin6aire, ne ren/ermant aucun 
paramUre, de sorte que tout le probl^me aboutit k des equations de cette nature. 

Paris, le 20 avril 1888. 



On ttie Primitive Groups of Transformations in Space 

of Foti/r Dimensions. 

By James M. Page. 



In a series of papers published at various intervals since 1873 Sophus Lie 
has developed a new mathematical theory, which he calls the ** Theory of 
Groups of Transformations," His researches are nearly related to several 
other branches of mathematics, especially to the " Theory of Substitutions " 
of Galois, to the Modern Geometry and Modern Algebra, and to the Theory 
of Diflferential Equations. Lie has very materially modified this last-named 
theory by basing it upon his Theory of Groups, and by showing that this is the 
natural and correct starting point for a Theory of Diflferential Equations. 

But, in order to derive practical advantage from the Theory of Groups for 

« 

the Theory of Diflferential Equations and its kindred branches of mathematics, 
it is necessary to know some, and if possible, all groups of transformations. 
Lie has already given methods for finding all of certain classes of groups in any 
number of variables, although to carry out the necessary calculations in some 
cases may be practically impossible. However, he has actually calculated all 
groups in one, two, and three variables. It will be the object of this paper to 
find all of a certain class of groups — the so-called pnmitive ones — in f(mr 
variables. 

As Lie's theory, since he has not yet published a connected work on the 
subject, is not generally known, we shall collect the principal definitions and 
theorems of the same needed in this paper, in an 

Introduction. 

A. We shall always operate with ** infinitesimal point transformations," 
inasmuch as they are most convenient for our calculations, and Lie has shown 
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how to find the groups of finite transformations by very simple means, when we 
know the groups of infinitesimal transformations. 

Lie defines an infinitesimal point transformation in n variables by the equa- 

tions xi^= Xi + ^i{3Ci . . . . Xn) Stt t = 1 . . • . n, (a) 

where St is an infinitesimal quantity, and where ^< are '' analytical functions " 
of their arguments, in Weierstrass' sense of the word. 

For the infinitesimal transformation (a) , Lie has introduced the symbol 



n 



or, when we write as is ciistomaxv, 

the symbol is ^\ 

X{/) = 2^^i{xi Xn)pi. 

1 

Prom this symbol we can see at a glance the form of (a) ; for if / is any func- 
tion of a?! • . . • a5„, we have 

/{xi xi) =/{xi Xn) + X{f) ht, 

from which follows 

x[ = aJi + ^< (xi . . . . x^ ht. 

It is easy to see that the symbol X(/), or as we shall for convenience simply 
write it, Xf^ is independent of the choice of variables.* 

are r infinitesimal transformations, they are said to be independent, when it is 
impossible to choose r such constants c^^ as make the expression 

vanish identically. 

When we perform the operation 



*If the infimtesiinal transformation Xf is repeated an infinite number of times, we get qd^ finite 
transformations _ t* 

where t is an arbitrary parameter. 
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we say that we combine the two infinitesimal transformations Xtf and X^f. For 
this operation we shall write Jacobi's simple symbol 

{XM. 

Now Lie has given the fundamental 

Definition : " If r independent infinitesimal transformations Xif .... Xrf 
satisfy in pairs all relations of the form 

r 

{XjX^) = y*^ CjjtsX, (/) , t, Aj= 1 r, 

1 
where the Cits are constants, then form the infinitesimal transformations 

r 

/\ CkXJ, 

1 

where the c* are constants, a group with r members." 

The system of constants c^^, is called the composition (Zusammensetzung) 
of our group. 

Any three transformations Xtf, Xjf, X^J must satisfy the celebrated 
identity of Jacobi, 

and this gives relations which the c^^, must satisfy, if they form the composition 
of a group, viz : 



/', (c<j,.c,A^ + (^jU^Ouv + c«,.c^^) = 0, 



(i, Aj,y, v= 1 . . . . r). 

Lie has shown, conversely, that if we have a system of c^^ which satisfy the 
equations last written, there are always groups with r members which possess 
this composition. 

If all c,», = 0, 

we say that our above transformations are in pairs commutahle (paarweise 
vertauschbar), or simply commutahle. We may take any r independent infini- 
tesimal transformations of our above group, say Xi/ .... X-/, as representatives 
of that group, since all of its infinitesimal transformations are included in the 
general infinitesimal transformation of the group 



r 



>*! c*^»/, {o'k const.). 



1 
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and when we know X^ .... X^/, we may at once write all other transforma- 
tions of the group. 

For a group of transformations of r members we shall sometimes use the 
symbol G^,. 

If among all the infinitesimal transformations 



r 



1 

of our G^,., there are some, say 

X\f . . . . X.^^pfy 

which form themselves a group, we call this group a svhgroup (Untergruppe) 
of the original Qr. If the Gr contains a subgroup 

Ticf=,duiXif'\- . . . . + dtrXrf^ Aj= 1 . . . . r — p, 

where relations hold of form 

1 
then is the subgroup Fj/ .... F,._p/said to be invariant in the G^ Xyf .... JT,./; 
and the YfJ are said to form an invariant svhgroup. 

The finding of all subgroups of a given 0^ involves only the performance 
of algebraic operations. 

Two groups are said to be similar (ahnlich) when by a proper choice of 

independent variables the one group can be transformed to the other ; that is, 

if we have the two Q^j 

Xif .... Xrf and Xif . . . . X//, 

they are similar^ when it is possible to introduce into X^/such new independent 
variables that relations hold of the forms 



T 

Xi^f^ >* c^Xifj Aj = 1 . . . . r, 



where c„ are constants. 

We shall consider all groups hnjown, which are similar to a given group. 

B. For a space of n dimensions we shall use the customary symbol R^ ; 
and for a manifoldness of h dimensions, Mj^ . 

In all operations with infinitesimal transformations we shall be satisfied 
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with a first approximation to accuracy ; that is, we shall drop out of consideration 
infinitesimals of the second and higher orders. 

Now a function ^{xi . . . . Xn) 

is transformed by the infinitesimal transformation X/, in the same variables, to 

^ + X{ip)8t. 

We say that the function ^ admits of (gestattet) the infinitesimal transformation 
Xf, or is invariant under Xf, when 

i. e. when ^ is a solution of the linear partial difierential equation of the first 
order, X/=0. 

If in the ordinary XF-plane, a function ^{xy) admits of each infinitesimal trans- 
formation of a Gr, it is evident that each of the oo^ curves 

^ (ay) z= const. 

is unchanged by the transformations of the group ; that is, each curve of the 
family is invariant under the group. Thus each ordinary point of the plane 
must be simply moved up on one of the curves by the transformations of the 
group. In this case the Or is said to be intransitive. If, on the contrary, a Gr 
in xy can transform every ordinary point of the plane to every other ordinary 
point of the plane, the Gr is said to be transitive. 

Similarly in i2„, if a function ^(xi . . . . Xn) admits of every infinitesimal 
transformation of a group, it is evident that each of the oo^ ifn_i , 

^ (xi . • . • Xn) = const. 

is unchanged by the transformations of the Grj is invariant under the Or. Here 
every point of general position in R^ is moved up on one of these i^_i by the 
transformations of our Or. In this case our group in n variables is said to be 
intransitive. 

If, on the contrary, every ordinary point in B^ can be carried by the trans- 
formations of our Gr to every other such point in B^i we call the group transitive. 
Analytically expressed, the group 

XjJ . . . . Xrf 

is transitive, when the equations 

Zi/= Xr/= 

have no common solution. 
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an invariant direction through the point is connected — a necessary and sufficient 
criterium. 

Thus, a group in the plane ib primitive when with each ordinary point which 
we hold, no invariant direction is connected. 

Similarly in i2^, if we have a group which leaves a family of c»'*-^if^ inva- 
riant, through each ordinary point goes a pencil of oo^'-^ directions, which are 
transformed among each other by the transformations of the group, when we hold 
the point. 

Lie has shown that if with each ordinary point in R^ such a pencil of oo^"^ 
directions is invariantly connected, a system of q linear partial differential equa- 
tions 10 is invariant. If this system is complete, then it is evident that the group 
in question is imprimitive ; if the system is not complete, the group may be 
primitive. 

Applying the above to n = 4 , we see that in R^ there are three cases : A 
single direction may be invariant with each ordinary point ; or a pencil of oo* 
directions, and no single direction, may be invariant ; or a pencil of oo^ direc- 
tions — and no single direction, and no pencil of oo^ directions — may be invariant. 
In the first case the groups are evidently imprimitive ; at any rate, it is easy 
to see that they must be so. Lie has shown that they are also in the second 
case imprimitive. In the third case, however, the groups may be primitive. 

0. From now on we shall confine ourselves to four variables. 
In the infinitesimal transformation 

4 



X/=2^^i{^i ^i)Pi 



the ^1 are analytical functions. Thus, if xj is an ordinary point in R^, the ^< may 
be expanded in its neighborhood in powers of x^ — x^. Let us choose the 
origin as an ordinary point, and then we may expand the ^< in its neighborhood 
in powers of a;<. Thus we may write for the neighborhood of the origin 

4 1 . . .4 1 . . .4 

1 ek ikj 

Here a, ^ . . . . are constants, some of which may be zero. If the constant 
coefficients of all terms up to the {Jc — 1)** vanish, that is, if the transformation 
Xf begin with terms of the W^ degree, we say Xf is of the k^^ order. We call 
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the terms of the k^ degree of a transformation of the J^^ order the initial terms 
of the transformation. 

It is easy to see that a transformation of the t^^ order combined with a 
transformation of the k^^ order gives a transformation of at least the {i + k — 1)' 
order. 

We may remark that all transformations of the forms \< a<^< are mere 
translations^ and / haXiP^ linear homogeneous transformations. 

ik 

Our object is to find all groups in R^^ which transform the directions through 
an ordinary point, which we hold, so that no direction and no plane pencil of 
00* directions is invariant. Having chosen the origin as an ordinary point, let us 
hold it, and see how the directions through it are transformed by a transforma- 
tion Xf. If we expand Xf in the neighborhood of the origin, we see that the 
most general transformation which leaves this point invariant has the form 

X/=2^^ikXiPk + / ^Ykj^i^kPj + 

ik ikf 

But Xf does transform the points, very near the origin, with the coordinates 
dxi. Any such point efej, together with the origin, determines a direction 
through the origin ; and these directions are transformed just as the points very 
near the origin dxi are. But we see, when we drop infinitesimals of the second 

and higher orders, that Xf transforms the points dXi, that is, the directions 
through the origin, just as 

1...4 
ik 

does; that is, the directions through the origin are transformed by a linear 
homogeneous transformation. If now we have a Qr^ 

X\f . . . . X^f^ 

Lie has proved that all transformations of the Q^ which leave a point invariant, 
form a subgroup of the original G^,.. We have seen that all primitive groups 
are also transitive. Thus in the Q^ which we seek there must always be four 
infinitesimal transformations of the zero order : 
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otherwise would every ordinary point like the origin be translated on a mani* 
foldness by the transformations of our group ; that is, the group would be 
intransitive. Thus in a primitive Gr in B^ there must always be (r — 4) inde- 
pendent infinitesimal transformations of the form 

1...4 1...4 

ik ikj 

p=: 1 . . . . r — 4, 
and the XJ^ must satisfy relations of the form 

r— 4 

iX,X,) = ^c^J- (y) 

1 

The directions through the origin will be transformed by 

1. ..4 

Yp/=/ .^tkp^iPk, p=l r — 4, 

ik 

exactly as by X/i X- 4/; ai^d if we substitute for Xif . . . . Xr^J their 

values in (y) , we find 

r--4 

{Y,Y;)^^d^,YJ, *, A;=l....r-4. 

1 

Thai is, our primitive Gr *'^ -K4 transforms the directions through the origin when we 
hold this point just as the initial terms of its tra7isformations 10 do. These initial 
terms of the transformations 10 form, taken by themselves, a group of linear homo- 
geneous transformations. 

Thus to attack the problem of finding all primitive Gr in R^ we shall first 
find all linear homogeneous G^ YjJ, in R^, which leave no direction and no 
pencil of 00* directions through an ordinary point, which we hold, invariant. 
Then we take the transformations of these linear homogeneous groups as initial 
terms of the transformations 10 of the primitive Gr which we seek. 

But since the YiJ are linear and homogeneous in jbi . . . . a;4, we may con- 
sider the Xi • • • • x^ as homogeneous coordinates in ^3. Thus to find the linear 
homogeneous Gr in ^4, we must write the projective groups in R^ homogeneous 
and linear in a;i . . • . 074. 

We shall then choose those of these linear homogeneous Gr which leave no 
direction, and no pencil of <»• directions, through an ordinary point which we 
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hold, invariant, and determine the combinationB of the primitive Gr ^^^ the Or 
themselves. 

In calculating our primitive Gr we shall make use of an important theorem 

of Lie. He has proved that if we can give a Or which has the same combinaiion 
as a required Or , and if the initial terms of the transformations of (he tioo groups are 
the same, then are the two groups similar. 
Suppose now we have a Or in R^ , 

-Zi/ . . . . -Xy/, 

where the transformations have been developed in series, so that 

4 

Xt/=^4g>2>, + 

1 

where we only write the initial terms on the right hand. Then the expres- 
sions ^ 



x,f=^mB 



form themselves a G^^- If iiow 

r 

1 
and at the same time 



(-ZiXjfc) = 2^ Oijc^XJ 



where c^ are the same constants in both equations, then we say that X^f • . • . Xrf 
are connected by normal relations. 

D. Lie has found all projective Or in ^3 and has classified them according 
to the figures they leave invariant. He distinguishes 

(1). The general projective Or which leaves no figure invariant. 



(2). 
(3). 

(4). 
(6)* 

(6). 
(7)- 



(I 



<< 



(( 



<< 



l< 



(i 



(( 



<l 



(< 



i< 



II 



i< 



** plane " 

" linear complex invariant. 

" straight line 

" F^ 

" twisted curve IIIO invariant. 

" point invariant. 



(( 



(( 



* ^'F," is sometimes used for *' Surface of second degree. " 
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Lie has already found the primitive O^ in ^4 given by cases (1) and (6) ; we 
give them at the end of this paper. 

We may exclude case (7) at once, since that evidently assigns to each point 
of general position, which we hold, an invariant direction, so that the groups are 
imprimitive. Further, it is easy to prove by the theory of PfaflF's Problem, as 
Lie has shown, that case (2) gives only imprimitive Gr. 

Thus we have only the cases (3), (4), and (6) to discuss. The cases (3) and 
(6) give only one projective (?,. each, which assign to a point of general position, 
which we hold, no invariant direction. But there are a large number of sub- 
groups of the general Gr in case (4) which may give primitive Gr in ^4. 

Thus our first object will be to find these subgroups in case (4). 

E. The general projective group in ^3 which leaves a straight line which 
we may choose as 2 = const. = c , invariant, 

has the form p, q, zp, zq . . . . (7i), 

xq, xp — yq, yp (JT;), 

^> «jP + yg' + 22r, azp + yzq' + 2*r . . . . (F*), 

xp + yq .... (TF). 

We see that the transformations 7i are in pairs commutable, and that they leave 
each of the planes 2 = c, and each point on the straight line 2 = c, absolutely 
invariant. Further, the D» form a group which leaves the planes 2 = c singly 
invariant, but transforms the points on the straight line 2 = c . We see that the 
Ti form an invariant subgroup of the group ZZj, T^. 

The Vjc form a group, of the same combination as the Ujt , which leaves the 
points on the straight line 2= c invariant, but transforms the planes 2 = c. And 
the 7i also form an invariant subgroup of 7i, F*. Uj^ and F*, by the Principle 
of Duality, are equally privileged groups. 

The transformation W leaves the points on the line 2 = c as well as the 
planes 2 = c both absolutely invariant. We see that 7i, D», F^ form a (?io — a 
subgroup of our Gn — of which each transformation is absolutely invariant 
under TF. 

From what we said above we see that the subgroups which we seek must 
leave no point or plane in JBj invariant. Thus : 

We wish to find all subgroups of the above Gn which leave the straight line 
z^=^c, hut no point or plane^ invariant 
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Consider two transformations of our Q^ : 

If we combine these two we get a transformation in which the new ^ depend 
only on the old ^ , and the new y on the old y . No i occurs in the new trans- 
formation. Thus we conclude that 

^(/?«f7, + y,,F, + 5»TF) 

form themselves a group. 
Further, we see that 

form also a group. 

If we compare the group \< /?« C/i with the original Gu, we see that the 

two groups transform the points on the line 2 = c in exactly the same manner ; 

and also the group \<y„F« transforms the planes 2 = c just as the On does. 

Thus if the group y < ^ ^idUi contains less than three members, a point on 

the straight line a = c will be invariant,* which case is excluded. Same way 

must the group /* y^Fi contain three members, otherwise we would have an 
invariant plane. 

Thus we wish to find all subgroups of the group 

which transform the above-mentioned points and planes so that no point or 
plane is invariant. Hence, since all the U must occur, we may write these 

subgroups, 

8 a a 

1 1 1 

But since all the F must occur, we may write the required groups, 



a a a 



Ill 



* By a theorem of Lie ^8 on the groups of the Jfi . 
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Since U and V are equally privileged, we easily see that the only possibilities 
here are the two groups 

Vi+ Uu 7,- J7i, 7,- Us, and 7^, 7„ 7„ ITi, Z7i, CT,. 

We shall call these two our "abridged" (verkiirzte) groups. The Or which we 
seek must all contain the transformations of one of these abridged groups. 
Since the 7]^ and W transform neither the points nor the planes mentioned above, 
these transformations may occur in the required Or free, or added with constant 
coefficients to the transformations of one of the abridged groups. 

• 

(A). Let us take up the case where the transformations of the first of the 
above abridged groups occur in our sought subgroups ; that is, the transforma- 
tions of 7i + ?7i , 7, — Z7, , Vs — Us occur. 

(1). Suppose for the present no transformation T7 occurs at all; and also no 

4 

free transformation of the form /^^ S^T,,. Then the transformations of our 

1 
sought groups can only have the forms 

Vi+U, + ^a,T,, Vs-Us + ^^jTj, 7,- CT, + ^y,7L. 

Let us introduce new variables into these transformations by means of the sub- 
stitution ,_ ^ , y_ I A 

Since nothing depends upon the symbols we use, we can drop the accents 
from the new transformations, and our substitution is equivalent to putting 

Oj = Oj 1= ^, z= . 

We now easily find by combining our transformations, and remembering that 
they must form a group, that the only possible group is 

r + xq, 2{yq + zr), xzp + yzq + s?r — yp. 

It is easy to see that this projective group leaves the F^, 

y — aB = 

and all generators of one family, absolutely invariant. 

If the transformation W occurs, it is easy to see that it cannot occur 
additively, i. e. only free. Hence we get the group 

r + xq, xp + yq, 2{yq + zr), xzp + yzq + ^r — yp. 
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This group leaves the -FJ, 

y — z.t: = 

and two difiFerent generators of one family invariant. 
(2). Suppose a transformation of the form 

4 

1 

occurs free. Suppose for the present that no W occurs ; our transformations are 
r+xq + '^a.T,, 2{7/q + zr) + ^l3jTj, {xz-y)p + yzq + ^r + ^y,n 



^S,T, = S,T, + 8,T, + SsTs + hj,. 



By making the same change of variables as in (1), we can again put 

ai=a2 = /?, = 0. 

By combination we find that the transformations 

(S« + «8)(JP - ^) + («4 - «l)to + ^P) , 

must occur. 

(I). Suppose ^3 = — ^8 ^^^ 

(a). «3=0. 

Then we see (^4 — h^{q + zp) 

must occur. 

(i). Suppose ij = ^4 . Then must 5i X ^4 zf: . Hence 

p + zq 

occurs. Any other transformation /< a< T^ , which occurs has the form 

o^ + iff + ozp* 

Combine this transformation with r + arg^ + /< a< 7i , and we see 

c{p — zq) — aq, 

and 2cq 

occur. If here c zf: we see 

p, q, zp, zq, 

VoXi. X. 
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must all occur. Thus we find the group 

r + xg, yq + zr, {xz — y)p + yzq + ^r,p, zp, q, zq. 

If the transformation W occurs, we see that it can only occur free, and we find 
a group of which the last is a subgroup, 

T-\-xq, yq + zr, {xz — y)p + yzq + ^r, xp + yq,p, zp, q, zq. 

It is easy to see that these groups leave two coinciding straight lines invariant. 
If above we have c = and a :^ , we find these groups again. Thus 

c=^a = 0, 
and we see then b = 0. 

Our transformations now have the forms 

r + xq + oszp + a4^zq, 2 {yq + zr) + /J^ep + ^^zq, 

4 

{xz — y)p + yzq + ^r+yi^y^T^,p'\'zq, 

By combination we easily find 

yi = a3 = /?4=0, /?s=: — a4. 

If now a4 = we find the group 

T + xq, yq + zr, {xz — y)p + yzq + ^r, p + zq. 

If a4 :^ 0, introduce new variables by means of the substitution 

X z J y 



^= — +-^» y = 



and we find our last group again. 

This group leaves the surface of second degree 

y — 203= 

and two coinciding generators of the same invariant. 

If the transformation xp + yp occur, it can only occur free, which gives 
the group 

r + xq, yq + zr, {xz — y)p + yzq + ^r, p + zq, oip + yq. 

This group leaves a surface second degree invariant, and also one of its gene- 
rators. 

(ii). Suppose now 5i :^ ^4. 
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Thus we see q + zp occurs. Combine this transformation with r + xq+ /\ a, 7^« 

and we see p — ^i 9 

occur also. 

We see at once that no other transformation V^ i^ 7), can occur, unless cUl 

occur, a case which we have already finished. 
We easily find the group 

r + xq, yq + zr, {xz — y)p + yzq + ^r, q, zp,p — zq. 

The transformation xp + yq may occur free, which gives a group of which the 
last is a subgroup, 

T + xq.yq + ZT, {xz — y)p + yzq + ^r, xp + yq, q, zp, p — zq. 

Lie has shown that these groups leave a linear complex and one of its straight 
lines invariant. 

We now come to the case 

(b). ^2 = — ^8, ^i.SsZflO. 

We see at once that the transformation q + zp occurs. Combine this with 
r + xq+ /< a< T^ and then we find that also 

p — zq,q 
must occur. Thus we have the same groups as in the last case. 

(11). «, + -«a. 

^^"^^ p-zq + fc{q + zp), k=^^ 



occurs; also d^^q — S^zp. 



(a). If now ^8 :^ , then zp — -j- Q occurs. Combine with 

r + xq + 2^oLi'^i 
and we see p — zq, q 

occur. Thus we have again the same case as above. 

(b). If ^8 = 0, then i| 4^ and q must occur, mth p — zq+k.zp. If &4^0, 
we see that we get the above case again. 

If & = , we have 

QfP — zq. 
Combine the last transformation with 

{xz —y)p + yzq + ^r+ y^^yjTj 

and we see that we get still our often-mentioned case above. 
These are all the groups possible in category (A). 



310 Page: On the Primitive Oroups of Transformaiiona 

(B). Let U8 now take up the case where the transformations of the abridged 
group Ui, Cr„ CTg; Fj, 7,, Fg 

occur in our sought groups. 

(1). Suppose no transformation 2^ T occur free. Then we have 

We easily find that this gives the group 

^i^p — yqi yp) t, xp-^^yq-^- 2zr, (iws — y)^? + 2/zg' + 2?r. 
The transformation xp + yq may occur free, which gives the group 

^q,, a^p, yq^ yp) r, xp + yq+ 2zr, {xz — y)p + yzq + ^r. 

These groups leave two different straight lines in B^ invariant. 

(2). If one transformation /^i^T], occurs free, it is easy to see that all the 
T must then occur free. Thus we find the group 

xq, xp — yq, yp\ r, xp^ryq'\' 22t, xzp^ryzq^-^r — yp, p, q, zp, zq. 

As usual, xp + yq may occur free ; and we find so the original Gu, of which the 
last is a subgroup which leaves a straight line invariant. 
These are all of our required groups. 



Lie has given general formulae for writing projective transformations in 
(n — 1) variables linear and homogeneous in n variables. For writing projective 
transformations in xyz linear and homogeneous in XiX^x^^^ the formulae are 

xq = xip^, xr = x^p^, yp=:x^p^, yr = x^Ps, 

zp = xspu zq = Xsp2, 
p = x^pi, q=:x^p2, r = x^ps, 
X. U= — X1JP4, y. U= — X8JP4, z. U= — XsPi, 
U+xp = XiPi — x^p^, U+yq = X2p^ — x^p^, 
U+ ZT = x,p,-x,p,, 

4 4 

xp=:x^Pi — — 2^^iPi. yq=^p%— T/'.^iPi^ 

1 1 

4 



zr = XsPs — 2^ ^iPi » 
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where we write for brevity 

U= xp + yq + zr. 

If we reverse these formulae of transformation, and write the transformation 

4 
1 

in the variables xyz, we get zero, i. e. the ^^ identicaV^ transformation. Thus we see 
that when we write our projective 6?^, in ocyz^ linear and homogeneous in XyX^^^^ 
the transformation U may also occur in the linear homogeneous group, free, or 
added with a constant coefficient to the other transformations. 



Chapter I. 



A Twisted Gwrve IIIO is Invariant in R^. 

§1. 

The projective group written in the variables xyz has the form 
p + 2xq + 3yr , xp + 2yq + Szr , Z7?p + Zxyq + ^xzr — 2yp — zq , 

and leaves the curve IIIO 

y — ai* = 0, z — 0^=0, 
invariant. 

When written linear and homogeneous in XiX^x^^ according to the formulae 

p. 310, the group has the form 

x^pi + 2xip^ + ^Xt^Pz, Xipi — x^p^ + 3 {x^p^ — Xsps), 2x^pi + x^p^ + Sxip^, 
to which may be added 

4 

U=2^^iPi' 
1 

In the following we shall only write the initial terms of our transformations, for 
the sake of brevity. 

When we have found the transformations of a group in finite form we shall 
enclose them in a frame to catch the eye. 
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§2. 

Thus the transformations 10 of the groups we now seek have the forms — 
writing only the initial terms — 

S,= 2x^, + x,p, +3x,jp„ 

to which may be added ^i^ 

U=:2J^x,p,. 
1 

For the initial terms of these transformations the relations hold 

Thus we see that if the transformation U does not occur free, it cannot occur 
at all. 

We vrish to aee what transformations of an order higher than the first can occur. 

If a transformation 10 occurs it must have the form 

Xf=:^i{xix^x^)pi + ii%{xix^^)p^ + ^8(2^22:3)^3 + ^A{XiX^)pi. 

For we know that the four transformations zero 0:pk must occur ; thus, if ^^ were 
a function of a^ , we could by a proper combination of Xf with the p^^ get a 
transformation 10 of the form 

Tf= x^p^ + Yi^p^ + >73^3 + ri^p^. 

But Yf must be a transformation of our group, and so, linear in the Si , We see 
at once that this is impossible, hence ^1 is free of x^ . Same way we see that 
^8» ^8» ^4 hsLve the above forms. 

Since the ^^ are analytical functions of their arguments, we may write 

Xf= (aioi + bioi + qa^ + d^XiX^ + CiXiX^ +fv^^^Pi + (^s^^ + h^x^ + c^^ p^ 
+ {(hA + hA + <hA + d^x^x^ + e^x^x^ +ffVi^^p% + {o.^A + hxiX^^ + c^^^p^^ 

where a , 5 , . . . . C4 are certain constants. 

Combine now Jr/withjp3, and we get a transformation /O, 

Zif= (202X3 + e^Xi + f%x^)p^ + (63X2 + 2C3X3) p3 , 

which must belong to our group. Thus we must have 
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where the a are certain constants. But we see at once that this relation gives 

Cg = e, =/2 = 63 = 2C8 = 0. 

Hence 

X/= {aiu^ + bioi + Cioi + djXiX^ + 61^1X4^ + fiX^x^) Pi + a^Ps 

+ («s^ -^h^ + d^x^p% + {a^pi^i + 54CB1X4 + 043^) i>4- 
Now combine Xf with ^4 , and we find a transformation 10 , 

ZJ= (201X4 + e^xi +fix^)pi + {hxy^ + 204X4)^4, 
which must belong to our group. Thus as before we must have 

8 
1 

where the ^ are certain constants. We find without diflBculty that this gives 

ci = ei = /i = 64 = C4 = . 
Proceeding in exactly the same manner with Xf and ^ and p^ we find 

Thus we find that all constants are zero ; that is, that no transformation IIO can 
occur at all. Also none of IIIO can occur, for a transformation IIIO combined 
with a transformation zero gives a transformation //O, which cannot occur. 
We see in this manner that ru> transformation of an order higher than the first can 
occur. 

We have now two cases according as the transformation U occurs or not. 

§3. 

Suppose the transformaiion U occurs. In this case the transformations of our 

group are 

4 

Pi^PiyPziPi'i Si = X4pi + 2xip^+ Zx^p^, U=y*^XiPi, 

1 
S^ = xipi — x^p^ + 3 {x^Pi — x^Ps) ; 

S^=2x,p, + Xsp, + Sx,p,. 

Let us find the composition of our group. We see that the Si and U are con- 
nected by normal relations, and so are the Si among each other. We shall first 
choose the transformations zero so that they are connected with U by normal 
relations, i. e. we shall ''normalize" with U, and then we shall see how the 
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transformations zero are connected with the other transformations 10 and with 
each other. 

If now we combine pi and U we must get a transformation of our group, 
thus, ^^ 

{PiU)=Pi + 2^a,S, + I3,U, (a„ /? consts.). 

Let us introduce a new pi by means of the substitution 

8 
1 

where A^ and B are certain constants. Then we have 

8 3 

{PiU)=p,-^A,S,- BU +^a,S, + ^U. 

1 1 

Now put -4| = a<, Bznp^ 

and we have (^i U)-=pi. 

Since nothing depends upon the symbol we use, we may write this 

{PiU)=pi, 
remembering that this is a new pi . 

Proceedi^g in just the same manner we may write 

{p^U) = p^, 
{PsU)=ps, 

Thus we have normalized the transformations zero with U. Let us find the 
relations between the pi, and the St . We have 

8 
1 

Form Jacobi's Identity with pi , /Si and U, thus 

(ipA) u) + mu)po + ({vp^) ^) = 0, 

or 2 ip^U) - (piS,) z= , 

and {Pi'Si)=2p,. 

Thus pi and Si are connected by a normal relation. In exactly the same manner 
we find that the other transformations zero and 10 are connected by normal 
relations. 
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It remains to see how the transformations zero are connected among each 
other. 

We cannot say a priori of what order a transformation will be which we 
obtain by combining two transformations of zero 0, since no transformations of 
minus first order can occur. 

Thus we must write 

4 8 

1 1 

where a^, hu^ c are certain constants. 

• •». 

Now form Jacobi's Identity with pi, p^ and U, thus 

{{piPt) ^) + ((i'»cr)i>i) + {{PPi)p*)= 0, 

4 

1 
i.e. (i>il>i)=0. 

In the same way we find 

(2>iJP*) = 0- 

Thus we have found the composition of om* group, and find that all transforma- 
tions are connected by normal relations. 

A group of this composition whose transformations have the same initial 
terms is 



or 



Pi» i>i. Pz^ Pi\ ^Pi — ^P% + 3 (»4JP4 — ^Ps) ; ^Pi + «8JP» + 3a4jP4. 
^iPi + ^iP% + 3a:2p3, xipi + x^p^ + x^p^ + x^p^. 



By Lie's theorem, p. 303, this is thus the group we seek. This group is primitive^ 
for with any ordinary point which we hold is, as is easy to see, no plane pencil of 
directions invariantly connected, and also no direction. 

§4. 
Suppose U does not occur. 

Here we have the four transformations zero and the transformations /O, 

Si = x^pi + 2xip2 + Sx^p^, 

S2 = xipi —x^pt + 3 (a;4jp4 — OaJPa) > 
Sz^^p^ + x,p, ^Zxip,. 

VOI..X. 
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We see that the transformations 10 are connected by normal relations. To find 
the composition of our group, let us normalize with 8%. We have 

8 

(PiS^) =Pi + ^ <^A , (tti const-) , 

1 

and when we introduce a new pi by means of 

3 



Pi =pi + 2^ AiSi , {Ai const.) , 



1 

3 8 



we sret 

{P1S2) = ^1 — ^ ^iSi + ^ a^Si — 2A^Si + 2A^S, . 

1 1 

We can evidently choose our constants Ai so that 

{piSi)=pi, 
or, as we may write it, {P1S2) = Pi . 

In the same way we find 

]{pA) = — ^Ps, 

HpA)= Sp,. 

Now we wish to see how the p^, are connected with /Si and /S^. We have 

8 

{piSi) = 2^ + /< gj/Sl, (di const). 

1 

Form Jacobi's Identity with p^ Si and /S',, thus 

(iPiSi) S,) + ({SA)Pi) + ((S,p,) so=o, 
or {piSi)=2p^. 

Thus we see pi and Si are connected by a normal relation, and in same manner 
we find that all (pkSi) are normal. 

It only remains to see how the transformations zero are connected among 
each other. We have 

4 8 

{PiPfd = 21/ ^*P* "*" S/ ^^^^ ' (^ ' '^ const.) . 

1 1 

Form Jacobi's Identity with p^ , ^, and S^ ; thus 

(ipiP^) Si) — {piPi) + {piPi) = 0, 
or tti = tti = tts = a4 = /?! = /^a = 0. 
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Thus, {piP*) = ^t8t- 

Same way ] (i'lP*) = (iji>.) = , 

Ui'8i'4) = etSf 
Form Jacobi's Identity with ^j, 2>, and p^) thus 

((i>ii>2)i>8) + ((i>ai>8)i>i) + {{PzPi)p%) = 0, 
or 3/i^i/>8 + 3yijP8 = 0, yi = — /?,. 

Also ((jPil>i) ^i) — 3 (piPs) = , 

or 2/?jA^ — 3yi/^ = , t. e. /3j = yi = 0. 

Similarly we find without difficulty by means of Jacobi's Identity 

Hence all iPiPu) = 0, 

and our transformations are connected by normal relations. Our group is evi- 
dently 



Plf P%^ Psi Pi} ^iPl + ^iPi + ^^Pzi ^^Pi + ^P% + ^^Pii 

^Pl—^%P%+^{^iP4 — ^sPB)' 



This group is a subgroup of the one found in §3, and we see at once that this 
one is also primitive for the same reason that that one is. 



Chaptbr II. 
A Linear Complex is Invariant in B^. 

§1. 

The projective group written in xyz has the form 

p — yr, ? + »r, r, ag, yp, xp — yq, xp+yq+2zr, 

zq + x.Uj zp — y. ?7, xxp-^-yzq + ^r, (where Cr=a5p + y? + 2J^)> 

and leaves the linear complex 

dz + xdy — ydx = 
invariant. 
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When written linear and homogeneous in XiX^fc^ according to the formulae 
p. 310, the group has the form 

^iPi — ^Psj aj4i>2 + aiJPs» ^iPsf ^P%^ ^Pi — ^I>%, ^Pif 

^Pl+^Pif ^SPS — »4/>4i ^sPt — ^Pii «8l>4i 

to which may be added _i^ 

1 

§2. 
Thus the transformations 10 of the groups we now seek have the forms 

S^ = xipi—x^p^, S^ = x^Pi, S^^x^pi-^ x^p^, St^ = x^p^ — x^p^, 

8^ = X^P^—XiP^, /Sio=iK3i>4» 

to which may be added *^ 

U=yi ^XiPi. 

1 

Let U8 see whaJt transformaliona of an order higher than the first can occur. 
Let 8 be the maximum order, so that we suppose a transformation of form 

occurs, where the index {&) shows that the i^jj. are of the s^^ degree. 

Since in our group Xi, x^ are equally privileged with a^, x^^ we can suppose 
that ^i'^ and ^^'^ are not both zero. If now ^i'^ zf: 0, by combining JT/ with 

^iP%^ ^iPz — ^aP^^ ^Pi — ^P% 
in proper order, we see that 

occurs. Combine pi and Yf, hence 

zf= sTfr'pi + y'^-'^Pt + yi'-''p» + yi'-"i>4 

must be a transformation of our group. 
Combine now ^aud Yf, hence 

- B^-*pi + ^f-y, + a^-'^Ps + ^-''i>4 

^ must occur. But s is the maximum order, hence 

&— 2<5+ 1, or «<3. 
Thus when ^i'^ 4:0, s<Z. 
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If ^i'l = 0, then ^ir* + 0, and 

Combine this transformation with 

in proper order, and we find that 

^P2+I[''pi+lrps+e:% 

must occur, and proceeding just as with T/ above, we see 8^S. 

Thus at aU events ia a^Z. 

Now let us see what transformations 7/0, if any, can occur. If any trans- 
formation no occurs, we wish now to show that one of the form 

^'P* + ITP> + f ?'i>4 

must occur, where ^f^ i:^ . 

First we must prove that no transformation IIO of the form 

Xf= j^ipi + j^^p^ 

can occur, and since Xi, x^ are equally privileged with gc^j x^, of course then 

none of the form ^^p^ + ^4^4 

could occur. 

If Xf occurs, then must ^1 be 4^ . For if not, a transformation 

^^p^=a?ip^ 
must occur. Combine this transformation with x^pi and we see 

2xix^p^ — aipx 

must occur. Combine the last transformation with a^, and we get a transfor- 
mation IIIOj which is impossible. 

Thus ^1 4^ when Xf occurs. 

By combining Xf properly with x^p^ and Xip^ , we. can arrange so that 

Ii{^^)Pi + I%P% 
must occur. But from the transformations 10 we see that ^i can contain no x^ 
here. Thus a transformation 

X/=7ipi+^2Pt 

occurs. Combine xiPi — x^p^ with Xf and we see 



T/=Ap. + {x.^-^^+^,}p» 
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must be a transformation of our group. Here Yf must be the same transforma- 
tion as X/, otherwise, by subtracting, we would find a transformation 

which would belong to our group. But we saw no such transformation can 
occur; thus Tf=iXf^ 

and hence ^^» 4. ^ ^^» — a i^r^t—t(r.r. ^^\ 

31-^ + 0^-^=0, or f, = ^,(aia:i, av»4). 

Hence ^f= ^oPi + iP^^ + 6a:| + 0x3X4 + dof^p^. 

Combine this transformation with j^g} Pa ^^^ we see 

h = c — d=Q\ 
thus a^jPi + oxiXjijpi 

occurs. Combine this with p^ and we see at once 

a= — 2. 
Combine now a^^ — ^^P% 

with xijp, and we find that a^j 

must occur. But we saw that this was impossible ; thus, no transformation of 

form ^?^p, + ^?!ft or e^jp^ + i?'p, 

can occur. Thus if a transformation of form 

occurs, but not 

Z/=nrp, + n?Pz + n'M. 

we must suppose that ^?^ 4^ . Hence 

must occur. Combine this transformation with xjjh — x^jp^ and we see 

must belong to our group. Subtract Xf from Tf and we see that 

also belongs to the group. But this is a transformation of the form Zf, and 
since by hypothesis none such can occur, we must have 
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and hence f, = ^^{^^j «8i «4)» ^« = ^di^^i ^i ^a)-^ 

and ^4 = ^4(«iaj, »3, a4)-a^i- 

Since our transformation is of the //O, 

Thus a transformation of the form 

occurs. By combining this transformation ^ , P2j Psf Pa^^ easily see that also 

a^i — 2x10551^, + {ex^4^ + ca| + da5)i>8 + a^ (eajg + 2dx^)p2 + ^ (2c»8 + ^4)i>4 

must belong to our group. Combine this transformation with ocip^ and we see 
that acjjpa must occur, which we saw to be impossible. 
Thus a transformation of the form 

must occur, if any transformation IIO occur at all ; and here ^?^ :^ , and not 
^b\ ^i^ both can be zero. 

Combine properly with ot^p^ and x^Pa and we see that a transformation 

-^/= ^« (ai, ^s)Pt + hPz + ^4i>4 

occurs, where all ^jk are free of sci. Combine X/ again with x^p^ and we find 

a^s ^ . a^. 



^^C'^^' + '^-^O-^^^^- 



But no such transformation can occur, hence 

^8 = ^8(aiX8)i ^4=-;f-f8 + »74(aiaJ8)- 

From the transformation 10 we see that no Xi can occur in ^g ^'^^^ ] thus 

^8 = aa|, f 4 = «a¥»4 + >74 (a^i^a) » (a = const). 
Thus a transformation IIO of form 

h% {^^P% + aaj;)8+ {aar^aJi + >74 (a^iOs) } i>4 
must belong to our group. Combine this with p^ and we see a = ; thus 

^f— ^% {^i«z)p% + ^4 (ai«8)2>4» 
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where ^2-^4 + 0- By. combining X/ properly with Xip^ — x^% we see that 

occurs, or 7\p^ + (cfo^ + hociX^ + ca^)jPs . 

Combine with pi and p^ and we see 

6= — 2, c=0; 
thus a^i>4 + (cfo^ — 2x1X3) jpi 

occurs. Combine with x^j^j and we see 

^if— a^JPs + 2xiX4jp8 
occurs. Combine a^^i with Xif and we see 

occurs. Combine Xif and X,/ and we get a transformation IIIO ; but such a 
transformation cannot occur ; thus no transformation HO can occwr. 

We now have two cases according as U occurs or not. We easily see that 
U cannot occur additively. 

§3. 

Suppose U occurs free. 

In this case we "normalize" with 17 just as in §3, Chap. I, and find without 
any diflSculty the group 



Pi^P%^Pz^Pi) ^aPi — ^Pz^ a4i>» + aii>8, x^z, XiPi — x^p^, x^pi, x^p^, 

X8jPi + X,i?4, XgjP,— Xi2>4, 08^4, ^^Pz — X4.Pi^ XiPi + X^p^^ X^p^-^ X^^. 



We see at once that this group is primitive^ for the same reason as those found in 
the last chapter are primitive. 

§4. 

Suppose U does not occv/r free. 

Our transformations 10 are 

XiPi — x,i?8 J x^P% + ai^8» x^^Pzy XxP%, x^Px — Xi^8, X|i>i, 
x^Px + x,i>4, X8^2 — aii>4, x^Pa. x^pt — x^p^. 

Let us designate the first nine of these transformations in the order written 
respectively by /Si .... /Si , and put 

T= xipi — Xj|i?8 + (X8JP8 — a:4i>4) • 
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These transformations 10 are connected by normal relations, and we see by 
combination that U cannot occur additively. We may at once choose the ^j, 
without loss of generality, so that 

{p,T) = -p,, 
{PzT)= Ps, 

Further, we find without difficulty by means of Jacobi's Identity that now all 
the relations (PkSi) are normal. It remains to see how the transformations 
zero are connected among each other. We have 

4 9 

(PlP^) = 2 J>iPi + 2 '''^' + ^^• 

1 1 

Form Jacobi's Identity with pi , ^, and T, thus 

({PiP^)T)=0, 
or {piPi) = a^S^ + a^S^ + a^Si + bT. 

Also now iiPiPt) ^s) = , i. e. o^ = 6 = . 

Finally i{PiP%) ^e) = , i. e. a, = Og = . 

Thus {PiP%) = . 

Analogously we find (PiPk) = . 

Thus we find that all of our transformations are connected by normal relations. 
Our group is evidently 



PifPiiPsiPii ^iPi — ^nPsi ^iP%+^iPsi ^iPsj aiJP«» ^Pi — ^Pi] 
^2Pu ^Pi + ^%Pif ^zP% — ^Pa^ ^bPh ^sPs — ^iPi^ 



This is a subgroup of the one in §3, and is, for the same reason as that one, 
primitive. 



VOL.X. 
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Chapter III. 
A Swrface of the Second Degree and One of its Generators Invariant in B^ . 

§1. 

The projective group written in the variables xyz has the form 
r + xq,yq + zr, {xz — y)p+i/zq + !?r, xp + yq,p + zq, 

and leaves the surface of the second degree 

y — zx=:0 

with one of its generators, invariant. 

When written linear and homogeneous in XiX^xfc^ according to the formulae 
p. 310, our group has the form* 

x^Pi — x^Ps, ociPi — x^Pi + XsPs — x^p^y ^Pi — xip^,y x^Pi — x^Pi, 

XiPi — X^Pi — Xg f>8 + ^iPi I 

to which may be added *^ 

§2. 

Thus the transformations 10 of the groups we now seek have the forms 
Si = XiPi — XiP3, St = XiPi — x,Pi + X3Pa — XiPi, SB = XaPt — XiPi, 

Si = X,Pi — XtPi , Si = XiPi — XiP, — X3Pi + XiPi, 

to which may be added _1^ 

U=y*XiPi. 

For the initial terms of these transformations the relations hold, 

{S,S,)=2S„ {SiS,) = S„ {S>Ss)=^2S„ iSA)=^S,, 

{S^S,) = (SA) = (-^^4) = iS,S,) = {SsS,) = {SA) = , 

{SiU)=0. 

* The form in the text is not that given immediately by the formulae p. ct^, but an equivalent one 
which we choose on account of the following calculations being so somewhat more convenient. We 
obtain the group given by the formulae p. cit.^ when we perform the simple transformation 

Xi'^X^ ^ S^a— -^^11 ^3^*2> ^^^''^At 

on the group in the text. 

The same change is made in the next three chapters. 
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Thus we see that if CTdoes not occur free, it can occur additively only with S^, 
in form S^ + aU^ (a const.) . 

Let us see what transformations of an order higher than the first can occwr. 
No transformation IIO of the form 

can occur ; for then we would have 

and by combining with^^, we find that then 

Thus if a transformation IIO of form 

4 

occurs, we must have either |j,*^ i^^ 0, or ^f 4: 0. We see also 

ir = kf{x^,), ^r = i?i^z), a"=lf (aix,X4). |?' = ^f (xia^O. 
Thus if *^ 

1 

is a transformation s which occurs, by combining Tf properly with x^p^ — 0:4^1 , 
we can arrange so that 

Ap% + v'fPz + v^'Pi + n^'Pi 

must occur, when we suppose ^i'^ 4^ . In this case thus, when s is the maximum 
order, we must have « <C 3 . 

If £i'> = 0, tlien ^?> 4: , and 

a1i?3 + V%^p% + ri^'pi + vTP4. 

must occur. Thus, as above, «<C3. 

Thus, at all events, no transformation of an order higher than the second can 
occiu*. 

What transformations IIO can occur in our group ? 

(1). Suppose *;^ 
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is a transformation IIO which occurs, and let l^f^ be i^^ 0. Then as above a 
transformation 

Xf= q\p^ + ^8 {^^z)Pz + ^1 {pi^c^^Pi + ^4(aVC4)i>4 

must occur. Combine Xf with x^pi — x^p^ , and we see 

occurs. Either Tf is the same transformation as X/, or not ; if not, a transfor- 
mation IIO of the form 

>73 (aV^8)i>3 + >7l {X^^^^ii Pi + >74 {XtX^P4. 

which we get by subtracting Yf from X/, must occur. Here we must have 
>73 4^ 0, and by combining the last transformation properly with x%pz — x^pi^ we 
see a transformation of form 

Zf= aips + yiii^i^s^i) Pi + m {^X4)Pi 
occurs. 

By combining p^ with Zf we see that yji =: yj^ {xix^) . 

Combine Zfyfith x^ps — x^p^, and we see 

*. + «.-§ ft +(*.^- Ok. 

must occur. Subtract this transformation from Zf and we find 

9>7i _ - ^4 0- 

or >7i = aia5i5C4 , 774 = ^^pd^ , (ai , /34 const.) . 

Thus Z/= a|i>8 + oiiXiXiPi + ^^T^p^^ . 

By combining ZfYfiihpi and ^4 we find 

ai = /34= 0. 
Thus Zf=APz. 

and no such transformation can occur. 

Thus we find that Yf must be the same transformation as Xf) that is, 

Thus f8 = «avcs, ^1 = ^1(08, a?4)i ^i = ^x^^ 

or a^^ji + ax^p^ + (carj + efo8a;4 + ea^)i>i + 6avc4p4 

occurs. 
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By combining this transformation with ps, Pi, Pt respectively, and express- 
ing the results linearly in the transformation 70, we find when U occurs free, 

c = e=0; a=6=l = — d. 
Thus in this case the transformation IIO , 

XJ=q\p^ + x^Pz — x^iPi + x^iPi 
occurs. Combine this transformation with 0:3^1 — 01^4 and we find that 

X^= aips + x^p% + Xix^pi — ai«iJP4 

also occurs, and by combining the general transformation IIO with pi, we find 
that Xj/ and X^ are the only transformations IIO which can occur when U 
occurs free. -We easily see that if U does not occur, no transformation IIO can 
occur at all, and if U occurs in the form 

Si + aU (a const) 

we find that -Zj/and X,/can occur where 

a = — 2. 
Now we come to case 

(2), where ^?^ = in the original transformation 7/0, 

4 

1 

In this case we have a transformation of form 

V^Pz + ViPi + V\Pi I 

and we saw on the last page that no such transformation could occur. 

In finding our groups we shall now distinguish the two cases where trans- 
formations IIO occur, and where no transformations IIO occur. 

§3. 

Suppose no transformationa IIO occu/r. 

If the transformation U occurs free, we normalize as usual with it, and find 
without diflSculty the group 



Pi^ P%f Pzf Pi'y «4i>i — a,i?8i ^Pl—^P%+^PB—XiPii ^Pt — ^lPif 

XsPi — x^p^j XiPx — x^Pf^ — x^p^ + x^^yXiPi + x^p^ + x^Ps + x^p^. 
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But this group is imprimitive, since the family of <x' manifoldnesses 






const, 
const. 



is invariant. 

Suppose U does not occur free. 



Our transformations are then 



Ph\ ^iPi — XiPz = Si, XiPi — x^p^ + x^p^ — x^^ = S^, ^P% — ^iP^ = S^, 

«sPi — ^Pi = S^f 

4 

Si + a.U= XiPi — x^p^ — XsPs + x^4^ + a . 2^ x^p^ = T, 

1 
where a is some constant. 

Let us normalize with S^. 

We easily see that we can, without loss of generality, choose the transfor- 
mations zero , so that C (piS^) = Pi 

{p%Sz) = —p%, 

^{pA) = —p^, 

and we find without any diflBculty, in the usual manner, by means of Jacobi's 
Identity, that all the relations {puS^ and {puT) are normal. We wish to see 
how the transformations zero are connected among each other. 

We find directly from forming Jacobi's Identity with^^, jp^ and /^, 



({PiP%) 
(PiPs) 
(PiPa) 
(PiPs) 
{P%Pa) 



Ml, 

01^8^ + aT + a^S^y 

rsSsf 



where the 6,6 .... C4 are certain constants. 

Now form Jacobi's Identity with|?i, p^, /Si, thus 

({PiP^)^) + iPiPs) = 0, 
or — 26,/Si + 6i/Si = 0, 61 = 26,. 



Proceed in exactly the same manner with the other ^,, ^, /Si and ^i, pj^j 7, and 
we find a number of relations between our constants, viz : 
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a = 6 = c = a4 = %= j3,= 0, 
a.6i=0, /?4(a— 2) = 0, /3(a— 1) = 0, C4(a— 1) = 0, 64(a— 1) = 0; 
^1 = ys = 263, b^=z ^ =z — C4, 6| = Cj. 

(1). Suppose a = 1 , then 6^ = yg = J^ = 1^4 = , and we have 

{PiP%) = ^Aj {p%P^) = hJ, {P3Pi) = —h^S^, 

and by forming Jacobi's Identity with Pi, p%, Psi we find 64 = . 

Hence all of our transformations are connected by normal relations in this 
case, and we find the group 



PlJ P%7 PS^ Pa'j ^iPl — ^Psi ^iPl — ^%P% + »3i>3 — «lP4, ^^Pt — ^iPif 

^sPi — ^Pif ^iPi — ^Pi — ^Pz + ^aPa^ ^Pi + XiP^. 



This is a subgroup of the last one found, and is imprimitive for the same reason 
that that one is. 

(2). Suppose a :4^ 1 . 

(a). Let a = 2; hence 

61 = ya = Jj = Cj = C4 = 64 = /? = 0. 

All relations are normal except 

(PiPs) = Mi^ 

Thus we see that pi , p^ is an invariant O^ in our group, and hence the group is 
imprimitive.* 

(b). Suppose (a — l)(a — 2) 4^ 0; hence 

and we have 

{PiP%) = hSft, 

{PiP3)=^hSi, 
{PiPi) = 0={p2Ps), 

(B2>4)=2M3, 
iPsP4) = hS2' 

•For Pi=0,p4 = 

is an inyariant complete system with the two solutions 

a;, =: const., 2;, = const 
Thus our gproup leaves the family of oo^if, , x^ = const, x, = const., invariant 
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Form Jacobi's Identity with2>i, p%^Pz and we see at once 

Hence all of our relations are in this case normal, and we find again the imprim- 
itive group written above. 

§4. 

Suppose transformatioTis IIO occur. 
Let us further suppose — 

(a). U occurs free. In this case we normalize with U as usual and find 
without diflSculty the group : 



PiiP%^PziPi\ XiPi — ^Psj ^iPi — x^Pi + XsPs — x^p^, Xzp^—xip^, 

^zPl — ^Pii ^Pl — ^P% — Xsp3+X^p^, XiPi + X^p^ + XsPs + X^P4^, 
X^. U— (XiXj + X^^)p4^, iC,. U— {XiXfi + x^^pi. 



This group is imprimitive, since the family of oo* manifoldnesses, 



{: 



x^ = const. 

x^ = const, 
is invariant. Let us now suppose 

(b). U does not occur free. Here, as we saw above, 



8,-2U 
must occur. Thus our transformations have the form 

Pk, XiPl — ^P3=Sly ^Pl — ^P2 + ^P8 — XiPi=Si, 
^sPi — ^Pi = ^j ^Pl — ^Pi — ^PB + ^ip4 = S^i 

T=—S^+ 2U=XiPi + 3 {x^p^ + XsPs) + x^p^, 

Xif=xs. U— (xio, + ^fc^P^j X^=x^. U— ( )pi. 

Let us normalize with T. We have 

{Si T) = a Zi/ + bXJ, {a , 6 const.) . 

Let us introduce a new Si by means of 

Si = Si + AXif+BXJ. 

Then • (SiT) = aXJ + bXJ— 3 {AXif) + BXJ) . 
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Here we may choose our arbitrary constants A, £ bo that 

or {SiT) = 0, 

as we may write it. 

Same way, we may without loss of generality choose the other S^ so that 
the relations (S^tT) are all normaL The S^ and X</ are already connected by 
normal relations ; we wish to find how the S^ are connected among each other. 

Form Jacobi's Identity with /Si, S^ and T] thus 
or ({S,S,)T) = 0, 

i. e. Oj = ^j = . 

Hence {S^S^) = 2/Si, 

a normal relation. Analogously we find that all {SiS^ are normal. 
Now let vs normalize the transformations zero . We have 

4 

iPiT)=p^ + ^aA + aT+ ^Xy/+ yXJ. 

1 

Introduce a new pi by means of 

4 2 



Thus 



{:^T)=:^-^A,8^-AT-^A^J^.^a.Si-\-o.T-\-^XJ 

1 11 

+ yXJ - 2AJSt - 3 2 ^i^J'- 



Vol.- X. 
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Here we may choose the constants so that 

or {piT)=Pi. 

Analogously ['(^,r) = 3/),, 

(PzT) = 3^3, 

Now to find how the p^ are connected with the other transformations of our 
group. We have 

(Pi^if) = S^ + «i-^i/ + a^XJ". 

Form Jacobi's Identity with pi , Xif and T] thus 

({p,XJ) T) + {{XJT)p,) - {{p,T) X^ = 0, 
or — 2aS;— 3 {a^XJ+ a^XJ) + ^{piXJ) = 0, 

I. e. (piX^) = /S'4 . 

Analogously we find that the other {pj^Xif) are also normal. 
Now for the {PiSk)- We have 



{piSi) = ^a,S, + aT-\-^^,XJ. 



Form Jacobi's Identity with p^, Si, T, thus 

({PA)T)-{P^S,)=0, 

In the same manner we find that the other {puSi) are normal also. 

It remains to see how the transformations zero are connected among each 

other. We have 

4 4 » 

iPiPi) = ^a,p, + ^hS, + hT+^ c,XJ. 

11 1 

Form Jacobi's Identity with pij p^j T, thus 

(iPiP^) T) - ^ (p^p,) = , 

i. e. (PiPi) = . 
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Analogously we find {PiPt) = • 

Thus all of our transformations are connected by normal relations, and we find 
the group : 



PiiP%iP3iPi'j ^iPi — ^2P3i ^Pi — ^iPi+^Ps—^iPiJ^sPi—XiPii^sPi—^iPi^ 

^iPl + 3 {x^Pi + XsPs) + X^^j Xs. U— {XxX^ + 2:3X4)^4, iCjj. U— {XiX^ + x^^Pi^. 



This is a subgroup of the one last found, and is imprimitive for the same reason 
that that one is. 



Chapter IV. 
A Surface of the Second Degree and Two Coinciding Generators Invariant in R^ . 

§1- 

The projective group written in xyz has the form 

r + xq, yq + zr, {xz — y)p +yzq + s?r, p + zq, 

and leaves the surface y — 2a: = 

and two of its generators which coincide invariant. When written linear and 
homogeneous in x^x^x^ our group has the form 

x^^ — x^p^, x^px — x^p^-^-x^p^—x^p^, XsPi — Xip^, XsPi — X^Pij 

to which may be added - ^^ 



§2. 

Thus the transformations 10 of the groups we seek in this chapter have 
the forms 

Si = X^Px—X^Ps, Si=XiPi—XiPi+XsP3—X^Pi, Ss=X3P2—XiP^, S^=XsPi—X^P4j 



to which may be added _t^ 

U=2^XiPi. 
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As to the transformations of sO which may occur in our group, we find 
immediately as in Chapter III, §2, that when s is the maximum order, 

Let vs see what transformations II O can occur. 

The calculations here are similar to those in the above-mentioned chapter 
and §. 

Suppose ^i^ 

1 

is a transformation IIO which occurs, and let us suppose for the present that 
^i*^ 4: . Then we see a transformation IIO of form 

must occur. 

Combine Xf with S^ and we find 

must occur. 

If Yf is not the same transformation as JT/, we see by subtraction that a 
transformation of the form 

nTpi + nfp^ + vfp, 

must occur, where yi^^^ is 4^ 0. Hence we see that 
must belong to our group. Combine Zf and S^ , so 

occurs. Multiply -^ by 3 , and add to the last transformation ; thus we get 
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From the last equation 4 " / ^« ^ 

But since 774 is only of the second degree, we have 

^4 = 0. 

We now easily find by combining Zf with the p^. that also 

>7i=0. 
Hence Zf=:Q^p^, 

and we see at a glance that this transformation cannot belong to our group. 
Thus Yf must be the same transformation as JT/, i. e. 

Hence ^3 = ax^x^, ^i = 60:1X4 + cx^^, ^4 = doc^x^. 

Thus ^/= ^Pi + «^2^3i>8 + (6a:ia;4 + cx^i)pi + dx^fic^p^. 

Combine Xf with the jp^ and we find at once 

Since oi^p^ cannot occur, we see that no transformation IIO can occur at all. 
Thus in the case where ^^^\ in the transformation IIO, 






is if: 0, no transformation IIO can occur in our group. 
If ^jf> z= , we have a transformation of the form 

which, as we saw above, cannot occur. 

Hence no transformations of an order higher than the first can occv/r in our 
groups. 

We shall, as usual, distinguish the two cases where U occurs free and where 
U does not occur free. 






^ 
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§3. 
Suppose U occurs free. 

We normalize as usual with this transformation and find without any diffi- 
culty the group : 



PiP%PzPi) ^iPi — ^Pzi ^Pi — x^P% + ^P3 — ^iP4i ^P% — ^iPii 

^zPl — ^Piy ^Pl + ^P% + ^P3 + ^4Pi' 



This group is evidently imprimitive. 

§4. 
Suppose U does not occur free. 

We easily see that in this case U can occur additive ly only in the form 

Si + a.U (a const.). 

Thus our transformations 10 are 

Si=XiPi — XiPs, S, = XiPi — XiPi-\-XaPa — XtPi, Sa=x,Pt — XiPi, 



T= Si + a. U=XsPi — XiPi + «-2^ 



4 

XsP( 



Let us normalize with S^. We easily find that we may without loss of 
generality choose the transformations zero 0, so that 

{pA)= Pi, 

{PiSt)=—pt, 

|(i'8'^)= i>s. 

HpA) = —Pi' 

Now we wish to see how the pt are connected with the Si and with T. We 
have ■ _ \_ 

1 

Form Jacobi's Identity with pi , Si and S^ , thus 

apA)s,)-3{p^s,)=o, 

i. e. i.Pi'Si) = . 
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Thus pi and Si are connected by a normal relation ; in the same manner we find 
that the other (pk/Si) and (PkT) are normal. 

It remains to see how the transformations zero are connected among 
each other. 

In the usual manner, by forming Jacobi's Identity with Pij p^ and S^, we 



find 



(PiPs) 
(PiPi) 
(PiPs) 
{P2P4) 
(psPi) 



biSi , 



or 



Now form Jacobi's Identity with p^ , p^ and /Si , thus 

(iPiP^) Si) + (piPs) = , 
— 2b^Si + biSi=0, 61=26,. 



Proceed in the same manner with Pi, Pk, Sj'jPi, p^j T and Pi^ Pki Pj] then 
we find that our above constants must satisfy the relations 

a./3 = 0. 



Hence 



{PiP%) = {PiP^ = (PiPi) = (PiPi) = (PsPi) = 0; 



These relations show that the transformations />i, p^ form an invariant O^ in the 
groups we here seek. Hence are these groups imprimitive.* 

If /3 4^ , it is easy to see that we find the following very peculiar imprimi- 
tive group : 






«»i>8 



'Compare p. 829, note. 
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If, on the contrary, ^3 = , our transformations are connected by normal 
relations, and we evidently get the imprimitive group : 



Pi^P%^Pz^Pa\ ^aPi — ^Ps^ XiPi — ^P% + XsP3 — x^p^, XsPt — Xip^, 

^Pi — x%Pi + a {^iPi + ^P% + ^zPz + ^iPi) . 



Chapter V. 

A Sv/rfaoe of the Second Degree and Two Different Generators of one Family 

Invariant in jBg . 

§1- 

The projective group written in the variables xyz has the form 
r + xq, xp + yq, {xz — y)p + yzq + s?r, yq + zr, 

and leaves the surface of the second degree 

y — za: = 

and two diflFerent generators of one family on this surface invariant. 

When written linear and homogeneous in XiX^^^, the group has the form 

^4Pl — «iP3y XiPi — X^Pi + XsPs — X^p^] X^Pi — XiP^] XiPi — X^Pi — X^Ps — X^p^, 

to which may be added 



U=/\XiPi. 



§2. 
Thus the transformations 10 of the groups we seek now have the forms 

XaPi — X3Ps=Si, XiPi — X2Pi + XsP3 — X^p^ = S^j XsP2—XiP^ = Sz, 

XiPi — x^Pi — x^ps + X^p^ = Si, 
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to which may be added _t^ 

U= 2^ x,p, . 



What transformations IIO can occur ? If any transformation IIO occurs, 
it must have the form 

^?{x,x,)p^ + e}\x^^)p^ + ^T{x,x,)p, + ^T {x,x,)p, 
= (aa-f + 60:1X4 + cai)i)i + ( )i>2 + ( )i>s + ( )Pi' 

By combining this transformation with the pj^ we easily see that all the constants 
ah ... . are zero. 

Thus, no transformation of an order higher than the first can occur in our 
groups. 

We shall distinguish as usual the cases where U occurs free and where U 
does not occur free. 

§3. 

U occurs free. 

Here we normalize with the transformation U as usual and find without 
difficulty the group : 



P\^ Pi^ Pz^ Pa) ^iPi — ^Ps^ XiPi — ^P% + oc32h — XAPif ^P% — ^Pi^ 

^iPl — ^Ih — X3P3 + ^APi » ^IPl + X2P% + ^3iP3 + ^Api . 



We see at once that this group is imprimitive since the family of 00 *J^, 

fiC2 = const. 
(0:3= const. 



as well as that of f a^i = const. 

1^4 = const, 
are invariant. 



§4. 

TJ does not occur free. 

It is easy to see that U can occur additively only in the form 

S^ + a. U\ (a = const.). 

Vol. X. 
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Our transformations 10 are 

4 

84^ + a. U=XiPi — x^Pi + a:3i?3 + x^p^, + a.^^a:<^<= 7". 

1 

Let us normalize with S^. We find as usual without trouble 



r(i>i'^) = 


Pi, 


{p,8,) = - 


-Pi, 


(i>3^») = 


Pi, 


i (i>.^) = ■ 


-Pi' 



We find in the ordinary manner that all the other relations (ptSi), {pt^ are 
normal. 

We wish to see how the transformations of the zero are connected. We 
find in the usual manner by forming Jacobi's Identity with jp<, jp^, and S^, 

{pip3) = hSlif 
{p.P3) = M^ + (3T, 

(ptPi) = 73^3 » 

By forming further Jacobi's Identity with p^ pk, Sj] Pu Pk, T and Pij puyPj, 
we find for our above constants the relations 

a = a2 = /3 = /32= 0, c= — b, 61 = ^3=262=202, b^ — b + y^=Oy 

a . 6 = a . 62 = . 

If tt 4^ 0, we see that all constants are zero, and our transformations are all con- 
nected by normal relations. This gives the group: 



Pi^ Pi^ Psy P4', ^iPi — ^iPs', ^iPi — ^Pi + ^p3 — ^4pi] ^P% — ^ip4) 
x^Pi — x^p% — x^ps + Xip^ + tt (arj^i + x^p^ + x^p^ + x^p^ . 
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If, on the contrary, a = , we have 

{l>iPi) = ^i 

(PiPs) = , 
(i>2i>4)= 263^3, 

Here we may suppose 62 4^ , otherwise we would get the above group 
again. We may arrange so that 62= ^ if we put b^.p^^ for a new ^21 ^^^ h-Ps 
for a new p^. This gives the group: 



Ply P2+ 2a^i>i — (4xia^ — 2x30:4)^^2 — 2x1X3^3 + 2xiX^y^, 
^4, ^8 + 2xix^pi — 2x^x^p^ — (40:3X4 + 2x10:2) i^3 + 2x|^4i 
XiPi — ^2hi ^Pi — ^Pi + ^sPs—^iPii ^Pi — ^iP4j 
XiPi — o:2iP2 ^dPs •" 0:4^4. 



Both the groups in this § are imprimitive, since the family of 00* manifoldnesses 

Xi= const. 

X4 = const, 
is invariant under both. 



{: 



Chapter VI. 
A Surface of the Second Degree and all Generators of One Family Invariant in B^ . 

§1. 

The projective group written in the variables xyz has the form 

r + XQj yq + zr, {xz — y)p + yzq + ^r, 

and leaves the surface of the second degree 

y — zx = 

and each generator, of one family, of this surface invariant. 
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Written linear and homogeneous in the variables Xix^^^ our group has 
the form 

^aPi — ^Pz^ ^\Pi — ^P%'\'X^P^ — x^P^, XsP^ — Xip^, 

to which may be added _1^ 

U= 2^ ^iPi ' 
1 

§2. 
Thus the transformations 10 of the groups we now seek have the forms 

4 

Si = X^^—X2P3j Si = X^2h—X2P2+^3P3—^4lhj Sz = XiP^— X^p^, TJ— ^^^ X^p^ , 

1 

where TJ may or may not occur. For the initial terms of these transformations 
the relations hold, 

Thus we see that if ZJdoes not occur free, it cannot occur additively. 
Let lis see what transformations HO can occur. 
We easily see that the general transformation IIO has the form 

Xf=!^f{x,x,)p, + {iS\x,x,)p, + &{^x,)p, + ^T{x,x,)p, 
= {a^x\ + bxix^ + c4)2h + ( )i>2 + ( )i>8 + ( )i>4, 

where a, J, c . . .*. are certain constants. If now we combine Xf with 
Pii Pii Pzy P^ ^^^ express the results linearly in the transformation /O, we find 

a = 6 = c = . . . . = 0. 

Tlius no transformation IIO can occur ^ and so none of an order higher than the 
first can occur. 

As usual, we have two cases according as Z7 occurs or not. 

§3. 

Suppose U occurs. 

Here we normalize with U as in the preceding chapters, and without any 
diflficulty find the group : 



P\ » Pi » PZ » Pi ; ^iPl — ^%Pz , ^\P\ — ^%P% + ^Zp^ — VaP4. , 

^zP% — a^ii>4, ^iPi + ^%P% + ^zpz + Xip^. 
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This group is imprimitive, since the family of a>*-3^, 

{Xi = const. 
X4 = const. 

as well as that of f ^•2 = const. 

larg = const, 
are invariant. 

§4. 

Suppose U does not occwr. 

Let us normalize here with a^, . Our transformations are 

Pu Pi^ Ps, Pi', XiPi — XiPi=:Si, XiPi — XiPt-\-XiP3 — XiPi=iSt, X^Pi— X^Pi=i Si. 

We easily see that, just as in §3, Chap. I, we may choose, without loss of 
generality, the transformations zero 0, so that 

\{PiSi)= Pi, 
{PtS2) = —pt, 

{PS^) = i>8. 

(pA) = —pi- 

Now let us see how the transformations zero are connected with the 

r 

other transformations 10. We have for example 

8 

(i^i^i) = 2^ ^^^^ ' (^< const.). 
1 

Form Jacobi's Identity with^i/S'x and aS^, thus 

or (^,^,)=0. 

Thus {piSi) is normal ; same way we find that the other {PkSi) are also normal. 

It remains to see bow the transformations zero are connected among each 

other. We have _ ^^ - ^^ 

{piP%) = 2^ (^iPi + 2i^ ^J^J • 

1 1 

Form Jacobi's Identity with^j,^, and S%j thus 

({Pip2)Si) = 0, 
or a< = 6i = 63 = 

and {PiP%) = hSi' 
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Same way 



(PiPs) = <^iSi, 
{PiPi) = d^S^^ 

{P2P3)=<^Si, 
{PiP4)=€3Ss, 

HP3pi)=A^' 

Now form Jacobi's Identity with2>i, p^ and aS^, thus 

({PiP%) ^s) — il^Pi) = , 
26gA% — ^sfSs = , 26g = 6g. 
({Pip2)S,) + {p^ps) = 0, 
— ^h^i + (hSi = 0, 2^2 = ai. 

— (jPs {PlP%)) — (Pl {P2Ps)) + {P% (PlPs)) = , 

— hp3 — <hPi — (^ip3 = 0y 6g = — Ox, C2 = 0. 

6j = ai = 6g = C2=0, 



or 

Same way 

or 

Further 

or 

Thus 



and we easily find in the same way that 

d,=f,= 0. 



Thus all of our transformations are connected by normal relations, and we 
evidently get the group : 



PliP%^P3^Pi] ^iPl — ^P3i ^Pl — ^Pi + ^3P3 — ^iP4y ^P^ — ^Pi' 



This is a subgroup of the one found in the last §, and is imprimitive for the same 
reason that that one is. 

The necessary limits of this article do not permit me to give at present the 
calculations in the four cases which remain of this problem. Suffice it to say 
that I have finished these somewhat long and difficult calculations, and have 
shown that no primitive groups, except those already known, exist in the space 
of four dimensions. I hope to publish the calculations themselves at a later date, 
thereby furnishing a solution of a considerable part of the important and exten- 
sive problem of finding all groups, primitive and imprimitive, in R^ . 
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Synopsis of all Primitive Groups in B^ . 

We shall designate those groups, which Lie has determined, as he has done, 
and refer to his works for an explanation of the names, when such is needed. 

(A). Groups which transform the directions through a pointy of general posi- 
tion in R^ , which we holdy in the most general manner possible. 



!)• 



Pk'y ^iPki 2^1 Z7; x^. U; x^.U^ x^.TJ] i, Aj= 1 . . . . 4. 



4 

Here as usual J7 denotes /^XjPj. This is the general projective group in B^. 



2). 



Phi ^tPk) i,h=l 4. 



This is the general linear group. 



3). 



pky XiPk^x^p^j-Xi.pj.] i 4: Aj; i, Aj= 1 4. 



This is the special linear group. 

(B). Groups which leave a Surface of tlie Second Degree in B^ invariant. 



1). 



Pi, ^ipk — ^kPi] t, Aj= 1 . . . . 4. 



This is the group of Euclidean motions {Euklidische Bewegungen). 



2). 



P 



i, ^ipk — ^kpi, 2i^ ^^p-f' ^ ^ = 1 • • • • 4 . 



This is the group of Euclidean motions and similar transformations {Euklidische 
Bewegungen und Ahnlichkeitstoff). 



3). 
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This group leaves a surface of second degree 

1 
in B^ invariant. 



4). 



i>i. »<i>t 



— ^kPii CT, 2XiU — pi*21j^f i, Jc= 1 . . . . 4. 



This is the group of conform transformations. 

(C). Groups which leave a twisted curve IIIO in R^ invariant. 



!)• 



Pk , XfPi — «iP» + 3 {xtPi — X3P3) , Xi2h + XtPi + XsP3 + XiPi , 
XiPi + 2xiPi + 3ar,_pj, ix^pi + a;s_pj + ^x^Pi. 



2). 



i»* , XiPi + 2xii)8 + 3a-,2'3 . ^tPi + iPsi'* + 3aii>4 1 
»ii>i — OiiiJj + 3 {xiPi — XiP^ . 



(D). Groups which leave a linear complex in R^ invariant. 



!)• 



Pk, ^iPl—^iPz, XiP%+X\P3y X^Ps, OCiPi — X^Pi, X^pi, Xip^j XsPl + ^iPif 

XsPi — Xip^, x^p^, XsPs — XiP^y Xipi + XiP2 + x^ps + x^p^. 



2). 



Pki X^Pl — X^Psy X^P% + XiPsy a^4P8» ^li^2) XiPi — X^p^y X^pu 
XsPi + X^pi, XsPi—XiP^j Xspi, XiPi — Q(^p^ + X^p3 — X^p^. 



These are all the primitive groups in spojce of four dimensions : only eleven in 
number. 



Line Congruences. 

By W. C. L. Gorton, Fellow at tlie Johns Hophins University. 



This subject, which has already been otherwise treated by Hamilton and 
Kummer (Crelle,Vol.LVII), I propose to treat by quaternions. I have obtained 
all the results given by Kummer in the above-mentioned paper, and have also been 
enabled by the method employed to carry out certain steps which he has only 
indicated. Since in this paper the straight line is determined as a function of 
two independent parameters, there will be a double infinity of the straight lines 
in space, and through each point in space will pass one or more rays. Every 
ray will be determined by a point through which it passes which we call the 
initial point, and by its direction. We will take a surface cutting all the rays as 
the locus of the initial points, and then through each- point of the surface will 
pass one or more rays of the system. Let a ^=^ ^{t^ u) be the equation of this 

surface, and let the direction of the ray be given by r = j,^ ^ , where ^ and >// 

are vector functions of t and u. The locus of the extremity of t will then be 
a sphere of radius unity, and when we refer to the surface t we will mean this 
sphere. The equation of any ray then is of the form 

p = (T + OCX. 

§1- 

Tlie Foci and Focal Planes. 

Let p = (T + i»r be the equation of any ray, then any consecutive ray will 
be of the form p = o' + c?(T-fy('r + dr) . 

In general this ray will not cut the ray r, which we will refer to as the primi- 
tive ray. In order that it may, we have the necessary and suflScient condition, 

rfp = c?(T + xdr + cixT = , 
which gives us Stdadr =0, (1) 

VOI*. X. 
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a quadratic in dt and du) which will therefore give us two values of the ratio 
oi dlio du. This quadratic may not always have its roots real. They will be 
real or imaginary according to the law which unites the straight lines into one 
system of rays. Therefore we have two kinds of systems of rays, one in which 
every ray is cut by two consecutive rays, and the other in which a ray is gene- 
rally cut by no consecutive ray. As a third kind of a system, we have that in 
which certain rays belong to the first and others to the second kind mentioned 
above. The points in which consecutive rays cut the primitive ray we will call 
the foci of this ray, and the planes of these rays and the primitive ray we* will 
call the focal planes. To obtain the distances of the foci from the initial point 
of r we have 

(far = 3^ eft + d^adu 

and d/t = dttdl + d^rdu, 

^ = rfcr + xd/t + dxr = 

= {dfl + xdit) dt + (3^or + xd^t) du + dxr = 0, 
which gives us 

Sr (a,(T + xdtr){d^a + xd^r) = . (2) 

If we call the roots of (1) -~ and — , then 

drti = d^r dti + d^tdtcu 

« 

dr^ = d^T dt^ + d^rdu^ 
we will call the focal lines. 

For the ray in question we will take 

Sd^rdtr=0 and ra,r = Tdjr= 1. 

Since we have two independent parameters, if d^r and d^r are not perpen- 
dicular, let us take t and u functions of two new parameters, say i! and ttf. 

Let t=:ri{iff v!) = ai + aj! + ci^vl + ...., 

u=^ (<', u') = 6i + h^t' + h^u' + 

Then dt = Yi'^dt' + ri[,du' 

and du = ^[dt' + ^^du' 

and &t = {nid/r + ^id^r) dt' + {n'^dfl + ?^a„r) du'. 

We may assume any value of l! and u' for this ray, say 0, 0; for if they had the 
values ti and xi,[ we could take t' — t^ and u' — Ui as new variables. Then for 
this ray we have 

ni' = a». »7«' = Os, ^r — 6, and t,i' = 63, 
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since the derivatives of the terms containing t' and u^ to more that the first degree 
would contain t' or u' and therefore vanish. We have then 

In any case Srdrr = since TV = 1 , and therefore dt't and d^r are always 
perpendicular to r . If d/r and d^r have not the same direction, since we have 
at our disposal four arbitrary constants, we can make 

(lidtr + b^d^r and a^d/t + 638^^ 

have any directions perpendicular to r and any lengths we please. It is evident 
that we can make 9^r and 9^r perpendicular for any ray since we have an 
infinity of constants at our disposal. We will so choose 02* ^> ^2 ^.nd b^ that 
9^r and 9„r will be the bisectors (of length unity) of the angles between the 
focal lines. We can evidently always make this choice, since if the roots of 
(1) are not real they are conjugate imaginaries, and hence the bisectors of the 
angles between the focal lines are always real. Thus we have now 

SduTdtr = 0, Td^T = Tdtr = 1 

for the ray in question, and in every case, since the tensor of r is constant and 
equal to unity, Srck = 0. Let us choose also as the surface a (the locus of 
initial points) the locus of the point midway between the foci on any*ray. This 
point we will call the centre of the ray, and thus a is the locus of centres. Let 
us now see what simplification these assumptions will introduce into our formulae. 
Since 3^t and 9^r are the bisectors of the angles between the focal planes, we 
must have the sum of the roots of (1) zero, therefore 

Srdfidu'^ — SrdtTdyO = . 

Also, since we have taken the surface a as the locus of centres, the sum of the 
roots of (2) is zero, 

.-. SrdtOdvT + Srdtodyp = 0, 

which two equations give us 

Srdfld^r = 

and SrditduO = . 

Putting for r, Z{t'dy^ ^ we have 

SrdtOdv!^ = SdtrdyTdtOdu''^ = — {dutySdfldtt = Sdt<ydtt since {d^tf = — 1 . 



^ 
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Also 

.'. Sd,<jdtr = 0, ' (3) 

Sd„od^7=o. (4) 



77te Vertices of ihe Ray and the Principal Planes. 

We will now find the distance from the initial point to the foot of the 
common perpendicular to r and any consecutive ray. The direction of the 
common perpendicular Ib TtJr. We must have 

xT~da + j/{r + d/r) + zftd/t. 
Operating by ;5^(t + dT)'tdn! and neglectiug terms of the third order, we have 
X {dftf = — SdoJ/T , 
_ SdadT 
•'• ""- {drf ' 
Since da = dt<^dt + djJdu 

and dr = df:dt + 3„Tdu, 

we have _ dtdu{Sdjfd,T-\-Sd,ad,t) . 

''~ de + du' • ^^' 

For any value of the ratio of dt to du this expression gives the distance x of the 
centre of the ray from the foot of the common perpendicular to t and the con- 
secutive ray corresponding to this value of -j- , By giving -p all values from 
— oo to -f- 00 we will get all the different values of x. For real values of di and 
du the denominator of x cannot become zero, and therefore x cannot become 
infinite ; hence it must vary between two limits, a maximum and minimum 

Sx 
. dt 



3x 
value. For a maximum or minimum value of x we must have -jj- 3= o, and 

-. 



' du 
therefore we have for a maximum or minimum 
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dt 



To obtain the two values of x corresponding to these values of the ratio of -^ 

8x Sx 

since we have -5-5: = and ^3- = , we must have 

oat odu 



and 

and therefore 



or 



2xd^ — {Sdi^duO + Sdurdt(y) du = 
2xdu — {SdttdJ^ + Sdu'rdt<y) dt =0, 



= 0, 



^-(. 






(3) 



The points so determined we will call the vertices of the ray. By taking 

dt 
^ = ±1 we get 

dr^ = {dtr + du'^)dt 
and d/tf^ = {d^r — 9«t) dt. 

These lines we will call the principal lines. The planes of r and the principal 
lines we will call the principal planes. 

From (2) and (3) we get the following theorems : 

I. The principal lines bisect the angles between 9<r and d^r, and therefore 
the principal planes are at right angles. 

II. The point midway between the vertices coincides with the point midway 
between the foci. This point We have called the centre of the ray. 

Let us call the roots of (2), §1, px and p^, and the roots of (3), §2, rj and r,. 

pi = + 's/SdttdvpSdu'^dfi , 

p, = — VSdtrd^oSdu'^dta , 

Sditdyp + Sdyjdfl 
^1= 2 ' 

r, = 2 -' 

Pip2 — rir^ — [^ 2 / ' 

pi = — p, and ri = — r^, 

^-p^-i. 2 ;• 



we have 



or smce 



(4) 







.4.1fc. : 



352 (JoRTON: Line Congruences. 

We have thus the theorem that the distance of the foci from the centre is never 
greater than the distance of the vertices from the centre. We have for r, the 
distance from the initial point to the foot of the common perpendicular to r and 
any consecutive ray, 

Sdadz didu {Sdu'^dt^+Sdt^d^a) 

Let us call co the angle which the common perpendicular makes with the 
first principal line. drj = {dfl + d^r) dt^. 



.2 



_ 8Hzdz^ _ [dt-itduf 



^^® "~(dr)»(drO - 2{dzf ' 

. , _ S^dzdz^ _ {di — duf 

^'"^ " - {dz)\dz,f - 2(dzy ' 

o SdtTdu*^ + 8durd,(T {dt + duf 
r,cos»u= 2 2^^^, 

. g _ SdtTdu^ + Sdu^dt^ {dt — duf 
''^^'^'^- 2 2{drf' 

.-. ri cos'(o + r, sm'(o = ^^ j^ 

= r. 

Therefore we have the neat formula 

r=^ri cos*u + r, sin'ci). 

All these results have been obtained by both Hamilton and Kummer. 
For the foci we have 

ch:2\\dtrVSdu(ydtr — d^rs/Sd^rdtO ; 
for the principal lines 

We have then for the equations of the focal planes, 

and S{f> — o)r {df^VSd^iqd^ — d^rVSdjrdfl) = . 

Putting T = du'^dtt^ we have for these equations 

S{f — c){dti:^ Sdutdf — dur\^Sd^fld^\ = 0, (6) 

and S{p — a){dtr^^Sdurdt<y + d TVSd^^\= 0. (7) 
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For the principal planes we have 

S{^-a){dt<t-d.'r)=0, (8) 

S{f — ci){dtt+dut) = 0. (9) 

These equations have not been given by Kummer. 

§3. 
The Surfaces-ccnnected with the System of Rays. 

The foot-points on every ray of the system, namely, the two foci, the ver- 
tices and the common middle point, determine five surfaces as their loci. The 
two surfaces on which the vertices lie present themselves analytically as but one 
sm-face, in so far as they are both represented by one equation, but they may 
be looked upon as two surfaces or the two parts of one surface. Let us call the 
two surfaces F^ and F^. These two surfaces so divide space that between them 
lie the feet of the common perpendiculars to any ray and all its consecutive 
rays, but outside of them none. 

When we have taken the surface a as the locus of centres and not making 
the assumption 7'3<t = 7'3 t = 1 , we have the equations of the principal 
surfaces, 

P = '' + ^^ 45(Fa„rar)a.ra,r ' (1) 

3" 



p_(r-T^ —^^^-^-^—^^ (2) 

The two surfaces on which the foci of every ray lie, which we call the focal sur- 
faces and which we will designate by ^ and ^2> exist as real surfaces only when 
the roots of (1), §1 are real. Their equations are 

P = <^+-V^ (3) 

We may now find what relation the rays have to this surface. For the tangent 
plane to ^i at the first focus whose distance from the centre is p,, 

<?p = (ao^ + pia«T + r -^') dt + {dji + pia„T + -r ^du , 

Srdtpdup = 'Sr (aff + pid,r + r ^')(a«(T + p,a„T + T ^) 
= Sr {dt<J + f>idtr){duO + pia«T) ; 
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but since pi is a root of 

aSt {dfi + xdtt){dua + xdut) = 
we have SrdtpduP = ; (5) 

/. every ray touches each focal surface, and the system of rays may be 
therefore looked upon as a system of common tangents to two surfaces, or a 
system of double tangents to a single surface. If the two surfaces ^i and ^ 
intersect, then every straight line tangent to the curve of intersection will be a 
ray of the system since it touches each surface once, namely, in the point at 
which it is tangent to the curve. The middle points lie on a surface whose 
equation is _ ^ _i_ ft + /^« ^ 

This surface is always real. 

All these surfaces may in special cases degenerate into lines or even into 
points. As a special case of a system of rays we may have all the straight 
lines through a point, in which case the focal surface is nothing but a point. 
Also the rays may be normals to a surface, in which case, as we shall see after- 
wards, the focal and principal surfaces coincide. 

§4. 

The Measure of Density. 

Since TV = 1 , the locus of the extremity of r is a sphere of radius unity. 
Then for each ray of the system we will have a corresponding point on the 
sphere, and for each continuous succession of rays a continuous curve on the 
sphere. If at any point of a ray we pass a plane perpendicular to the ray and take 
a closed curve in this plane, then to the group of rays which pass through this 
curve we will have a corresponding closed curve on the sphere. If we take the 
closed curve so that its points are at an infinitesimal distance from the ray, then 
we will have a corresponding infinitesimal curve on the sphere. The ratio of the 
area of the curve on the sphere to that of the curve in the plane (which in the 
case when the system of rays is normal to a surface, and the perpendicular plane 
a tangent plane, has been called by Gauss the measure of absolute curvature) 
we will call the measure of density. If at any point of a ray we pass a plane 
through it perpendicular to the ray, which will cut the bundle of consecutive 
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rays in a curve whose area we will call /, and the area of the corresponding 

curve on the sphere we call ^ , then the ratio -y- is the measure of density of 
the system of rays at this point. We have 

where chr = dtrdt + d^rdu 

and 8dr = dtrSdt + d^rSdu , 

/. ^ = ^C{dthdu — du8dt) . (1) 

For the perpendicular da + x{r + dr) on r we have 

=^rVr\da + XT + xdrt\ 
= — xdnr + rVrda. 

Then for the equation of the section of the bundle of rays by a plane perpen- 
dicular to r and distant x from the centre we have 

p = xd/r + rVdar, (2) 

.-. /= ^CtV. {xdr + rVdar){xSdr + rVSdar) xd/t + rVdar 

= dtt {xdt — duSd{tduO) + 3«r {xdu — dtSd^rdtC) . 
Let us write 

Sd^td^a = B and Sd^rdtO = C. 

Then 

/= \f{^dt — Bdu){xUu — Ghdt) — {xdu — Cdt){xhdt — BUu) 

= \f{p? — BG){dthdu — du^dt) , (3) 

r. /=(a?-BG)^, 
or ^ 1 

but pif)s=^ — BOf 

we have d) ^ • i /% /a\ 

-7- = 7 V \ since Pi + ft = 0. (4) 

Therefore we get the following theorem:. The measure of density at any point 
of a ray is equal to the reciprocal of the product of the distances of this point 
from the foci of the ray. The measure of density of a ray at any point is 
always real even if the foci are imaginary. For points lying outside of the 

VOL. X. 
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focal surfaces the measure of density is always positive, while for points inside it 
is always negative. We can easily see from the expression that it has its least 
negative value for a; = or at the middle point, since p^pi is negative, and at the 
foci it is infinitely great In the system of rays with imaginary foci the measure 
of density is always positive, since pip, is positive, and is a maximum for a; = , 
i. e. in the middle point. If we now take a section of the bundle of rays at 
another point a/, we have for the measure of density at this point 

We thus have the theorem that the area of a section of a bundle of rays at any 
point (the plane of the section being perpendicular to r) varies inversely as the 
measure of density. All the points on the different rays of the system which 
have the same value of the measure of density, lie on a surface which we will 
call a surface of equal measure of density. Since the measure of density has 
all possible values, we will have an infinite number of such surfaces. For the 
equation of a surface with the constant measure of density S^, we have 



-a- / 1 
25— =tv H PiP»» 



therefore the equation is 



= (T ± rv^-n- — pif),. 



In order that these surfaces be real it is necessary and sufficient that —^ should 

lie between pip, and oo . For 5^=00 the surface will be real if the foci are real. 
We see then that the focal surfaces are surfaces of the constant measure of den- 
sity 00. The construction of these surfaces is very easy when the focal surfaces 
are given. 

§6. 

The Twist of a Ray. 

If we are given two lines in space, and as we pass along the second drop 
perpendiculars from each point to the first, then we will call the angle passed 
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through by the perpendicular from a point a to a point h in the first ray the 
twist of the second line about the first from a to 6. 

For consecutive rays the twist for the length of the whole line is two right 
angles. If the two lines lie in a plane, the twist of the second about the first is 
zero or two right angles according as the segment of the first does not or does 
contain the point of intersection. 

We have for the perpendicular from dcr + a; (r + drt) to r by §4, eq. (2), 

at the initial point cc = , 

c?pQ = rF(iar. 

For brevity write B = SZi^du^ $ O = Sdu'^dfi . Call a© the angle made by 
e7po with the principal line dti = {dtt + du'^)dt^ 

cos 2ao- cos oo— sm ««- ^^^^^pp^ — ^^^^YivVdarf ' 
where dn:^ is the other principal line (3^r — 5„t) tZ^, 

dp = g^r {xdt — Bda) + d^r {xdu — Gdt) , 

dpo = — Bdudit — Gdtdu^ J 

SHTjcVdaz _ {Cldt'\-Bduf 
{dT,y{T Vd(nf ~ 2 (B»du» + C W) ' 

S^dTjTVd^ _ [Cdi — Bduf 
(dra)»(rFAn-)2 ~ 2(jB*dw»+ (7»d?) ' 

_ 2BCdvM 
cos 2ao - ^^^3 _j_ ^^ , (1) 

8m2ao-^^^,_^^^- (2) 

Let us call fi the twist of the second ray about the first when we advance 
from the initial point a distance x along the first ray, then 



n_ _ 2Vdpdpo _ .x{Ode—Bdv^) 



«.= 



Sdpdpo BHvf + C^dJP—x(B + (7) dwcft ' 

{B^dvf + (^^) sin ^ 

(Oft^— £dw«) co8^ + (5+ (7)dwd^ sin^ • 



(3) 



2BC 
Multiply both numerator and denominator by ^ ^ and add to and sub- 
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tract from the denominator ^ i^r^d^ ^^® ^' ^® 8®* 

2BCQmfi 

2JgC8in;9 . 

•*• ^ ~ (J?— C)co8^ + (£ + (7)8m(2ao + ^) ' ^^ 

Let us regard j9 as a constant angle and inquire along what rays we get a 
maximum or a minimum value of x. The maximum and minimum values are 
evidently given by 

sin (2ao + i3) = 1 and sin(2ao + jS) = — 1. 

Let us put 

_ 2BCsmfi _ 2^0 sin fi 

^^~ {B—C)oos^ — {B+C)' ^~{B — C)coB^ + {B + G)* 
Calling a the angle made by dp with 3<r + 9^t, we have 



X 



^ 



'x^ 2BCemp ' 

1 _ 2sia»(ao+4-T-)(^+^)' 
~V 2BG8m^ ' 

^ ^ cos' (gp + 4 - -f ) «i°' (<»o + -y - -t) 

X X% Xi 



(5) 



(6) 



/? 



(7) 



Thus if we proceed along any ray until its twist about the primitive ray is equal 
to a constant angle fi, this equation gives us the relation between the distance 
along the primitive ray for this ray and the angle made by this ray with the 
principal line ch and the maximum and minimum distances. This relation 
becomes, when the rays are normal to a surface, the Eulerian theorem, 

1 C08^ ao j^ sin' Oq 



jFV X^ Ri 

where Ri and JSg ^.re the radii of curvature in the principal section, and B the 
radius of curvature in any normal plane, and a© the angle made by this plane 
with one of the principal planes. In the case of the two focal rays the twist is 
either zero or two right angles. In the case where the foci are imaginary, the 
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twist cannot be zero for a finite segment of the line, and therefore the twist of 
the ray cannot change its sense. Thus we have two kinds of systems of rayB with 
imaginary foci, those in which the twist is to the right and those in which it is to 
the left. When the foci are real, the twist of any ray from one focus to the 
other is found as follows : 

dfp = 9^r {xdt — Bdu) + d^r {xdu — CcU) 
for the foci x = ±V^BO= ± A, 

then dpi = 9<T {Adt — Bdu) + 9^r {Adu — Gdt) , (8) 

— rfp, = dfl {Adl + Bdu) + dut {Adu + Cdt) . (9) 

Calling ^ the angle between dpi and dp^ , we have 

V*dfidpt = iA* {Bdu* — Cd^f, 
S'dfjpt = {B— Cy{Bdu* — Cdf)\ 

■'• ^^°* ^ — {B — Cf ' 

and is therefore independent of -=- . 

We have the focal lines 

d^i\\\/lBdtr—\rcdur, 

Calling /3o the angle between them, we have 

tan' 3 - ^^^>^^» - ^^ 

Since J,* = BC, we have 

/3 = i^«. . (10) 

Therefore we have the following theorem : The twist of any consecutive ray 
from focus to focus of the primitive ray is constant and equal to the angle 
between the focal lines. 

' §6. 

The Sections of the Bundle of Rays. 

If we construct at any point of a ray a plane perpendicular to it, we get an 
infinitesimal curve lying in this plane which is the section of the bundle of con- 
secutive rays. The vector equation of this curve is 

p = xdr + rVdar, 
or p = d^r {xdt — Bdu) + 9„t {xdu — Gdi) , 
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the origin being the point at which the perpendicular plane is constructed. 
To see the character of the sections at the foci, we put a;==fc-4. Writing 
a? = -4. we have 

p = 9^r {Adt — Bdu) + 3„r {Adu — Gdt) ; 

A O 
but -^- = —r- since -4.* = BC, 

Jj A. 



/. p = \--^ dt — duj{Bdtr — Adur) 



A 



= Jb ^— dt — duyVBdtr — VCd^r) . 



But the focal line dr^\\VBdtt — VGdut. Therefore we have the following 
theorem : The sections at the foci are lines coinciding in direction with the focal 
lines. The lengths of these lines are zero when 

and \rBdtr + V^a^r = , 

/. B = 0, G=0. 



But since 


^ r^KJl^-yyyy \- Kj\^^i.\^fy 


rirt- — \^ 2 


and 


pip, = BC, 


we have 


ri = r, = pi = p, = 0, 



)■ 



and therefore in this case the two foci and the two vertices coincide with the 
centre. Thus we have every consecutive ray going through the centre of the 
primitive ray. These rays we will call principal rays. Generally there are 
no principal rays since we have three equations to be satisfied, namely, all the 
coeflBcients of §1, eq. (1) must be zero. These conditions are in general only 
equivalent to two ; but there is also another condition, namely, that the foci 
must be real or 

In case only the two foci coincide with the centre, the section of the bundle of 
rays is only a straight line at the centre. The section in this case would lie in 
the plane in which the two focal planes have united. Because the condition 
that the two foci coincide with the centre only involves one equation between 
the parameters, there is generally a continuous succession of such lines which 
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form a ruled surface. All rays which are tangent to the curve of intersection 
of the two focal surfaces have their foci coinciding. 

Let us now investigate the character of these sections. Suppose di and du 
are connected by the equation 

where x is an infinitesimal constant. We have 

dp z= {xdt — Bdu) dfl H- {pcdu— Cdt) 3„r . 

Since d^r and 3„r are unit vectors perpendicular to each other, we may write 

xdt — Bdu=:X^ 

and xdu — Cdt = F, 

^i. ^. ^^ + ^'^ A^ xY+CX 

then dt = , t^^ ^^^ »^ = -u — btt • 

of — BG or — BG 

Therefore the Cartesian equation of any section is 



f zX + BY ^^ /xY±GXs*_ 



Thus we see that under these conditions the section of the bundle of rays is 
always an ellipse with its centre in r . 

For x=0 this is a circle. Therefore the perpendicular section at the 
centre of the ray is a circle of radius x . 

If we call S' the angle made by the major axis on any section with JT, we 

h^^« tan 2^= ^^ 



x{0—B)' 
or, since p,p. = - BG, ^^^ ^^ ^ _^^ 

X [B — G) 

forx=pi, fain 25 - ^^ 

^^'^ = 9^' tan2^ = ^^^. 

(B — 0) 

These give us the tangent of double the angle made by the focal lines with d/t. 
As we shall see further on, in the case when the rays are normal to a surface, 

B= C, ' .'. tan 2^= oo, 

^ = 46^ 



362 
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.\ the prindpal lines are the principal axes of all sections in this 
now obtain the expressions for the lengths of the axes in any case, 
equation of any ellipse is in the form 



Let us 
When the 



the squares of the semi-axes are given by — y-r- and 



-Ml 



, where 



A = 









(hi 



JQl.99 »— 



«1» 






chM=^agi, etc., and Xi and ^ are the roots of 

X* — {(hx + <h»)^+ OiiOj, — oj, = 0. 

In our case we get 

we have , _ {B*+C^x'-{-2B'C±x{B+OVx'{B—Cy + 4B»C 

A- 2 • 

If we write 

2Sii=iB*+C*)si?+2B'C* — x{B+G)Va?{B—Cy + 4B*C*, 

and 2;i, = (5» + C*) ^+2B»C* + x{B+ Gya»(B— Cy+ 4B*G', 

for the first focus x = s/lBG. 

Substituting this value of x in the expressions for the two axes, we have 



We have 



A 

A ^ %?{iif—BOf 

X^'^ {B'-\-C*)^ + 2B'(P—x(B->cCWa?(B—Cf-\-4B'C*' 



0^ 

• 



which is indeterminate, being of form 

/Dififerentiating numerator and denominator twice, and substituting a; = V^C7, 

we obtain _ _:d_ - «*(^ + C)» 

X^An ~ BC ' 

or the length of the major axis is — .-^^ , the length of the minor axis being 
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zero. The lengths of the sections at the foci are therefore in this case, viz. when 

the section at the centre is a circle of radius x , 

2^(^ + 0^) ^^j 2x{B + C) 

Pi ft 

we have dp = 3^t {xdt — Bdu) + 3„r (xdu — Cdt) ; 

at the foci a; = ± VltG, 

... d^^ = ( V Ca< — \^Bdu)\VBdtr — VGdur\, 
dt9 = {^~Cdt + VBdu)\\/lBdtr + VCdu^}. 
These are the focal lines, and it is interesting to observe that through each point 
on the focal line two rays pass, namely, the two rays corresponding to the values 
of dt and du which we get from the two equations 

V Cdt — VBdu = constant, 
or s/~Cdt + VBdu = 

and B'du^ + C'dfi = x' ; 

for a ray passing through the first focus 

VCdt — \^'Bdu = 0, 
or dt _ yTB 

du ^/ G* 
Substituting in I^dif + (7 W = x', we get the two pairs of values 

di, = /-^y-y^— — -^v , du = 



^/C{B^ C) ' \^B{B + C) 
and X , X 



V~C{B+G)' ^/B{B+C)* 

We may inquire where these rays cut the second focal line rfr,. Substituting in 
d^% we get the lengths to lie 2x and — 2x. The case is then thus : 




Vol. X. 
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To obtain the values of dt and du which give us the rays passing through the 
extremities of the focal lines, we have for dri 

'^~Chdt—'/BUu=0 

and B^dvUu + C*dtUt = 0, 

di__ B<^B 
''du- G^G' 

Substituting in 5*dM» + CW = x», we get 

J* _ V^x _ x»yG 

"" 'G^TbTG' '*''' ~ BVB^G 

»^^ ^t— J. ^^yt _ x^G 

^-^ CVB+ G' '^'*~~ B^TB+G' 

For the other focal line _ 

'^ Chdt -\- >/ Bhdu:= a 

and . B*du6du + G*dt8di = , 

dt _ B^B 
" du — G^G' 

and substituting in &du* + C*df = x*, we get 



^. - xVB _ xVG 



and T,, _ x^B _ xV/7 

We thus see that the rays passing through the extremities of the focal lines do 
not coincide. Let us now find where the ray 

,, x^^B . xs/G 



GVB+G' BVB-i-G' 

passing through the extremity of dvi, cuts dr,. We have for the distance of 
this point from the second focus 

VB+Gi's/^di + 's^Bdu). 

In this case we have this distance 

/-f^-T-^f ^^B VGx ]_ B-G 

^^'*'^WG(B+G) V5(5+C7)J ~* V:r(7" 
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For the principal rays di_ _ 

du 

Substituting in B^dtf -\- G*d^ = 3«*, we get for the four rays 

For the points where I cuts the focal lines we have 

V5+ C{ V^tft — V'Bdu] 
and -v/^H- C| V"^(£< + '^du \ , 

and substituting, we have , 

For the ratio of the lengths cut oflF on the focal lines by any ray we have, call- 
ing S that on one and e that on other, 

6 _ VCdt — V^dtf 
6 — V~Gdt + VBdu ' 

§7. 

Systems of Rays Normal to a Surface, 

Let p = (T + a?r, where sc is a function of t and u, be the equation of any 
surface to which the rays are normal. Then we must have 

Srdip = and Srdup = , 

dtp = dfi + xdtT + -^ '^ » 

/7/p 

SrdiQ = Srdt(y kt = » since t* = — 1 and Srdjt = 0, 

/S'ra.p = SrduCf — -^ = , 
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• • 



we must have 



Srdjy = -TT- Srdfi^ since 



.'. we have as a necessary and sufficient condition 

Sdftdjs = Sdutdt<y . ( 1 ) 

When this condition is satisfied, we have of course a whole family of surfaces 
normal to the rays, since this is only one equation of condition between t and u. 
When SdttduO'= Sdu^dfl^ the roots of equation (1), §1 are the same as those of 
(2), §2, and also those of (2), §1 the same as those of (3), §2. Therefore, in 
those systems whose rays are normals to a surface, the focal and principal planes 
coincide, as do also the foci and vertices. If in this case we choose any surface 
which cuts the rays normally, we have the distances of the foci from the initial 
point equal to the two principal radii of curvature, and also have the theorem 

r = ri cos^cj + r^ sin^ w. 

If we take the bundle of normals consecutive to the given normal, then we 
have seen that the perpendicular sections at the foci are in the direction of the 
focal lines. Therefore all the normals consecutive to a given normal pass 
through two lines, one perpendicular to the normal at one principal centre of 
curvature and the other at the other, and also since in this case the focal lines 
coincide with the principal lines, these two lines lie in the planes of principal 
section. In the case we are considering the principal and focal surfaces coincide 
and become the surfaces treated by Monge, namely, the loci of the principal 
centres of curvature. For the lines of curvature of the normal surface we have 

Srchdp = , 

since r is normal to the surface and this is the condition that a consecutive 
normal cut the primitive one, but 

cZp = d(T + Xich + dxir, 

.'. condition is Srdadr=^Of and /. we have the theorem that the focal 
lines give the directions of the lines of curvature on the surface. The 
umbilics of a surface, or the points at which the normal is cut by all consecu- 
tive normal and consequently the two principal centres of curvature coincide, 
correspond to the initial point on a principal ray in the general theory. Also in 
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the case considered the measure of density coincides exactly with Gauss' measure 
of absolute curvature. Our formula for the measure of density becomes the 
reciprocal of the product of the distance of the point from the foci ; in the case 
of normals, the measure of density at the initial point is the reciprocal of the 
product of the principal radii of curvature. 

In conclusion I would state that the arrangement of this paper is like that 
of Kummer, and also that I am indebted to Dr. Story of the Johns Hopkins 
University for many valuable suggestions. 






Some Theorems concerning the Centre of Gravity, 



By F. Franklin. 



Lagrange's two theorems on the centre of gravity may be expressed by the 

equations 

MXm, ( GAy = Xm^m, {AB)\ (l) 

2771, {OAf = Xm,{GAy + M{00)\ (2) 

where G is the centre of gravity of the particles of mass m,, ?iij, . . . . situated 
at the points Jl, JB, . . . . and M is the sum of the masses. These theorems 
admit of extensions, in which, instead of the distances GA, AB, . . . . , there 
appear the areas of the triangles GAB, ABC, . . . . ; or the volumes of the 
tetrahedra GABG, ABCD, . . . . ; and so on, in space of more than three 
dimensions. Namely, we have the series of relations 

MXm, ( GAf = Xm^m, {AB)\ 

Mi:mam, {GABY = T^mjn^m, {ABG)\ 

Ml^mjn^m, {GAB Of = "Zmja^m^m^ {ABGD)\ 

etc. 

Xm, { OAf = Sm, {GA)^ + M{0 G)\ 

Xm^m^ { OABy = Xmjn, {GABf + Ml.m, { GA)\ 

Srn^Wft^c ( OABCy = Xm^m.m, {GABGf + MXmjn^ {OGAB)\ 

etc. 

These theorems may be proved almost instantaneously. I shall give the proof 
for the case of triangles, any other case being obviously demonstrable in the 
same way. 

I. Let the origin of coordinates be the centre of gravity, and consider 
the matrices 



I. 



II. 



w« 


^6 


^c 


Tfid • • • • 




1 


1 


1 


1 . 


maHa 


^6^6 


^c^c 


m^a .... 


> 


Vo. 


Vb 


Vc 


Vd- 


'^c?'a 


mi^i, 


m^c 


fn,d^d • • • • 




2a 


h 


«« 


Zi . 
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and the similar pairs of matrices va. z, x and x, y. The sum of the products of 
corresponding determinants in these matrices is evidently ^mam,,mg{ABG)*. 
On the other hand, multiplying the pair of matrices above written, we get 



M, Q , , 
, Im^ji^, 2m„4 , 



= M 



fn^a, fn^ybi i^cVt, 



I/a Vb 



• • • • 



Vai i/by yc» 



• • • 



Now, since G is the origin, the determinant "'*•''' is twice the projection, on 

Za Zi, 

the plane of yz, of the triangle GAB; hence the sum of the products of corres- 
ponding determinants in the last-written pair of matrices and in the similar pairs 
in z, aj and sc, y is 4MXmjnf,{GABy. Therefore 

MXm^mt, {GABf = Xm^m^m, {ABG)\ 

11. Let the origin be at any point 0; let the coordinates of 6r be a, y, 2; 
let those of -4 be aj + a:^, y + ya> 2 + ^a , etc. Then on the one hand 



^a (2 + Za) , Wft (Z + Zb) , m^ (Z + Z,) , 



y + Va^y + Vbi y + ycy — 

Z +Za, Z + Zj, , Z+Zc,.... 



added to the two similar products, gives 4Sm^7ni{OABy. On the other hand, if 
we apply the process for the multiplication of matrices, and bear in mind that 
^'^ai/a = , 2m„Za = , it is plain that the product of the above two matrices is 
equivalent to that of the two following : 



^ay» ^o^a, ^62/ 7 Wft^ft, rn,7/, m,y,, . 



2/1 yaj y, ytj y» 2/c» • . . 

Z 1 Za i Z J Zi, J Z , Z^ , , , , 



And the product of these, added to the two similar products, evidently gives 
4{Xm,m, {GABf + MXma{OGAy\. Hence 

Xm,m, ( OABy = Xniam, ( GABf + MXtn, ( GA)\ 



Any theorem under I is a sufficiently obvious corollary of the correspond- 
ing theorem under II; but it seemed worth while to give an independent proof 
of the former. The method of that proof gives rise also to a theorem con- 
cerning the principal moments of a system at the centre of gravity which seems 
not without interest. If, besides taking the origin at the centre of gravity, we 
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take for axes of coordinates, the principal axes of the system of particles, the 
multiplication of the matrices 



m. 



^6 I ^c 



> ^d 



• • • 



m^Xa, m^Xfr, wi^g, m^4, 

fnjfai fn^ybi ^c^ci ^dl/di 



• • • 



1111 

•^« > •'^ft > •'^c > ^d I • • • • 
2^a> 2^61 ^ci Vd^ • 



• • • 



gives the equation 

ifSmaai.2mayi.2wa4 = ^6Xmam^mjna{ABCDy. 
Treating in the same way the similar pairs of matrices with three and two 
rows respectively, and writing 

SmaTW, (^5)* = 2, , 2»2mamjm, (^5 Gy = Xs, 6^Xm^m^m,m^ {AB GDy = 2* , 

\fre have 

M{A' + B+ aO = 2„ if (5'a' + G'A' + A'B') = 28, MA'B'G' = X,, 

so that J.', B\ G' are the roots of the equation 

ifX« — 2,;i* + 28^ — 24 = 0. 

Thus the principal moments at the centre of gravity are determined in terms of 
the masses and mutual distances of the particles. Of course a similar equation 
holds for any number of dimensions. 

The moments of inertia themselves are B' + G\ G' + A', A^ + B\ and 
the equation of which these are the roots is 

IPfi^—2MX^' + (21 + if28)fi — (2,28 — if24) = 0. 
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GIOHNALE Dl 3^1 A;j:EM ATJ CHE 

AD LSI) lUOOIil STt'DKNTl DKM.K IMVKK^nW ITAMANK 

PUBBLICATO PER CURA DI G. BATTAGLINI 

Vr »ft.-i-«ri- m .la It. rnivi-rsi! . «li Koniu. 

• ^•h-^'H iiitt-n-j'-anti* i»iiMiIi<azi«»n»' 'MUita Mrfnai ilh"i"T{«» aimi :;!>•»•>• l^SO". Iii-dMtta "ial «"liiaii'^''MiK> (ip»f. 
I?ai raL'li'ii. ••■»'i:« "•.|l:ilMira/.i'»r:'* *ii ili*-!inii iiuit-inaili-i iialiai:i. r iliviMiiita nii rrjitTturi'* :i»ili^«»iiin» pi in-'if.-— uri, 
|mt :;:Ii snuii'iti iifiivii'-itarii. I'l-m-li' j.ii (/iili-.i-i cli'II«' »».ii'ii/«! n:a*t'ji!aJi'-ii''. »• «l: i;rai!'!i' !j;ili'i..\ in'llr j»!!iilil;\'li»; 
Ui! iiM:,'i-||,-. 

I .;■ -.".a |»:lil;l;i';;.''>. •' |'ri)-'".u«- i«-.r''.i'ii:«'J.l'' a •.••^■•:<*i'!i liin,!'-!' lali ill j»a::. *'>\ in 1 jinpn >■»•• ^si ••arta ra-^ata •• 
(•.i!| i,i:>iiii i-araM--! i. 

Al«'»'iiiairn.'iii-' !»• r uii ;iiino aniNi|«:il«-. j.i'i- N:ijM.ii, ........ L. TJ.on 

*• niiia I'llaila. 1 l.no 

•' irli SiMti 'I'-il.i lit'LTa l"-l;ii.' !*^.(Hi 

I.a ('.,l!./:i..ji.-, -J.; v.luM-i, 1*«;:; a 1S**'» -J-JM.iin 

I'n'aiinat.i pH'-a -••(uiniiamriit*'. ......... . ]?.«'«) 

.\'\i'i.i> . liMu... B. PELLEKANO. J.liff.iir. 

l •*• "i:l»-cTi:'*i«»i8 |i'ii't' «•(' ll!«' .I«'Uri;:«i !:- s.'i.nii ;i \iiiinm*; ^in;^!*' nunilMT-- sl,."»«» 
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